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: PREFACE 


Ce transformations are powerful tools in many lines of research ; 
the aim of this book is to bring together all that has so far been published 
on their construction and use, as regards points and loci in two and three 
dimensions. The most important application is to the resolution of singularities 
of curves and surfaces, which is treated fully in Chapters vit and XVI. 
The useful and interesting part of a transformation is the way in which it 
changes the neighbourhood of its fundamental elements, and the fundamental 
systems are first studied, both in general and in the examples which occur 
most often in the literature. Special attention is drawn to elements of 
contact. 


A historical account of the subject is given in Chapter xvii; Cayley 
and Cremona are still leaders, though we British have fallen behind the rest 
of the world in their track. Pure and analytical methods are here used together; 
a curve or surface, a function and an equation are treated as the same thing 
under different aspects, and certain liberties of language are taken in this 
connection, which make the sentences shorter but not less clear. 


The bibliography shows how varied is the mass of material; yet the 
space theory is far from complete, and it is hoped that the list of outstanding 
problems on p. 394 may attract more workers. The most promising line of 
advance is probably from space of higher dimensions: this I must leave to 
other writers. 

By the untimely death of Miss Grace Sadd, a mathematician of promise, 
and my friend and fellow-worker, the book has suffered loss and delay. 
Chapter lr is mainly her work, also the collection of material for 
Chapters v and vi, and much helpful criticism of all the ms. which then 
existed. 

I offer grateful thanks to Mr Arthur Berry, who first introduced me to 
the subject; to Mr T. L. Wren, for his skilled and tireless work on the proofs ; 
to many correspondents who have helped with the bibliography ; and to the 
Cambridge University Press for their care in the printing. : 


HILDA P. HUDSON 


London, 1927 
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Part I 
CREMONA PLANE TRANSFORMATIONS 


Tia a 


CHAPTER I 


OUTLINE OF THE GENERAL PLANE THEORY 


1. Cremona and Riemann transformations (675271, 80,485"): 


A Cremona plane transformation is a 1, 1 relation between the points 
P, P’ of two planes S, 8’. Let P be given by its homogeneous coordinates 
&, y, 2; then the coordinates w’, y’, 2 of P’ are determined uniquely in terms 
of those of P, and there exists a set of relations 


ERC MELD EMD Dee GOT: Ss vans aod ss ee hsen (1) 


where the ¢ are homogeneous polynomials in «, y, z, of the same degree, 
nm say, assumed to have no common factor. These are the equations of the 
direct transformation 7, and n is its degree; they carry us from the given 
point P of S to the corresponding point or homologue P’ of S’. We denote 
this by P~ P’, or PFP”. 

But a set of equations of this form does not necessarily determine a 
Cremona transformation, because so far we have only made 7’ unique one 
way. If P’, and therefore a’, y’, z’, are given, equations (1) give 

2o,-26,=0, y'b;—2b.=0. 

These are the equations of two curves in S, of degree n, intersecting in 
n? points, which, unless ¢,, ¢2, $; are specialized, are all free, that is, variable 
with the parameters 2’, y’, 2’. Then P may be any one of these n? intersections, 
all of which correspond to the one given point P’. The relation between 
P, P’ is n?, 1, and is not 1, 1 except in the trivial case n=1, when T is 
a linear transformation or homography, equivalent to a change of the frame 
of reference. 

If, however, we do not consider all the points of S, but only those of 
a certain curve f, then by 7, this curve ~ a certain curve f’ in S’, on which 
P’ lies. In general, only one of the n? corresponding positions of P lies on /, 
and we do obtain a 1, 1 relation between the points of the two curves. This 
is a Riemann transformation between the curves, not a Cremona trans- 
formation between the planes. A Cremona transformation between S, S’ 
always gives rise to a 1, 1 relation between the points of any curve in S and 
its homologue in S’, but the converse is not true. 

Conditions have been found that a given 1, 1 relation between two. curves 
may be contained in a Cremona plane transformation (46, 225). 


* References to bibliography, pp. 396 ff. 


Crs: 
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2. The reverse transformation. ~ 


Analytically, the equations (1) are not in general equivalent to a similar 
set. with the planes interchanged; but if we add the equation of a curve 
f=0, we can solve rationally in the form 


PLY SE Ge bee Le ae tee (2) 


where the ¢’ are homogeneous polynomials in a’, y’, 2’, free from common 
factors, of degree n’ say; and we can also find the eliminant f’ (#’, y’, 2) =9, 
which is the equation of the homologue of f. Equations (2) give the trans- 
formation 7 which is the reverse of 7, and‘earries us from P’ to P. 

But now, for all positions of P’, let the two curves in S which determine 
P have certain fixed points in common, either simple or multiple, equivalent 
to # simple intersections; these lie on each of d,, $2, $3, and on any linear 
combination of them, that is, on any member of the net (¢) which they 
determine. Then the n? intersections fall into two groups, E fixed and n?— # 
free; it is only the free intersections that ~ P’ in 7, whose order is reduced 
from n’, 1 to n?- H,1. The elimination of z from (1) gives an equation in a/y 
of degree n’, with H fixed roots, and a constant factor of degree # is dropped, 
leaving an equation of degree n?— # for the values of a/y at P. 

If T is a Cremona transformation, the order is 1, 1 and H=n?—1. Then 
(1) are rationally reversible in the form (2), and the coordinates of P are 
determined uniquely in terms of those of P’, without the aid of f=0; we 
have a 1, 1 transformation between the points of S, S’, and not only between 
the points of f, f’. ; 

Now if we substitute from (2) in (1), we obtain an identity 


OY ie = di (pr', bo’, hs) : ho (hr; go, bs) : ps (di, he; ds), . «--(3) 
and there is a factor of proportionality 
1 f 4 / 1 / / fe 1L / / / / / / / 
P(r dz, $3) = 7 ba (br, dy, $s) = 5 3 (dy, dy, $; )=G4 (2, Y, 2’) Say, 


where G is a polynomial in a’, y’, 2’ of degree nn’ —1 (p. 15). 
Let P’ be a general point of S’, lying on two general lines 


© 


At’ + aay’ +a32’, ba + bay’ + dye’; 
these ~ two general n-ics of the net (¢), 
ah py An Po + ashs, big, + bos ae bs hs. 

Let P be one of their n? intersections ; then P ~ a point (2’, y’, 2’), where, by 
(2) and (3), | 
(a,2' + aay’ +432’) G’ =0 and (b,x' + bay’ + d,2’) G =0, 
that is, either P~P’ or P~a point Q’ of G. But Q’ also lies on 
 (¢,% + cy’ + ¢,2')G', and if P~Q’, then P lies on o,¢, + Cops + C33, the 
general member of ($). Hence all but, one of the intersections of any two 

members of (¢) are base points common to the whole net. 
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3. Homaloidal nets. | 

The homologue in S of the net of lines of S’ is the first homaloidal net 
Onl, pe? 

a4 () = CQ pyt Coz + Cas; 
and similarly the lines of S ~ the second homaloidal net ($’) in 8’. Each 
is © *, being linear in the three homogeneous parameters ¢,, ¢:, Cs, and any two 
of its members have one and only one point of intersection which varies with 
C,, C2, C3, and ~ the single point of intersection of the two corresponding lines 
in the other plane. 

The curves ¢, ¢’ are homaloids. By definition, each is representable, point 
by point, upon a line of the other plane, and is therefore rational (unicursal, 
of genus or deficiency 0). The particular homaloids dy, $2, 63, which ~ the 
sides 2’, y’, 2’ of the triangle of reference in S’, will be called the base homa- 
loids of S. When the net (¢) is given in S, the selection of the base homaloids 
is equivalent to the choice of the frame of reference in S’. 

Some writers use homaloid as equivalent to rational curve; but there are 
too many words for this meaning, and it is convenient to reserve one term for 
the narrower use. A rational curve is not a homaloid, as here defined, unless 
it can form part of a homaloidal net (216). The family of all plane n-ics is of 
freedom $”(n+ 3), and the general member is of genus }(n—1)(n— 2). 
A set of multiple base points, which reduce the genus to 0, may so reduce 
the freedom as not to leave a net, but only a pencil or a single curve; for 
example, ten given d.p.’s may define a single sextic curve, but they cannot 
define a sextic family. 

We shall now prove that the degrees of the two homaloidal nets, that 1s, 
the degrees of the direct and reverse transformations, are the same; this 
is not true in three dimensions, and is the first great divergence of the plane 
and space theories. For, if /, @ are a general line and homaloid, and gp’, UV 
their homologues, we have a 1, 1 relation between the n intersections of 1, 6 
and the n’ intersections of ¢’, /’; and all the points of each set are general 
and variable with the parameters of J, ¢. Therefore 

Viz n, 
either being the number of pairs of corresponding points that lie one on each 
of two given lines J, l’ in S, 8’ respectively. We can therefore denote the 
degree of a plane transformation by a single suffix, Le 3 

But though the two homaloidal nets are of the same degree, they are not 
always of the same nature; if different, they are called conjugate. The 
simplest transformation in which two different types appear is the 7, for 
which (#) = 14473}, this denoting that (¢) has one four-fold, four double and 
three simple base points; and (¢’) = 3°1°41. We notice that there are eight 
points in each base, falling into three groups of 1,3 and 4 points of equal 
multiplicity; and it is only the multiplicities of the groups that differ 

‘in S, S’ (81 and pp. 23, 122). 
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4. The fundamental system. 


The base points of the homaloidal net are called fundamental points or 
F-points, and form the first F-system of the transformation; we denote it by 
H. The multiple F-points reduce the genus to 0, and together with the 
simple F-points reduce the family to a net, and absorb all but one of the free 
intersections of two general members. The F-points 2O, which compose sae 
and the second F'-system H’ in 8’, may be either simple or multiple, and (¢) 
may be required merely to pass through O with one or more branches, or to 
have contact of a given order with a given eurve at O, or to satisfy different 
contact conditions for the different branches. F-points of contact, in the plane 
but not in space, can for most purposes be considered as the limit of distinct 
adjacent points. 

Since an n-ic with an n-fold point breaks up, the multiplicity 7 of O can 
vary from 1 to n—1 inclusive. 

It has been shown that a general member of a linear plane family can 
have no multiple points except the base points; all the general members 
have exactly the same singularities, in number, position and kind. 
An exceptional member may have an additional multiple point (28 and 
pp. 12, 15). 


5. Homologues. 


After carrying out the algebraical substitutions of 7, on any entity P, 
whether a point, set of points, curve or family of curves, we often have to 
separate a fixed part, before arriving at the proper homologue P’. Thus if P 
is a point, of the n? solutions of (2), n?—1 are fixed and must be set aside, 
leaving the one variable point P’. In any 1, | transformation, the homologue 
of a variable entity is variable with the same freedom. The natures of P, P’ 
are the same if these are general, but may be different for special elements; 
we shall see that F-points ~ special curves, not points (p. 14). 

By (2), a general p-ic jf, (x, y, z) ~ the curve £4. (dy, 2, $3), or say 
Siw (@, y’; 2), of degree yw’ = wn. It contains the whole of H’ taken p times; 
that is, an F-point which is 7-fold on (¢’) is pt-fold on /’. 

If f contains any F-points, the result of substitution breaks up into fixed 
curves to be set aside, corresponding to the F-points, and a residual I ot 
degree < yn, which is the proper homologue of f, and ~ all its general points. 
For example, if fis ¢, then f’ reduces to a line. 

If we .are given a curve f,, and can find a 7, with so many F-points 
on f, and of such multiplicities for 7, and for f, that after substitution curves 
drop away of total degree >yn—yp, then 7, transforms Ff into a curve f’ of 
lower degree ; or the degree may not be lower, but the nature of /” or of its 
singularities may be simpler. This is.a valuable method of studying the 
properties of the original curve f (342). 
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6. The equations of condition. 


A homaloidal net has three characteristic properties : 

(i) It is linear and 0% . 

(1) Two general members have one and only one free intersection. 

(aii) All its members are rational. 

These three properties are invariant under Cremona transformation : 
parameters entering linearly remain such, and therefore a net ~ another net; 
the free intersection ~ a free intersection, and no other can arise; and genus 
is also invariant. Hence any Cremona transformation changes one homaloidal 
net into another. 

The family (¢) acquires these properties by virtue of containing the 
F-system H; we are therefore interested in three numbers belonging to each 
element of H: 

(1) its postulation P: the number of independent conditions that it 
presents to (@); 
(1) its equivalence H: the number of free intersections of two general 
members that it absorbs; 
(au) the reduction of genus R of (p) due to it. 
For a simple F-point, P=1, H=1, R=0; for an 2-fold F-point, P=4i(¢+1), 
H=+?, R=41(1—-1). Before discussing these, we write down the equations 
giving the total values of P, # and R for the whole of H. 
The unrestricted family of plane n-ics has $(n+1) (n+ 2) linearly in- 
dependent terms; two members meet in n? free points, and the genus is 
4(n—1)(n—2). Let this be reduced to (¢%), with 3 linearly independent 
members, 1 free intersection and genus 0, by o; F-points of multiplicity 1, 
where 1<i<n-—1. Then 
TP = Tsi(t+1l)a,=4$ (n+1)(n+2) -838, 
LH=> 0; =n? —1, 
ER=EHG—1)o:=4@-1)@—2, 

the sums extending to all values of ¢ that occur in H. 

These are equivalent to the two equations of condition satisfied by the 
constants 2, a; of the F-system 

SMio;=3n-—3, SPo;=n?-1. 

In forming these equations we have assumed that the numbers for the 
whole system are the sums of those for the separate points. We need only 
assume it for two of P, Z and BR; it follows for the third, since the equations 
are not independent. For some linear families it is not true; for example, the 


postulation of the nine base points of a cubic pencil is only 8. 
But if the homaloidal condition of total equivalence holds, it implies both 
the others. In the first place, if the linear family () is such that two general 
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members have one and only one free intersection, (#) is at least a net ; for all 
the intersections of a pencil are base points. There are therefore at least 
three linearly independent members ¢,, $2, ¢3;, and the net which they 
determine is contained in (¢). 

From these, by equations (1), we define a Cremona transformation 7), 
by which the net (41, $2, 63) ~ the net of lines in S’. Now any fourth member 
dp, of (f) has only one free intersection with the net (¢., dz, ds); by 7, there- 
fore, it ~ a curve in S’ having only one free intersection with the net of lines 
of 8’, and therefore itself a line of the net. Hence ¢, isa member of the net 
($1, 2, $3) Which contains every curve of (¢); and since it is represented 
point by point on a line of S’, it is rational. Hence (¢) is a net of rational 
curves, and satisfies the conditions of postulation and genus. 

The same argument can be put into analytical form. Let P,, P, be any 
two general points and let [¢,], denote the value of ¢, at P,. Then the four 
determinants of the array 


| pr, fo; Ps; co ? 
| [th (eh, [sh [bik |} 
| [dub [bok [el [eb 


which are connected by two linear identities, represent four curves of (¢) 
passing through both P, and P,. By the condition of equivalence, no two of 
these are linearly independent; hence there is a third linear identity con- 
necting them. Since ¢y, ds, f; are linearly independent, this identity effectively 
involves ¢,, and expresses it as a linear function of $,, ds, 5. 

Thus all the conditions presented to (¢) by H are independent. This 
property holds for certain linear families other than homaloidal (32, 61, 


145, 230). 


7. Characteristics (239°2, 239°4). 


A set of numbers n, 7, o;, satisfying the equations of condition, is called 
a characteristic ; we shall write it in either of the formg 


Ns Oy" cs Gel® os. og’ OG Nitrn Uaecneee 
In the first form, the F-points are divided into their groups, that is, sets 
of equal multiplicities, and 7,>...>7, >... >%, being the different multi- 
plicities that occur in H, in descending order. In the second, 7, 27,2... 2 tg, 
being the multiplicities of all the different #-points, and a consecutive set of 
o of them are equal to 74. The total number of F-points is ¢ = You. 


Every 7, and every () has a characteristic, but the converse is not true. 
Unless certain inequalities also hold, a solution of the equations of condition 
defines a degenerate family of curves, and does not lead to a proper geometrical 
transformation. For example, if 7, + % >, a line joining two F-points is part 
of every curve of the family. A characteristic is geometrical or arithmetical 
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according as the net which it determines is proper or degenerate. In the 
first case, but not in the second, it belongs to a Cremona transformation. 

If 7, is given, the characteristic is completely determined, but if a 
geometrical characteristic is given, the transformation, though determined in 
its main features, can be varied by the F-points having special positions, 
either adjacent to each other, or lying together on curves of lower degree 
than for the most general transformation having the same characteristic. 
It can also be metrically specialized. For most purposes, but with important 
exceptions, such varieties can be regarded as limiting cases. 

The general transformation with a given characteristic depends on 20 + 8 
parameters. Since the F-points are in general position, the first homaloidal 
net is determined by their 2c coordinates. Then 7’, is completely determined 
by selecting the base homaloids, involving the ratios of nine arbitrary co- 
efficients; this is equivalent to an arbitrary choice of the corners of the 
triangle of reference and the unit point in S’. The total number of parameters 
is 20 +8. The coordinates of an F-point in 8’, or of a pair of corresponding 
points, can replace two of these parameters; for example, 7',; 373! is com- 
pletely determined by any ten F-points in the two planes (232, 344). 

By the same argument with the planes reversed, 7’,-! depends on 20’ + 8 
parameters. But 7’, determines its reverse; hence 


1G" 
that is, the total number of F-points is the same for the two planes. 

Since n = 7’, the constants 7’, o' of the second F’-system satisfy the same 
equations as 7, 0;, and give the conjugate characteristic. For many trans- 
formations the two sets are alike, and the characteristic is self-conjugate. 
In any case, they are related, the numbers o’, being the same as the o;, 
in the same or different order (p. 23). 

We shall also show that, for n general, there are always at least two self- 
conjugate characteristics (pp. 28, 61). 


8. Postulation and equivalence. 


The simplest F-element is an ordinary simple point O common to all the 
homaloids. This has no effect upon the genus; it presents one condition to 
the parameters, found by substituting the coordinates of O in ¢ =0; and it 
fixes at O one of the n? intersections of two general homaloids ¢, yw. 

If O is a d.p. it reduces the genus by 1. Take O as (0, 0, 1) and let 


n 
d= > 2° U., 


a=0 

where wu, is a homogeneous function of «, y only, of degree a. The conditions 
for a d.p. at O are % =0, u, = 0; the first expresses that O lies on ¢ and the 
vanishing of the two coefficients of uw, expresses that there is no definite 
tangent to ¢ at O. Hence P=3. 
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In the same way, if 0 is 7-fold, the reduction of genus is $7 (7 — 1), and the 
conditions are that wu), wu, ... Wj =0, in number 
PH=14+24+...4¢=$7(04+ 1). 
To find the equivalence when 0 is 1-fold, let 
b= 2; + a Hee tn, 
and let another general homaloid of the family be 
ap = 20, + O05 Fo. + Un, 
where the v are also homogeneous functions of #, y only. 
The equation of the set of lines joining O to the common points of ¢, , 


other than O, is found by eliminating z between 6=0, ~=0. The resultant 
is a determinant of 2 (n —7) rows and columns 


Uj, Witr, ccceeeeee Un » 0, Pe 6 
Use UW 1s, actntsn Or rnen AO) 0 
One 0: Ugh, Dit ake eee Un 
0, Oi, LeU ee Sh ee Un 


giving an equation for z/y of degree 
+2(04+14+...4¢n-l1)4+n=n?-? 


This is the number of free intersections of ¢, yy, and the number absorbed 
at O is 
B=? 

The result is intuitive, since each of the 7 branches of @ meets each of the 
t branches of y; but the method can be extended to complicated cases where 
intuition may fail. 

If a transformation has only simple F-points, both P and £ are equal to 
the number of /’-points, and the equations of condition are 


ao=3n-—3=nr-1, _f 
whence v=lor2, o=O0o0r3) 


Hence, besides the linear transformation 7, with no F-points at all, the 
only Cremona transformation with no multiple F-points is quadratic, with 
three simple F-points. This 7, is treated fully in Chapter m1. 

The result also follows from the condition of genus, since lines and conics 
are the only rational curves with no multiple points. 

If H consists of o, simple and o, double F-points only, the condition 
of genus gives o,=4(n—1)(n—2), and from any of the other conditions, 
o,=(n—1)(5—n). Since o,>0, o,20, we have 3 $nS5, and such character- 
istics are possible with n=3, 4 and 5, and are given in Table I. See also 
337 and p. 71. 
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9. The de Jonquiéres and symmetric transformations. 


If H contains an F-point of maximum multiplicity n —1, the curves od, of 
degree n with an (n —1)-fold point, are monoids. They are rational, and can 
have no other multiple base points, and the rest of H consists of o, simple 
points, where both the equations of condition require o, = 2n —2. Conversely, 
if all the F-points except one are simple, that one is (n — 1)-fold, since (¢) is 
rational. 

The characteristic n; 1" (2n — 2)' is geometrical, for if the F-points are 
in general positions the net of monoids is proper and defines a transformation 
called the de Jonquiéres transformation, which we denote by 7’; and discuss in 
Chapter vi. The multiple F-point O is called the vertex of (b) and of T,. 

The chief property of 7, is that it transforms the pencil of lines through 
O into another pencil of lines. For each line / through O meets each ¢ and 
each line of S in one free point only; hence (/) ~ a pencil of curves meeting 
each line of S’ and each @’ in one free point only, that is, a pencil of lines 
with n—1 intersections with (¢’) absorbed at the vertex O’ of the pencil, 
which is therefore an (n—1)-fold F-point of H’, and (¢’) are monoids, 7,7? 
is also a 7’, and the characteristic is self-conjugate. Conversely, if two 
pencils of lines correspond, the transformation is 7',, for the vertices are 
(n — 1)-fold F-points (177). 

T, has the maximum range of multiplicity of F-points, from 7 — 1 to 1. 
A transformation with the minimum range, that is, with all its F-points 
of equal multiplicity, is called symmetric and denoted by T,,,,. There are 
only a finite number of them (p. 70). 

There is no transformation with just two multiple F-points. If7;=...=2,=1, 
since 7, + 7%, < 1 (p. 6), the condition of genus gives 


Gare 1) tt) G2) B+ 4-1), He — 2), 
whence (7,—1)(7,—1)<0, and 7,=1. There is only one multiple /-point 
and the transformation is 7’; (pp. 72, 76). 


10. Noether’s inequality (61, 285, 286, 335). 

From the equations of condition there follows the important result : 

The sum of the multiplicities of the three highest F-points exceeds the 
degree n, provided n > 1. 

There are at least three F-points; for if there were not more than two, of 
multiplicities 7,, 7,2 0, since the line joining them meets ¢ in not more than 
n points, 

; “twen; 
and by the first equation of condition, 
3n — 8 =4, +HEN, 
whence n= 1. 
Thus if n 2 2, the number of F-points is o 2 3. 
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Now with the second notation of p. 6, the equations of condition are 


Soe os TS iZg=v— 1. 


a=1 a=1 
Multiply the first by 2; and subtract from the second: 
ty (4, — ty) + te (te — 4) — x da (t3 — te) = 0? — 1 — 32; (n — 1). 
This can be written 
(n—1) {t,+%+%—(n+ 1)} 
= (= i) r= 1) ge ghd tet te EIA 
Now oA he TE, ut eat oe eae 
and every term in } 20; hence 
Vtettz2n4+1, 
which is Noether’s inequality. 
Another way of arranging the equation is 
(n—1 +4, 4+ %,— 2s) {t, +4,+%,-(n + 1)} 
PON Peat tstean eee sare x it ey 
from which the same conclusion follows; for alternative proofs, see 26, 67, 
25051, 2607335. 


In Noether’s inequality we can have the sign = only if each term on the 
R.H.8. of either form of the equation vanishes separately. This requires 


G=% (@=3e2a), 
and either ty = 1g ="ly Ue, OF G=N— 1) iH St 
that is, T', is either 7,,,, or Z';. For these two extreme types, 


htpth=nt+ d, 
and for every other type 
th ttz3Zn4+ 2. 


The inequality holds for many linear families other than homaloidal. 
Let (fr) = =0,.'* be of genus p, and let q be its apparent freedom, that is, 
calculated on the assumption that the base points all present independent 
conditions to (f): 

S $i (ie) =4(n-1) (n-2)—p, 
> $e (ta + 1)= $n (n+ 8)—4q, 
whence. - Dis =3n-l+p-—q, 


ie =nv+l—p-—4q. 
We find ae 


(1 + + ty — 2ts) (0) + ty + tg — 2) 


=2 {i (o-%)+ (4-H) —DP + E GW) 
a a=3 


+%3(—l-p+q)+24—-p—q4+1; 
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it follows that htiti2n+1 
for all families such that 
5 %3(—1— —P +9) + 2m — —p—qz20 (26). 

A similar method gives an upper limit for o the total number of F-points. 
Multiply the first equation of condition by n and subtract the second: 


S i, (n —1%,) =(n—1) (2n — 1). 


Now & has ¢o terms, and each 21 (n—1): 
a (n—1)S (n—1)(2Qn-1). 
Hence ifn >1, oS 2n—1. 
This limit is actually reached for 7’,. 


11. Contact as a limit. 


A multiple point is an F-element of an essentially different nature from 
any set of simple points. If 7=1, whatever the number of simple points, 
R=0 and P= #; but if7>1, then R>0 and H- P=}i(@¢—-1)>0. 

On the other hand, in the plane but not in space, as far as regards P, EF 
and fk, an F-point of contact can be regarded as the limit of a set of distinct 
F-points. Let O (0, 0, 1) be a simple point of simple contact; let 

DE Uy 2 Uy $ os + Un, 
fp = oy) + 214, +... Up; 

The condition of passing through O is uw=v,=0; then the tangents to 
$, wv at O are uw, v,, and the condition of contact is that these are the same 
line. The two coefficients of v,, instead of being independent parameters of 
the family, are in a constant ratio. Thus, contact involves one condition 
beyond the condition of incidence, and altogether for a point of contact, P = 2. 
The proper form for y is 

ap = az? uy, + 20, +... + Un: 

To study Z, in this and more complicated cases, we deduce an auxiliary 
curve A, meeting ¢ in as many points at O as wW does, but not in contact 
with ¢. We eliminate the common tangent w, and form 

N= — agp = 2" (Uy — Me) +. + Un — BU, 
hich has an ordinary d.p. at O, with a el pair of tangents v, — dus, 
neither branch touching u,. Hence 0 is simple on ¢ and double on A, and 
absorbs two free intersections of ¢, A, and therefore of ¢, yy; and #= 2. 

Since O is not singular on either ¢ or y, we have k =0. 

Thus a simple point of simple contact is equivalent to two distinct simple 
points, as regards P, # and R. The same method applies both to higher 
contact at a simple point and to contact, of any kind at a multiple point; or 
we can prove the same result by aie the singularity by i aie trans- 
formations (Chapter VII). 
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All general members of the pencil (¢)=a¢+ ap touch ¢ at O; but on 
the special member A of this family, O is not a simple point with w, as 
tangent, but a d.p. with no special relation to ,. It would be inconvenient 
always to except A from general statements about (f), and we make the 
convention that it may still be said to touch ~; and in general, that if 
a special member A of a family (¢) satisfies all the same conditions at a given 
point O, as the general ¢, and one or more in addition, so as to have a higher 
singularity, then A will be said to have the same multiplicity and order of 
contact as (¢). This convention will shorten our work; where there is any 
risk of confusion, more explicit statements will be made. 

Now ¢ meets u, in two points at O and a general line through O in one 
point only; A also meets wu, in two points at O, and in that sense touches it ; 
but in the same sense it touches every line through 0. 


12. Multiple point as a limit. 

Though contact is always the limit of intersection in distinct points, it is 
not true, conversely, that such a limit always leads to contact: it leads instead 
to acommon multiple point, if more than two points coalesce in such a way 
that in the limit no linear branch of an algebraic curve passes through 
them all. 

Let two F-points O,, 0, > O (0, 0, 1), both moving on a fixed line y through 
O. Let their coordinates be (&¢, 0, 1), (&¢, 0,1); im the limit, e=0, and 
&,, & remain finite. 

Since ¢ contains O, 0,, 02, it has the form 


h = y (&, y, 2)" 1+ 4 (a — Fez) (x — Ez) (a, y, 2)”. 
In the limit $2Y (4, ¥, 20 LG Ue, 
and has a simple point at O, where it osculates the fixed line y. 

Next, let O, (&e, 0, 1) and O, (0, ne, 1) > O along different fixed lines y, «; 
in the limit, e=0 and &, m are finite. As long as the three points are distinct, 
the radius of the circle OO, 0, is of the same order of magnitude as ¢ V& + 7. 
As 0,, 0, — O, this circle would — the circle of curvature of ¢ at O if the 
branch were linear, and its radius would ~0. Hence any curve through 
O, O,, O, is singular at O in the limit. 

As long as e> 0, 


pb =(%(a— fez), yly—nez), ay Va, y, 2), 
and in the limit, Pee ey ayer. 
which is the general curve with a d.p. at O. The directions of approach 
of O,, O, to O have no effect upon the final form of ¢. 

The conditions of passing through 0, 0, require in the limit that ¢ shall 
touch y, the path of approach of 0, to 0; it must also touch a, the path of 
approach of O,. These are incompatible conditions for the tangent line to d, 
which does not exist: ¢ acquires a d.p. at O, and in that sense touches both 
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lines, and also every other line through 0, and its final form is independent 
of the directions of approach of 0,, O, provided these are different from 
one another. od 

We might have been misled to expect that in the limit ¢ would have 
a d.p. with two fixed tangents «, y; but then ¢ would satisfy the conditions 
of osculating y and also z, meeting each in three points at O, two of one 
branch and one of the other. This case is the limit of intersection in one 
double and two simple distinct points, or five simple points, namely OQ, 0,, O, 
of y and O, O,, O, of a If first O,, O, > O, then f acquires a d.p. with general 
tangents; if then O;, 0, O, the tangents become fixed, and (¢) has a dp. 
of contact, for which P=5, H=6, R=1. 

For the set of three distinct points O, 0,, O., we have P= EH =8; for the 
d.p. O with two variable tangents, P=38 still, but H = 4, Any two curves 
g, w through O, O,, O, have a fourth free intersection, variable with the 
parameters of W, which — O in the limit, and becomes fixed instead of free, 
without imposing any fresh conditions. Thus # is raised, without P changing. 

Assume that ¢, ~ have a common point P (a, y, 2), in the neighbourhood 
of O, that is, such that «, y are small when e¢ is small, and 2 is finite. Then if 
we neglect third order quantities, we can replace ¢ by an approximating 
conic through O, O,, Oz, say, 


gh, = x (a — Fez) + CY (y — Nez) + OLY, 
and yf by another conic of the same form 
i = dx (w — Eez) + doy (y — nez) + day, 
where c, ... d; are finite. 

The intersections of ¢,, yr, are the same as those of the two independent 
linear functions of them, formed by eliminating the second and first terms 
respectively, say, 

ax (w— e2)+ay, by (y — ez) + y, 


where a, b are finite functions of the parameters of $, y. These two line- 
pairs meet in O, O,, O, and a fourth point P, (a, 7, “), where 


a, 2, 2 2 = b(n — a€): ea (E — by) : 1 — ab. 


We verify that z,, x, are small of the same order as ¢, and 2, is finite, so that 
P,>Oase—0; and P, is an approximation to an intersection P of ¢,¥, 
which also ~ O. . 

As long as ¢>0, the point P is variable, its coordinates depending 
effectively on the parameters of ¢, which determine a, >. But in the limit, 
e=0, 4, = 4,=0, and P, and P are fixed at 0. 

A d.p. can also arise in the limit when O,, 0, > O in the same direction, 
if they move along a cuspidal branch. Let them be (ce, +e, 1); then they 
move on the two branches of the semi-cubical parabola y?=°, and both > O 
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in the direction of the cuspidal tangent y. The general curve through 
Of 0; sOvis 
b=(a(w—ez), y(a—e@z), (y?— x") Uw, y, 2)”, 


and in the limit, p = (a, vy, y J 4, Y 2D a 


and again O is a d.p. with general tangent lines. 


13. The principal system. 

A Cremona transformation breaks down at the F-points, where «, y, z are 
such that ¢,, do, $3 all vanish at once: “Then equations (1) cease to be 
significant, and (2) cease to be independent, but reduce to one equation 
instead of two, representing a curve instead of a point. If O is an F-point, 
lying on every ¢, its homologue is an element in S’ incident with every line, 
and therefore a curve j’, not a point or set of discrete points. This is called 
a principal curve or P-curve in S’, and the set of P-curves corresponding to 
the whole of H is the second P-system J’ of T,,. Similarly there is the first 
P-system J in S, corresponding to H’. 

Cremona and most other writers define fundamental and principal (Grund-, 
Haupt-) as both having both the meanings which we have assigned to them 
respectively; elsewhere we find cardinal (223, 343), singular (130), and for 
space, skeleton (13, 374). This is sheer waste of language; our convention | 
follows 76; see also p. 342 of 385. 

If O is an 2-fold F-point, as a point P describes ¢ once, it passes 7 times 
through O; the homologue P’ describes a line J’ once, and is incident 7 times 
with 7’; hence 7’ is of degree 7. The total number of P-curves in J’ is the 
same as that of F-points in H, and they fall into groups of equal degrees in 
the same way as the points O fall into groups of equal multiplicities. The 
total degree of J’ is: £7 =3n — 3, and that of J is the same. 

The breakdown of the 1, 1 transformation at the F-points is related to 
the convention, that of the n* intersections of two homaloids, the base points 
are to be set aside. Algebraically, the reverse equations (2) are not in all 
respects equivalent to (1), but only after the rejection of the possibility 
G’=0 (p. 2). This factor G’ represents the P-curves, with certain multi- 
plicities; and at points where G’ = 0, the reversal is no longer unique. 

If any curve f, contains an i-fold F-point O, the result of substitution 
contains the whole of 7;, and breaks up into j;, corresponding to the single 
point O, and a residual f’ of degree un —1, corresponding to all the general 
points of f, which is the proper homologue. If O is simple on.f, then f meets 
(p) in wn —7 variable points instead of wn; this shows that j; is only dropped 
once; if O is y-fold on f, then j’; is dropped and the degree of f’ is lowered 
by v2. 

Thus the degree of the HOU a of a general curve f of degree uw, with 
ya branches through 0Q,, is 

Mw = pn — Yate. 
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For example, if the homologue of a non-singular cubic J; 18 also cubic, 
w=p=3, y=O0orl, 
and _ mYata = 3n —3 | 
= 1, from the first equation of condition ; 

hence every y = 1, and /, passes simply through all the F-points (46). 

If fis a homaloid, w=n, uw’ =1, y=7; hence the total dropped factor is 

G’ = 117", 
the product extending to all the P-curves. We verify the degree 
1l=n?— 52, 

giving another geometrical interpretation of the second equation of condition. 

The P-system J’ can be found, without investigating the correspondence 


of its different curves with the points of H, by taking the different factors, 
each once, of 


3 
G’= = Ca Pa (dy', dy’, ps )/(ee" alg Coy! SU C32’), 


which is an integral function of w’, y’, 2’, independent of c, ¢, c,; similarly 
J can be found from 


G= zs CaPa. (dr, ps, ds) /(,@ + Coy + C32), 


but this requires a knowledge of the functions ¢’ as well as ¢, so that 
equations (1) must first be solved. Also every 9 or j’ which ~ a multiple 
F-point appears repeated. 


14. The Jacobian. 


We can also find the P-curves, each once, without solving the equations: 
together they form the Jacobian J of (¢), which is the locus of additional 
d.p.’s of members of the net. 

If Q(a, y, z) is adp. on $6=6,614+ Gd, + Ch, the tangent to d at Q is 


indeterminate; the conditions are 


Op _ ah, , fs,  Obs_,, 9P__ %b_ 
pp ag Tag 1 tap 0, Ay 0. 


Eliminating ¢,, ¢2, Cs, we obtain the Jacobian 


oy 


Af = 0g, 0d, 0d, 
logs oyn ") 02 
Oh. Odo aby 

dx’ oy’ az 

0p; Of; Od; 

Oe Wey "0k 


We have to show that every P-point lies on J, and that every point of J is 
principal. 
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If ¢ contains a point Q of a P-curve j, then /’ the homologue of ¢ contains 
the F-point O’ that ~ j; hence ¢ contains the whole of j. All the ordinary 
points of j present the same single condition to (#), which is the same as the 
condition that O’ presents to /’. The pencil of ¢’s through Q all contain the 
adjacent point of 7; we can make one member contain a point adjacent to Q 
in a different direction. This @ has a d.p. at Q, and therefore Q is a point of J. 

Conversely, if Q is any point of J, since the general ¢ is rational, the 
particular @ which has an additional d.p. at Q is of negative genus and breaks 
up, and @ is a common point of the components. By continuity, only one of 
the components ~ the general points of the line l’ which ~ ¢, the other 
component j ~ some special point O’ on U’, which, having a curve as homo- 
logue, is an F-point, and j is a P-curve on which Q lies. Hence every point 
of J is principal. 

There is a 1, 1 relation between the pencil (/’) of lines through O’ and 
the 0! points Q of 7, d.p.’s of the ¢’s of the pencil that ~ (/’); hence every 
P-curve is rational. If a point P’>O’ along any path f’, the homologue 
P— a definite point Y, common to f, 7, and associated with 1’, the tangent to 
f' at O'.. We can say that Q ~ the direction of l’ at O’, or that Q ~ the point 
adjacent to O’ on I’. The effect of 7, on O’ is to spread out the «1 points of 
its first neighbourhood into the curve 7 (p. 131). . 

If any curve f has y branches through O with distinct tangents, the 
homologue f’ meets 7’ in y distinct points Q’, other than F-points, associated 
with the tangents to fat 0; these are simple points on f’. If f has a higher 
singularity at O, some of the tangents coinciding, then some of the points Q’ 
coincide, and f’ either touches j’ at a Q’, or is singular there; but its multi- 
plicity cannot exceed that of fat O, and the nature of the singularity of Q is 
always simpler than that of O. 

Let O’ (0, 0, 1) be an i-fold F-point. Then ¢,’, ¢.’, ¢;' vanish here, together 
with all their derivates up to order 7—1 inclusive, but at least one derivate 
of order 2 does not vanish. 

Let P’ (£e, ne, 1) > O' as «> 0 along a fixed line U’, which depends on &/n. 
The homologue P has coordinates proportional to 


, = y, ¢ 0 0 5 
a! (Ee, ne, 1) = $a! (0, 0, I +6 (Baa +57) de! (0, 0, 1) + -. 


0 0 n F 
+e (feat) $:/M0}0; 1) Kaen 


The first 7 terms of each series vanish, and as long as e>0 we can cancel e!, 
but no higher power of e; as P’->0', so P—> the definite point Q whose 
coordinates are 
(Ef:+02,) 4s! (0,0,1) 
On’ oy’ a > ) oe fe) 
which do not all vanish. 
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This gives the coordinates of Q explicitly as rational functions of degree 7 
of the parameter &/n, and for variation of this, that is, for a rotation of 1’ 
about O’, the locus of Q is a rational curve 7 of degree Of 

The total degree of 37 is ia;; the degree of the determinant J is 3(n—1). 
These are equal, giving a geometrical meaning to the first equation of 
condition. 

Thus J gives the P-curves more simply than G. If J=G, then from 
their degrees, 3 (n — 1) = n?—1, only satisfied by n=1 or 2, when there are 
no multiple #-points, and no repeated factors in G. 

Every 7-fold F-point O is (87 —1)-fold on J. If O is (0, 0, 1), the lowest 
terms in a, yin J are apparently of degree 37 — 2, but these vanish identically, 
and the lowest effective terms are of degree 3i—1. These multiplicities 
exactly determine J; and since it breaks up into ¢ rational curves, its one 
is 1—o. These two properties are expressed by the identities 

4 (3¢—1).37 = $(8n— 83). 3n, 
> (87 — 1) (82 — 2) = 4 (8% — 4) Bn—5)4+ 0-1. 

An auxiliary Cremona transformation V applied to (¢) and J transforms 
them into another homaloidal family (¢,) and its Jacobian, save for a possible 
set of P-curves of V in either plane. For since any 7 has no free intersections 
with (), its homologue by V has no free intersections with (¢,), and is either 
a P-curve of (¢,) or an F-point of V. This also follows from the algebraic 
property of transformation of Jacobians : 


é (dr, ho; gs) = 0 (di, do; $3) 0 (a, Y, 2) 
O(%, 4A) 9 (@ ¥, 2) O(H, Ih, %) 
Other properties of J, including its behaviour at an F-point of contact, 
are given in II5. 


BCT 


CHAPTER II 
CLEBSCH’S THEOREM 


1. Incidences of P-curves and F-points (70, 80, 107, 334). 

Let there be o F-points O, in S, of multiplicities 7, (a= 1, 2,... 0); and 
o F-points O,’ in S’, of multiplicities 7s (@ =1, 2,...0’). Now 0. ~ a 
P-curve j,’ in 8’, of degree 7,; let it have 7’, branches through O,’. Similarly, 
Og ~ a P-curve jg of degree zg’ with t4g branches through O,. 

The number of incidences of the two elements O,, jg is the same as that 
of their homologues j,’, Og’ : \ r 

tap =. Ba- 

Certain geometrical facts are expressed by the following relations between 

the incidence numbers 24, %, tag: 


Sasa = Baw Sel yuk Se (1), 2 jal ncdeBile A) te eal 
: a a 8 BA Dies Oe a (2), : gt med pa gee ee (2’) 
Sek Lia gn lg areal (3), Big = Bie Vereenn (3), 
S Walap ust ta. 1) sere ton ae (4), = ig Wig SER Maas Bae (4), 
: tga? = Ug lleeet teat cen (5), - tap =A lee eee (5’), 
> tap tay = te ty €B #r) -..(6), = Vig yp =a ty Use) On). 


We assume that the F-points are in general positions, and we deal with 
characteristics rather than with transformations that may be specialized 
(p. 7). The F-points must present independent conditions to a curve of 
degree n (p. 5), but they may be specially related to a curve of lower 
degree; for example, three may lie on a line if n2°3. We can construct 
examples by compounding two transformations, whose F’ points in the common 
plane, each set by itself in general position, are specially related to each other, 
as when two of one system are collinear with one of the other. In such cases, 
the relations may cease to hold (11, 38). 

In the case of adjacent F-points also, the theorems must be rightly inter- 
preted. For example, the total number of distinct F-points need not be the 
same in both planes (183 and p. 112). 


2. Degenerate P-curves. 


If the F-points in S have such special positions as to oblige the P-curve j, 
which ~ 0’, to break up into y distinct components j;, jo... jy, then j is of 
degree >1, and 0’ is a multiple F-point. The incidences of any line J with j 
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are rationally separable into y distinct sets, according to the component of j 
on which they lie; hence the branches of ¢’ through .O’ fall into y distinct 
sets, each set satisfying different conditions. Since they all satisfy the con- 
dition of incidence at O’, the different conditions are those of contact, either 
of different orders, or with different fixed curves. At most one set satisfies no 
contact condition; hence O’ is a multiple F-point adjacent to which are at 
least y—1 F-points of lower multiplicity. 

Conversely, if the branches of ¢’ through 0’ fall into y sets satisfying 
different conditions, the intersections of | with j are rationally separable into 
y sets, and j breaks up into y components. 

For example, there is a cubic transformation (p, 112) with a double 
F-point O, and four simple F-points O,, O03, O,, O; in each plane. In 8’, let 
O, be adjacent to O,'; then in S we find that 0,0,0, are collinear. Now 
O,' ~ the P-conic 0,0,0;0,0; ; this breaks up into two lines, 0,0,0, and 0,0). 
Of the two branches of ¢,; through O,’, one touches the fixed line 0,'0,', and 
satisfies a contact condition, and the other is in a general direction, and only 
satisfies a condition of incidence; these two incidences ~ those of. the 
corresponding line with O,0, and with O,0,0, respectively. 

Now let 0,’ 0,’ along the fixed line 0,0,’ ; we find that 0,0,0; > 0,0,, 
rotating about O;, which remains fixed, and O,, 0; > 0, along fixed lines: 
H, like H’, has two simple points adjacent to the d.p. Now the conic through 
0,0,0;0,0, breaks up into 0,0, and 0,0, and in the determining elements 
of j, the three simple points O,, O,, O; are replaced by O,2. The degenerate 
conic may be said to contain O,, and to touch O,0,, because it is an exceptional 
member of a linear family. of proper conics touching 0,0,; but neither 
component of j by itself can be regarded as containing Q,, and similarly 
for O; (p. 12). ; 

In the first case, the component 0,0, is exactly determined, and 0,0,0; is 
over-determined, by the F-points that lie on it. The multiplicities of the 
F-points leave j rational, and the d.p. that reduces its genus to —1, and 
makes it break up, is not an F-point, but is the intersection of C40, 0;0;05. 
This answers to the fact that one position of the tangent to the variable 
branch of ¢’ at O' coincides with the fixed tangent to the other branch, and 
there is a pencil of (¢’) having a cusp at O'. So the two components of 7 have 
a common point which is not an F-point, and the general equations continue 
to hold, though they no longer express the genus of 7. 

In the second case, each component of j is exactly determined by the 
F-points on it, but the multiplicities of O,, O,, O; on 7 and J are not as 
assumed by the general equations, which cease to hold, unless 7,, is interpreted 
as the multiplicity of O, in the determination of jg, which may not be the 
same as its multiplicity on jg when determined. 
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3. Interpretation of the equations. 


These special cases being excluded, we assume that every 7 is proper. 
Equations (1), (2), (19), (2) are the equations of condition (p. 5); and (1) also 
expresses that J is of total degree 8n - 3. Now J has 32, — 1 branches through 
0, (p. 17); hence (3’), and similarly (3) is found by considering J’. 

A general line in S’ does not pass through 0’; therefore ¢ contains no 
general point of 7, but meets it in #-points only: fetes (4). Conversely, any 
curve meeting (¢) in F-points only is a P-curve ; for it ~ an element which 
is not incident with a general line, and is therefore a point. Thus 7 is exactly 
determined by its incidences at #-points : 


> 4dtag (tap + 1) = 4 (tg ai 1) (%g' + 2) —l. 


Also ) is rational by virtue of these multiple points: 
= dtap (Yap — 1) = 3 (ue — 1) (Up’ — 2). 


These two relations are equivalent to (3), (5). 

A common point of two P-curves jg, 7, is an F-point, for it ~ an element 
incident with both O,' and O,’, and therefore a curve. Thus jg, 7, meet in 
F-points only. This is expressed by (6). 

The remaining equations are proved by considering S’. 

If jg breaks up into y components, it is still exactly determined, but its 
genus is 1—¥y; hence (3), (5) are replaced by 


> lap = Sig. al Sy5 >= ap? = ip? =| Y- 
The relations can also be proved, without using J, by considering the 
transformation compounded of 77, and another, the two having one F-point 


common in the intermediate plane (182). 
In S’, let there be a homaloidal net (¢,’) with Og’ as a simple F-point, 


the other F-points S06 being in general position. The equations of con- 
dition for (¢,’) are 

ty = 3-4, 21,2? =p? — 2s 
The homologue of this in S by 7 is another homaloidal net (p. 5); the 
result of substitution is of degree wn and contains H*; from this there falls 
away the P-curve jg, and there remains a family 


(Pun ig) = ZO," 30,7, 
for which the equations of condition are 
= (Mla — tap) + By — 4 = 3 (en — a’) — 8, 
(din ~tan)! + pt — 2 = (un — ig’ — 1. 


These hold for all values of 4. Equaté coefficients of powers of u, and we have 
the relations (1)...(5). 
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For n > 2, we can show that, of the incidence numbers 4,,, ty, 3, at least 
one >0, where 1, 2, 3 are the suffixes of the three highest F-points in each 
plane, properly ordered if they are of equal multiplicities (26). 

Thus for 7, with n > 2, we have t= n—2>0; for T,, 7, =0 or >0 ac- 
cording as the associate of O,, or another simple F’-point, is called O,'. 

The degree of a proper curve 2 the sum of the multiplicities of any two 
of its points, unless it is the line joining the points. Now if any of j,, jo, jy is 
a line, one of O,', 0,', O;' is a simple F-point; H’ has at most two multiple 
F-points, and T is either 7, or T, (p. 9). If none of j,, 72, j, is a line, 

ty + Im Sy, 

and adding three such equations, we have 

og + tag + bay + tag + bya + ty, S ty + ty + Ay. 

The homologue of the line 0,’0,' is 
ley aig ig = Orin Oy, 
whence da + U3 — toy — U93 — bog — bag ZN — te — tg +E, 
where e,=0 unless & is the line 0,0,, when ¢«,=1. If O,0,' is a P-line, 
k does not exist, but the inequality holds with e,= 0. By addition, 
2 (ty + ty + ty) — 2 (tar + ten + t93) — (tr' + te" + 03) 
= 8n—2(4/ +4) +2) +ea+ e+ 6. 
But “VtetyZntl, 4 4+24/+7; 2n4+1; 
hence 2 (tn + tg + 33) 23- (& ak a és); 
and 4,; + toy + %3 > O unless «4 =e, =e, = 1 and 2,+2,+%3=n+ 1. 
In that case, the homologue of 0,'0;' is 020s, 
N— ky —1; =N—%—1,= I, 
and two similar relations; whence 
1 = by Hg = =H =, =$(n-1) n=5, 1,=2 (p. 120). 

Since 0,’, 0,’, O,' are of equal multiplicities, their order is indifferent ; we can 
permute the suffixes cyclically so that the homologue of 0,0, is called 0,'0/, 
and. so on. Then ¢,=e,=¢,=0. 

Hence in every case we can have 

ta ap ie a Use ee 0, 
and at least one of these three numbers is positive. 


4. Total number of F-points. 
From these relations we can prove that the total number of F-points 
is the same in each plane, and is therefore the same as the number of P-curves. 


Sum (8) and (3’): 
S S lap = s (87, —1)=9(n—-1)—o’ by (1%), 
p=1 


B=la=1 


/ 


Pee = ty on —1)—o by U1). 


1f=1 a=1 


Il Ma 
M 
= 
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The order of summation on the L.H.S. is indifferent ; hence 
o’ =d. 
This result can also be obtained by counting the number of double points 
on the homaloids of a given pencil (107). 


5. Degenerate homaloids (32). 

Since a general ¢ meets jg in F-points only, but a pencil of ¢’s pass 
through any general point Q of jg, these must break up into jg and a pencil 

(dn -i,') = SOz'% giact 
which ~ the pencil of lines (/’) through Op’, Hee, (dn’) in n—%" variable 
points. From (1)...(6), we deduce the equations that express that ¢n— i,’ 
belongs to a pencil: | 
3} Cis tap) (ia — top +1) =F (n—tp' +1) (n— ty’ + 2)—2 


is rational : 
E4 (ta tap) (ta — tap — 1) = $ (nm — 29 — 1) (n — tg’ — 2), 


has one free intersection with jg: 


Stas (ta — tap) = tp! (n—%') — I, 
has no free intersection with j, if y #8: 
tay (ta — tap) =1,' (n— 2%’). 


Each /' through Og’ ~ one ¢n-i,’ meeting jg In one point Q; conversely, 
@ lies on one dn—i,’, and is associated in a 1, 1 relation with l/’ (p. 16). Also 
Q, being a point on the Jacobian, is a d.p. on the particular homaloid 


dn = jegn— ig’. 
6. Properties of two F-points (27, 32). 


_ Let O,, O, be any two F-points. Consider a curve f of degree 7%’, subject 
to the same conditions of incidence as jg, except that it has one branch more 
through O, and one branch fewer through O,. Since jg ‘meets $ in gn points 
at the F-points, and is exactly determined, f meets @ in %g’n +7, —7, points 
and has 

ohp (hp + 1) BY 2 top (top tl) + (hp + 1) (tip + 2) — ¥ (tp a 1) dog 
= tog — hg — 1 degrees of freedom. 

Now if 7,>2, then f meets ¢ in more than %’n points, and does not 

exist; hence 
lig = Lop — 1, Os = Lop « 

Thus if O, is of higher multiplicity than O, on 4, it is of higher or equal 
multiplicity on each P-curve. But if 7,=%,, then f meets ¢ in exactly ig’ n 
points, and may exist; if it does, it is a. P-curve and exactly determined : 

top =tigt1, tg = %g — 1. 
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Then jg has multiplicities at O,, O, differing by 1, and f has these inter- 
changed. | 

' By the same theorem for 9’, if ja is of higher degree than j., it is of 
higher or equal multiplicity at each’ F-point. This can also be proved as 
follows. : 

Let a curve fj, satisfy the same conditions as j, except that it has one 
branch fewer through one point O,. Then J has ta, degrees of freedom, and 
meets Ji 1D %q, points other than F-points. If i..> 7%, we can make f contain 
ta + 1 other points of j,, and therefore have ja aS a component; hence 7,’ 2 zy. 
If i= %, then f coincides with j,, and is exactly determined, %,.3=% +1; 
but if 2,’ < 7’, we must have ty. S 43. 

These results can be made more precise. If 2, =1,', from (5), (6), 

> (tar — tae)? = 2. 


The only way of expressing 2 as the sum of squares is 2=1+41. Hence 
te1 = tay for all points O. except two, which we take as 0,, O,, and for these, 
ti =tg+, tm = too + &, Where e,, 6,=+ 1. 
Write down (3), (4), (5) for 8 =1, 2 and subtract : 
+6 = 0, whence one of these, say ¢, = +1, and «= — 1, 
€12, + Eto = 0, whence 2, = 2, 
26,4 + 26,22, — 2-= 0, whence 13 =tyn=%n—1, te=tn =n +1. 

Thus if there are two P-curves },, j, of equal degree, they behave alike to 
each F’-point except two, which are of equal multiplicities on (f) and at which 
j, has multiplicities differing by 1, and 7, has these multiplicities interchanged. 
Conversely, by an argument in S’, if there are two F-points O,, 0, in S of 
equal multiplicities, they behave alike to each P-curve except two, which are 
of equal degree, and for which O, has multiplicities differing by 1, and O, has 
these multiplicities interchanged. 


7. Clebsch’s theorem (70, 80, 107). 
The o F-points of H fall into groups of equal multiplicity, and = Zou, 


where oc, is the number of F-points of multiplicity 7, and the sum extends to 

all the different multiplicities 7, that occur in H. Similarly for H’ we have 

a’ = o,. The P-curves in each plane are grouped in the same way as the 
B 

F-points in the other plane. 

We shall now prove Clebsch’s theorem, that the set of numbers og’ is the 
same as the set o,; either in a different order, the same number associated 
with different multiplicities 2., ig’, or else, in the case of a self-conjugate 
characteristic, in the same order and associated with the same multiplicity. 

Consider a group of op 2 2 P-curves j,, jo... of equal degree tp’. There 
are just two F-points O,, O,, of equal multiplicity 7, and belonging to the 
group o., to which j,, 7. behave differently. Ifo, 23, the common multiplicity 
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ty Of j1, Jo at any other point O, of the group is either equal to, or differs by 
+1 from, each of 7, %, which themselves differ by +1; hence 7,, has one or 
other of these values. 

Now suppose there were a point O, for which 7, =7, and also a point O, 
for which 7, =%,. Then a set of multiplicities the same as for 7, except at 
these four points, which are replaced by (0,0,)™(0,0,)™, would exactly 
determine a curve of degree 7g’ meeting (¢,) in F-points only, and therefore 
a P-curve of the group og’; but this would behave differently from y, at four 
F-points, which is impossible. Hence the multiplicities of j, at the points 
O;, O,... of the group o, are either all 7%, or all 7, and we can choose the 
order of O,, O, so that O, is the exceptional point, and 7 =%, =%,=..., and 
similarly %.= %.=t.e=.... Thus j, and 7, first select from H the group ou, 
and then j, selects O, from the group, and 7, selects Qj. 

Any other J; of degree 7%,’ behaves differently at O, from either 7, or j,, and 
with one of them forms a pair with which the argument can be started; they 
select the same group o,, determined by O,, and from it 7, selects a different 
exceptional point O,. The only incidence numbers that occur are %, at all 
general points of the group and 2,, at the exceptional point. 

Now each of the o, points, taken to be exceptional, gives a set of 
multiplicities which defines a different 7 belonging to the group og’; hence 
o,2o,. But if we start with the two P-curves j,’, j,, which ~ 0,, 0:, 
and carry through the argument with the planes interchanged, we find 
og =a,; hence 

Og ='O.- 

Thus the two groups o,, op of F-points select each other, and if og 2 3, 
the curve 7,’ selects O,' just as 7, selects O,; the relation between the points 
of the two groups is symmetrical. 

This sets up a 1, 1 relation between the two sets of groups, of two 
or more points each, in H, H’, associated groups having the same number of 
points o, =o, ; and if this number 2 3, there is also a 1, 1 relation between 
the points O., Og’ of two associated groups, each point keing exceptional for 
the P-curve which ~ the associated point, and such that tag = ta, + 1, where 
O,’ is a general point of the group. The ambiguous sign is the same for the 
whole pair of groups, which are called of positive or negative determination 
according as it is + or — (271, which reverses the earlier convention of 268). 

The association of points fails for groups of two points, for we can regard 
them as of either determination. We arbitrarily choose it to be positive. 

There remain the groups of one point each. Since the total numbers 
of points in H, H’ are the same, and also the numbers in all the groups 
of two or more points, the numbers of one-point groups are the same, and 
since the multiplicities in either plane are all different, we arbitrarily 
associate these points in order of decreasing multiplicities. This completes 
the 1, 1 relation between the two sets of points H, H’ (74). 
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These results, all except e= +1, can also be obtained as follows, without 
using the equations (27). 

Let NV, be the number of different permutations’ of the o, multiplicities 
- tap Of jg at the points O, of one group. If these are all equal, V,=1, and 
Je behaves alike to all the group. If not, N,20., and jg selects the group. 
Any set of permutations, one of each group, gives a set of multiplicities that 
exactly determines another j, of the same group og’ as jg. Thus 

Wo, = IL, Sox, 
where II extends to all the groups selected by jg. 

Each of these groups o, has two points 0,, 0, at which je behaves 
differently ; one of the permutations consists in interchanging these multi- 
plicities; and there are two P-curves jg, j, to which O, behaves differently. 
Hence ag’ is one of the groups selected by 4,’, and by the same argument in 8’, 

Il’ op’ = Il’ NV, = = lcs cp, 
where II’ extends to all the groups selected by 7,’. 
Hence o, S og’, and similarly og’ = o,, and 


Og = OB. 
Hence II’, and similarly II, consists of a single factor, and for this, Na =a, 
and the permutations are of o, numbers all alike except one. 
Thus if jg selects any group, it selects only one, and if o,23, then 
je selects one point from the group. The rest follows as before. 
In the determinant — 


A=| te |= Mi, Uo, «+s Vie |> 
Uo, Loe» Lae" 
toi, tor, +++ bao’ 


which is square since ¢ =a’, each row belongs to a point O, and each column 
to a point O,’. Let them be so ordered that associated points have the same 
rank and that points of the same group are adjacent. Let A be divided into 
rectangles by lines separating the groups. Then Clebsch’s theorem is that 
the vertical and horizontal divisions are the same, so that the rectangles about 
the leading diagonals are all squares. Also the numbers in each rectangle are 
all equal, except those on the leading diagonal, each of which differs by + 1 
from the rest of its square, the sign being constant for the square. 
Now by (5’), (6), 


Mire |) PPE Nh Oni ONO 
Iota tgp, Ueto 
abe eed ee AGO ee 


=i? +i2+...+%2+1 =n? by (2), 
A=+4+n. 
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The sign is indeterminate, because the order of the rows and columns in A 1s 
not completely assigned (70). 


8. Properties of a general curve (114, 192, 268, 271). 

If f, =>0. is a general curve incident in any way with the F-points, 
then IT j’,”* falls away (p. 14) from the homologue f,’ = = Ousne , where 

pe = pn — Sata, 
Ye = ois’ — Zryatap. 
a A & 

For example, if f, is a homaloid, «=n, y.=%., and from the equations of 
p. 18, we verify uw’ = 1, ye = 

If f, is a P-curve, w= %g’, Ya = tae; for the homologue Og’ the equations 
give pw’ and every y’ =0, except ys =—1; this suggests the convention that 
a point is a curve of degree 0, incident — 1 times with itself (p. 320). 

If f is a curve of degree 7s’ with the same incidences as jg, except that it 
passes tag —1 times through O,, we find that f’ is of the same nature as 
f, that is, it is of the same degree as j,’ and satisfies the same conditions 
except that it passes 7.,—1 times through Og’ (26). 

By comparison with jg, which is exactly determined and rational, we find 
that the freedom of the family (/) or (7) is 

4 %ap (tap + 1) — 3 (tap — 1) tap = tap, 
its genus is 4 ta6 (tap — 1)— 4 (tag — 1) (tag — 2) = tag — 1, 
and the number of its free intersections 1s 
dap? — (tap — 1)? — 1 = tag — 2. 
For any curve, we verify 

Bu — Lyn = 3p — Dep’, 

pe — Zeya? = we? — Dye”; 
hence, these expressions are invariant for Cremona transformation. 

A combination of these expresses the invariance of the genus p. Let R be 
the reduction of genus of 7, due to all its multiple points other than H; these 
~ the multiple points of f,’ other than H’, reducing the genus of f,’ by R 


also; then 
p=$(4-1)(u=2)= 24y.(ya-1) — 8 
= (wu —1)(u —2)— ZS bye' (ye —1)— RB. 
The incidences of f and f’ at associated F-points are related. If 0,, 0, are 
two points of the same group, and O,,, O,' the associated F-points, we know 


oy; 7 


= te, ty = ty = = (tig — te) = + 1, tar = Yao If a > 2. 
Hence M1 — 2 = F (yi — ye); 
that is Nt = 72 ty; 


with upper or lower signs according as.the group is of positive or negative 
determination (268). 
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The degree of f. can be lowered by 7, if the multiplicities y, of the 
highest multiple points of f are high enough to make 


; HN — data < pe 
In particular, if J has no points of multiplicity > 2, 
Bw = np — 222,, which = np — 6 (n—1), 
fe — w Z(~—6)(n—1). 
Thus no curve of degree 2 6, with d.p.’s only, can ~ a curve of lower degree 
by a Cremona transformation (p. 41 of 385). 


9. Direct determination of P-curves. 


There is no simple rule connecting the multiplicity of any F-point with 
the degree of the associated P-curve, that is, connecting the multiplicities 
ta, tg associated with the same group number o,=a, in H, H’; until the 
tg are known, H’ is not completely determined. 

We can always determine H’, either by investigating the reverse trans- 
formation, or by finding J as a determinant; but we can often find all the 
P-curves more easily from some simple geometrical and arithmetical facts. 

(i) Any j meets ¢ in F-points only. 

(ii) The multiple points that determine j, in descending order of 
multiplicity for j, are the highest F-points of H, in descending order of 
multiplicity for ¢ (p. 22). Thus if there is a P-line, it joins O,, O,, or two 
other F-points of multiplicities 7,, 7,, and 7,+7,=n. If there is a P-conic, it 
passes through five F-points of multiplicities 7, ... 7;, and the sum of these is 2n. 

(iii) The multiplicities of 7 at the points of any one group are either all 
equal, or all but one equal, and j can only partition one group. Hence the 
last of the F-points which determine j is the first, or the last but one, or the 
last, of some group. 

Hence 0, lies on every P-curve unless it belongs to a group of negative 
determination, and the associated P-curve passes simply through the rest of 
the top group, and not through 0, nor through any other F-point. This is a 
rational curve determined by simple points only, and is therefore the line 
0,0; or the conic 0,0,0,0,;05; the top group consists of three 4n-fold or six 
2n-fold points. In the other plane, the P-curve of highest degree passes 
through all the F-points except possibly one of a group of three simple or six 
double points (27). 

(iv) The total degree of J is 8n—3, and the multiplicity of O, on it is 
37, —1. This determines the last group of P-curves when we have found all 
the groups except one. 

Considering P-lines, we have the following cases : 

(1) There is no P-line if i,.<—%; then H’ has no simple point. 

(2) There is just one P-line j,, and one simple point in H’, if 7, does not 
partition any group. Then 0,, O, may constitute the top group, of two points, 


with 4,=47; 
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(3) or O,, O, may constitute the two top groups, of one point each, with 

=n— <3n<h. 

(4) The top group is partitioned by 7,, two of its points lie on 7, and one 
does not; then 7,=4n, the top group consists of three points and is of 
negative determination. There are three such P-lines, and three simple points 
isle a bes 

(5) The second group 1s partitioned by J: into one point on 7, and o, — 1 
not on it; the top group consists of one point only, of multiplicity 1, > 37; 
the second, of multiplicity 7,=n — 7,, consists ‘of any number o, of points and 
is of positive determination. H’ contains o, simple points. 

Incidentally, this shows that if 7,=4n, then o, <3 (p. 74); for if there 
are three or more 4n-fold points, a P-line j, partitions them, two points lying 
on it, and there can be only one point not on 4. 

For Zz, n; 1% (2n— 2), there is a group of 2n —2 P-lines, associated 
with the group of simple F-points. Then J can have only one other com- 
ponent, jn_»=1"-?(2n—2)'; this is associated with the vertex, and the 
characteristic is self-conjugate. Conversely, if a group of P-lines is associated 
with a group of simple F-points, the transformation is 7';; for the P-line 
joins two F-points, one simple and therefore the other (n — 1)-fold (30). 

If 7 is a rational cubic, determined by 1°6', it may partition the top group, 
which is then of positive determination, into one point double on 7; and 
o,— 1 £6 points simple on j,; or it may partition a later group into a set of 
points simple on 7; and a set not on it; or it may not partition any group. 
For example, with the characteristic n=4; 136+, eachj might be determined 
by 2, 6 or 7 points, and is either a line or a cubic; there is a group of six 
P-curves and a single one, and the total degree of J is 9. Hence J consists 
of one cubic and six lines, H’ is 1°6!, and the characteristic is self-conjugate. 
For n= 4; 33}, we find three P-lines and three P-conics, and again the 
characteristic is self-conjugate. 

Since these are the only two quartic characteristics (Table I), and they 
consist of different numbers o,, we see without any other proof that they 
cannot be conjugate to one another, and each must be self-conjugate. The 
same is true of the three quintic types. But two of the sextics 

n=6; 1443! and n=6; 37174 
have the same set of o.. The first has four P-lines, associated with the second 
group, and H’ contains 4!, and is different from H, which contains 3!. Hence 
this characteristic is not self-conjugate, and the pair must be conjugate to 
each other, as can be verified in detail. By the same argument, without going 
beyond P-lines, we find that there is one conjugate pair of 77's, two of Ty's 
and three of 7,’s. Among the T7,,’s there are two (nos. 5, 10), 
nm=10; 1934373! and n=10; 3512373), 


which have the same numbers of simple and double points; and we must go 
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as far as P-cubics, of which the first has one aey the second none, to show 
that they are conjugate. 

Characteristics are not necessarily conjugate if they have the same n and 
o,. For example (270), there are four 7',’s (nos: 6, 9, 16, 17): 

m= 12; 19443931, 1739423), 38144231, 3°39]2 42, 

The first of these has four P-lines, and is therefore conjugate to the last, the 
only one with 41. The second and third both have 0*4?3, and no P-cubics, 
four conics and three lines: we have to go to P-quartics, determined by either 
1°83: or 3251. Neither kind can be a P-curve for the second 7,,, for it cannot 
have as many as 48 intersections with ¢,, at F-points. This characteristic is 
therefore conjugate to the one with no four-fold point, that is, to itself. The 
third 7, must also be self-conjugate; it has one P-quartic of the type 3°5', 
associated with its one four-fold point. 

Many examples occur with n=16. The following are the index numbers 
in Table I of the sets of three or more characteristics with the same (c,), 
ove being bracketed : 


(15, 42), (32, 77), (41, 67), (62, 88). 
(40, 86), (44, 70), (64, 76), (80, 84). 
(31, 79), (85, 69), (57, 68). 

(6, 49), 27, 46. 

(18, 61), (29, 36). 

(22, 71), (60, 63). 

(23, 52), (48, 74). 

(18, 34), 21. 

43, (66, 85). 


CHAPTER III 
THE QUADRATIC PLANE TRANSFORMATION 


I. PLANES DISTINCT 


1. Description of the transformation (8, 15, 17, 43, 61, 80, 298, 372). 

Consider a family of conics (¢) defined by the condition of passing through 
three fixed points O,, O,, O,. Each point presents one linear condition to (#), 
hence the total postulation is 3, and since there are five parameters in the 
equation of a conic, the family is 0%, that is,anet. Any two members of the 
family intersect in four points, of which three are fixed at O,, O,, O,, and one 
is free. These two properties show that (f) is a homaloidal net whose 
F-system H consists of the three simple points 0,, 02, O;. 

Thus there exists a quadratic transformation 7, which converts the net of 
conics ($) in the plane S into the net of lines in the plane S’. Since a ¢ 
meets a line of S in two points, a line of S’ meets a curve of the second 
homaloidal net (¢’) in two points, and (¢’) is a net of conics any two of which 
have one free intersection and three fixed, O,’, 0,', O;’ say: the reverse trans- 
formation 7,~' is also quadratic. 

Every general point of one plane ~ one and only one of the other. The 
only points for which this does not hold are the #-points and their corre- 
sponding P-curves, which are lines since the /-points are simple. Since the 
P-lines in S meet (¢) in F-points only, they join pairs of O,, O., O;. Thus 
the F- and P-systems in S are the vertices and sides of the triangle 0,0,0, ; 
and similarly in 8’. 

Let 0,0; be the P-line which ~ O,'; this partitions the F-points of H 
into the two, O,, O,, that lie on it, and the one, O,, that does not. Thus 
O,, O,' are associated F-points of H, H’, and the single group of F-points in 
each plane is of negative determination. 

This transformation occupies a unique position in the theory, since all 
other Cremona plane transformations can be resolved into series of 7,’s. It 
is also of much use in deducing, from the properties of known curves, those 
of curves of higher degree, and in investigating higher singularities of plane 
curves. 


2. Equations of T,. 


The F-points O,, 0, O; cannot be collinear, since they le on proper 
conics (fp). They may be adjacent; if so, the equations of this paragraph 
must be modified (pp. 35, 37). For the present, assume them distinct; 
they can then be taken as the vertices A,, A,, A; of the triangle of reference, 
and (¢) is circumscribed to this: ; 


(>) =c,. ayz + cy. bzw + Cs .cary, 


OH. 111] THE QUADRATIC PLANE TRANSFORMATION 31 


where a, b, ¢ are fixed constants, and ¢, ¢,, Cs arbitrary parameters. This is 
formed as the sum of multiples of the three simplest linearly independent 
conics of the family, the line-pairs ayz, bza, cay. 

The equations of the general Ty with 0,0,0, as F-trio are found by 
putting «’, y’, 2’ proportional to any three independent ¢’s chosen as base 
conics. If we take, as sides of the triangle of reference in S’, the lines corre- 
sponding to the above line-pairs of (¢), we have 


Ley Se = aye 2020: cry: 
Then (a, b, c) are the coordinates of the homologue in S’ of the unit point 
(1,1, 1) of S. If we take this point of 8’ as unit point, we have a=b=c, and 
the equations of the general 7, take their simplest, standard form 


y 


Oni iatie Zante 2iGe eM YE Ae wth cn bysts ie. selAen dap (1) 
These are equivalent to the symmetric equations 
tal = yy’ = ze, 
and therefore the equations of the reverse transformation 7, are of the same 
form, 
Op RN Te EA A Me RS A re (2) 
showing that (¢’) is of the same nature as (#), and H’ as H. 

We have not assumed the F-points real. In the case of inversion (p. 53) 
two are conjugate imaginaries; then the present equations refer to complex 
frames of reference, and the equations referred to real frames can be obtained 
by a complex linear substitution. 

If the frames of reference are given first, and the F-points 0, (&, m1, %), 
O,, O; are in any positions with regard to the first, we can change to a new 
set of coordinates 2, y,, 2% in S, referred to 0,0,0; as triangle of reference, 
by a linear substitution: 

M291: 4=ji(#,Y, 2) da san 
where j, is the P-line 0,0, referred to the general frame, 
ean os eae 
2, Ne, &, | 
Es, Ns» g, | 
Similarly in S’, we change from «, y’, 2, referred to the given frame, to 
a, y;', %' referred to O,0,'0,', by another linear substitution : 
ay yl ia = pi (a, y', 2) tJ’ + Jo 
Then 7, is expressed by equations of standard form in the new coordinates: 
Wy =U, 22, =Yyh 2 28,5 Li, 
or, in terms of the given coordinates, by 


hh ha Js =Jo)s Jai ajo. 
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Thus with any frames of reference, 7’, can always be expressed by equations 
of standard form, preceded and followed by a linear substitution (151, 157). 
We can solve the last equations for a’, y’, 2’ and find 
wv :y:2=d,: bo: ds, 
where the ¢ are general linear functions of 7,73, Jsj1, jijo, and represent any 
conics through O,, O,, O3, say 
dy = 2? + by? +42 + 2fryz t+ 29,2u + 2h, ay, 
where a, ... h, satisfy the three conditions of incidence 
hy Ea” =P bya” at Oba" + 2h, Nabe ar 21 Gate a 2h, FUP = 0 (a =1, 2, 3). 


3. F- and P-systems. 


The only points for which the transformation (1) is not 1, 1 are those for 
which the ratios ¢,: ¢.: ¢; are indeterminate; this occurs when all three 
functions vanish, and P is one of the three base points of the net. 

If P is O, (1, 0, 0), equations (2) become 

LO Way 2224 fay, 
satisfied for every point on # =0, and for no other point. Hence the line 
ji = O,'0;' is the P-element which ~ O,, every point on it having as homo- 
logue the same point O,. Similarly, the F-point O, ~ the whole of the P-line 
jo =O; 0, and 0; ~ the whole of 7; = O,'0,’. 

These three lines are all the second P-system. For if we substitute from 

(2) in (1), we obtain 
LY EL SaLe EY G0 ay 2 orca cu. 
which becomes identity after rejecting the factor G’= a'y'z’. 
We can also find the P-elements as the components of the Jacobian 


of (¢'): 


he | Oy Ody tbr Vie PM diet ne 
Us Cat SCV be Oo a ee 0, 2, y | = da'y’z’, 
Od. Of, Oo ; 
On 5) dy’ ) 02’ Z, 0, x . 
Ops Obs Os’ ore 
Oni Oui i OF. Leshan ey 


By symmetry, the lines 7,= 0,03, j,= 0;0,, j; = 0,0, stand in the same 
relation to O,’, O,', O,' as do jy’, jx’, 73 to O,, O., O;. Thus each vertex O, of one 
F-triangle ~ the side of the other F-triangle opposite to the vertex associated 
with O,. 

Now consider points in the neighbourhood of an F-point. As e-»0, the 
point P (1, ne, fe) O, in the direction y:z=7: 6, and its homologue 
P’ (n&e?, Se, ne) > Y(0, § m), a definite point of j,’. Hence the different 
points of 7,’ are associated in a 1, 1 correspondence with the directions at O,, 
and similarly for the other P-lines of either plane. 
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4. Projective pencils. 


If a line / passes through an F-point, O, say, then ¢' breaks up into the 
P-line j,’ which ~ O,, and a line I’ through O,', which ~ all the general 
points of l,-and is its proper homologues 

Let /=y+az; then ¢' =2'a'+ aa'y', which breaks up into « and the 
variable line U'=z’+ay'. Thus 7, transforms the general lines of the 
pencil (0,) projectively into those of the pencil (0,'); in this projectivity 
(but not in 7;), j, corresponds to 7,’ and j, to jy’. 

The points of the corresponding lines J, U’ are related by 7, in a pro- 
jectivity in which O, ~ the intersection of IU, je If l=%5, U=3, this pro- 
jectivity is degenerate, every point of | ~ O,,, and every point of I’ ~ Q,. 

In this way, we have three pairs of projective pencils, 

(01), (Ox’); (Oz); (Oz); (Os), (O5'). 

A line J, passing near O, but not through it, contains a point near 0, of 
every ray of the pencil (O,) except those nearly parallel to 1. The homologue 
¢ therefore has a branch containing a point near j,’ of every ray of the 
pencil (O,') except those near the homologue J’ of the ray through 0, parallel 
to 2. This branch approximates to 7,’, and only turns away from it near its 
intersection Q with U’. 

If 7 moves parallel to itself so as to pass through O,, this branch of @¢’ 
ultimately coincides with 7,, and the branch of ¢ turning away from j, 
becomes a separate component meeting the first in Q’; this is U’, the proper 
homologue of the final position of J; and I’, 7, together form a degenerate 
homaloid, having a d.p. at Q’. Thus every point of 7,’ is a d.p. of some 
homaloid, and so belongs to the Jacobian. 

Conversely, if Q’ is a d.p. of a ¢’, this is a pair of lines of which one only, 
U’ say, is the proper homologue of /, and the other must be a P-line j’; every 
point of J’ lies on one of the three P-lines. 


5. Homologue of a general curve. 
A general curve f, = (#, y, 2)" in S is transformed by equations (2) into 
Jn BY Zee, £Y)", 
that is, a curve of degree 2u. Since w is the highest power of any one 
coordinate, f’ has p-fold points at O,', 02’, Os. 

Geometrically, f has 2 variable intersections with any conic through 
O,, Oz, Oz, and w variable intersections with any line of S, and in particular 
with each P-line, its homologue has 2y variable intersections with any line 
of 8’, and is of degree 2u; it has w variable intersections with any of the 
conics (¢’) through 0,/0,.0;, and of the remaining 3y intersections of /’, ¢’, 
there are yw coinciding with each F-point, the directions of the w tangents to 
f’ at O, being those associated with the p intersections of f with j,. 


BCT 
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If f passes through O,, the corresponding P-line j,' is dropped from NR 
whose degree and multiplicities at O,’, 0,’ are each lowered by 1. Generally, 
if we have 

WP = OFe 0. 05", 
we drop j,* joj;%, and find fy’ = 0% 0,8 O,%", 
where 

w=Ww—h—h—-%, FY =b—bk—-%, bf =W—s—h, ts =P—h—b;3 
or in symmetrical form, 

W—Ve=pb—-t, Su — YS Bp. Ba, (ae O Fs), 

Any point Q of f lying on j, ~ the sanie point O,; a point P of f, 
adjacent to Q but not on j,, ~ an ordinary point of S’, adjacent to O,' in the 
direction at O,' associated with Q. If the » points Q are distinct from each 
other and from O,, O;, then f’ has an ordinary p-fold point at O,’, with 
distinct tangents. If two points Q coincide, so that f has either one branch 
touching j,, or two intersecting on it, then two tangents to f’ at O,' coincide, 
and f’ has either a cuspidal branch, or two branches in contact, forming a 
tacnode. But if one @ is at O,, this ~ j,’; the branch associated with this 
intersection is the dropped P-line, and not part of the proper homologue, and 
the multiplicity of O,' on f’ is reduced by 1 

Consider, for example, the transformation of a conic f,. In general, f’ is 
a quartic with d.p.’s at the three F-points, and the two tangents at O,' ~ the 
lines joining O, to the intersections of f,, 7,, and similarly at O,’, O,. If fA 
passes through Q),, its homologue breaks up into 7,’ and a cubic f;’ = 0,0, 0;’. 
If f, passes through O,, O,, then 7,’, J.’ drop away, and f’ is a conic through 
O,', O.; in particular, if O,, O02, O,', O, are the circular points in S, S’, then 
all circles ~ circles (or lines), and the 7, is called a circular transformation 
(121, 241, 282), of which inversion is the best known variety. Finally, if f 
passes through all three F-points, its proper homologue is a general line. 

Analytically, 

So = 1? + by? + 022 + Afyz + 2gzx + 2Zhey, 
Fi Saya? + bz? a? + cay + Qfa'ry's’ + Aga'y?z' + Wha’ y's’. 

The two intersections of f;, #, given by putting w = 0, are by? + 2fyz + cz?; 
and the two tangents to f, at O,', given by the co-factor of «#2, are of the 
same form: 

bz”? + 2fy’2’ + cy”. 

If f, passes ain O,, then a =0, and # is a factor of f;', leaving 

fy = b2? a + cay? + 2fa'y'2’ + 2gy?2 + Ahy'2?, 
which is a cubic with a d.p. at (1, 0, 0). 


6. Specialization; two F-points adjacent (404). 


The 7, is specialized if the F-points cease to be distinct, two becoming 
adjacent; and still further if the third point also becomes adjacent to the 
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other two (p. 36). We can no longer take the F-points as triangle of 
reference. 

If O, is adjacent to O,, then the homaloids have two fixed intersections 
there, that. is, they touch one another and have a fixed common tangent. 
Thus besides conditions of incidence, such as have hitherto defined (p), there 
is a contact condition. 

The fixed tangent at O, is 7, the limit of 0,0;, and may be regarded as the 
path by which 0,—>0O,. It can have any direction except O,0,; for (¢) 
already meets 7, in two points at O,, and cannot meet it elsewhere. 

Let A, =0,, A, =0,, and first let O, have a general position (0, e, 1) on 
the line 7, =; then 0, > 0, as ¢—+0. In the limit, the pairs of sides of the 
F-triangle no longer give three independent homaloids; we can take instead 
C,07-0,0, 2 0,0;,A,« 0,0;;..0)43,.0;0;; and the equations are 

ary: 2 =y(y —e2): wy: ae. 
In the limit, when O, is adjacent to O, and ¢=0, 
e:yY :2=y : sy : a2, Geay, J=— ay’, 
TIAL 315 BCD a Atte aR 
The second F’-system is therefore specialized in the same way as the first. 
This specialized type can be compounded of two general 7,’s, for example 
Poy 22 =2 (a5 y"): hee 1a (yl — 2!" 
a” sy: 2" = wlyte) : (@—yyte) : y(a-y). 

Now @ consists of two distinct elements only. One is y=7.= 0,0; 
reckoned twice, once answering to the condition of incidence of (¢’) at O;, 
and again answering to the condition of contact at the same point. The other 
P-element is «= j,, the fixed tangent to (f) at O;, corresponding to the 
ordinary F-point O,'. In S’ we have a similar P-system (’. 

There are now only two pairs of projective pencils of rays, with vertices 
O,, O; and O;, O,. In the first, O,'0, corresponds to j, and in the second, 
0.0, to j,; and the intersection of j,, j:, which is the other F-point, is at Os 
There is no pair of projective pencils standing on the points of the P-lines 
y, y. The pencil ax —z, joining the points of y to A,, ~ the pencil of conics 
ay? —a'z’ through O,', all touching # but with different curvatures; the 
points of y are associated with these curvatures and conics at 0; not with 
different directions. 

A general f,, meeting y in p distinct points Q,~a curve fy’, with u 
distinct branches through O,,, all touching #’, and each osculating one of the 
conics associated with the » points Q. These branches ~ the yu distinct pieces 


of f near >Q. We have 
Sz (& Y, 2)"; 
Soul 2, By! #2)", 


with p-fold points at O,',0,. At QO, all the » tangents are a’, and the second 
3-2 
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approximations are of the form ay'?—.'z’, the values of a being given by 
(1, 0, a)“, answering to the yw intersections of f, y, given by (a, 0, 2)*. 

If f passes through O;, with a general tangent, one Q = 0;, onea=0, and 
one conic becomes the P-line y/ dropped from f’, taken twice. The branch 
of f through O,~ a branch of f’ through O,’, which with the dropped line 
approximates to a conic with a d.p. at O,’, which we may regard as osculating 
y®. Similarly, if O, is ¢-fold on f, then y is dropped, the degree of /’, but not 
its multiplicity at O,’, is lowered by 7. Then 7 branches of f’ at O,' are in 
general directions; the remaining ~—7 branches of f’ osculate the conics 
associated with the intersections of f, y other than OQ. 

If f satisfies the contact condition, it passes through O; and touches « 
there: 


2 
fee ea + (a, yOu, y, 2)"; 


we drop y’ twice, answering once to the incidence and once to the contact: 


cae = gt) 7/t-1 ae (y', a Vy, aly, ao’ z’ #2, 
on which 0,’ is (w — 2)-fold, and O,' is (wu —1)-fold, the branches answering as 
before to the 4 —1 intersections of f, y other than Q;. 
If f has an i-fold point at O;, and « of the tangents are z, we might 
expect that y'‘+* would be dropped, but this is not so in general: 


i41 ; 
fet? ala, yy * (@, ya, y 2); 
only y"* is dropped, the index being governed by the second group of terms 
in f, and 
if] ; 
ts = ght gut yo (y’, a jo if (y’, al Dy”, ay’, ag’ )e-1, 

Unless O; is a higher singularity than is necessary with these conditions, 
f has one cycle of multiplicity a at O;, which ~ a cycle of multiplicity a—1 
at O,', with y’ as tangent. 

For example, let 1=a=2; then f has an ordinary cusp at O;, and y” is 
dropped, the same factor as if f had an ordinary d.p. with only one branch 
touching x; then f’ has « — 2 branches at O,' touching # and one touching y’. 
An additional y’ is dropped, and the last branch at O,' disappears, only if the 
term y°z"~ is absent from f. This is the condition that at O, the cusp is re- 
placed by a tacnode, and the single cycle by two distinct branches in contact. 


7. Three F-points adjacent (17). 


Now let O, be adjacent to both O, and O,; the homaloids have three fixed 
intersections there, and not only touch but osculate each other. They have 
a fixed common tangent 7 and osculate a fixed conic q. 

Then 0, > O, along a path that also touches j and osculates q; this path 
cannot osculate 7, for (6) would have three intersections with j in the limit. 
And the path cannot touch another line, for then every @ would acquire a 
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dp. at O, and would break up into two lines through O,; two ¢’s would meet 
in four points at O, and none elsewhere, and the transformation would break 
down entirely. Also (fp) would break up if 0,, 0, = 0, along a cuspidal 
branch. L / 

We must therefore assume an ordinary curve of approach, which can be 
replaced by any osculating conic, say 


q=y — xz. 
Then O; (e, ¢, 1) > O; along q as e>0. Here A, and the unit point are any 
points of g, and z is the tangent to q at A. 


The simplest conics through 0,0,0; are the two line-pairs 0,0;A,, 0,0,; 
O0,0,A,, O,A,, and q itself; we can take the equations of transformation to be 


“iy 2% =a7(e%—ey): a(y—ez):4¢. 
In the limit, when O, is adjacent to O, and O,, and e=0, 
Gey =o ayo, Gao, J =~ 22, 
Dye ae Nak get yee: Ot 
This can be resolved into two 7,’s of the last type, 
ie mre eng? ey a (a es), 
DA (eae ET RYT is 2, 
or into four general 7’,’s, but not fewer. 

The P-system @ of S now consists of one element only, =7 = 0,03, 
reckoned three times, answering first to the condition of incidence of (¢’) at 
the F-point 0’, and then to the conditions of contact and of osculation. The 
second F- and P-systems are like the first. 

There is only one projective pair of pencils of lines (0), (O’) and in this 
a corresponds to «. The pencil by—z, standing on the points Q of 2, 
~ the pencil of conics ba'y’ — q’, osculating q at O' and having different third 
approximations, each associated with one value of b and one point Q. 

The pencil of conics ay? — xz, touching # at O, but not osculating q, has an 
intermediate property. It~the pencil (a—1)y?+.'z’, of like nature; and 
here a is the branch through O’ of the degenerate conic associated with q, for 
which a=1, and similarly « is associated with q’, for which a=0. 

A general f, ~ fx’ =O, all the w branches osculating g, and having the 
distinct third approximations associated with the mw intersections Q of /, a. 
If f passes through O, with a general tangent ¢ say, this absorbs one Q; we 
drop «, and f’4-, still has » branches through 0’; but now only w«—1 
osculate g’, answering to the ~—1 points Q; the other branch touches ¢ the 
homologue of ¢: this and the dropped component w#' together meet ¢ in three 
points, and replace one branch osculating 4’. 

If the branch of f at O touches 2 and osculates a conic ay* — xz different 
from q, this absorbs two points Q. Then F ou—2 has a branch at O’ osculating 
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the associated conic, which, with the dropped components #?, meets q’ in six 
points, and replaces two of the branches osculating gq’. A cycle of f at O of 
multiplicity a, touching a, absorbs a+1 points Q; then 2+ is dropped, and 
f' has a cycle of multiplicity a touching a’ ; these together meet gq’ in 3(a+1) 
points at 0’. . ori 

Finally, if the branch of f satisfies the same three conditions as the 
homaloids, and osculates g at O, the number of points Q is again «— 2. Then 
the associated branch of f’,-; does not pass through 0’, but through the 
point Q’ associated with the third approximation to f at O; this, with the 
dropped components w”, meets q’ in six points*at O’, replacing two branches 
osculating q’. 

All this can be proved from the equations. For example, in the last case, 


3 
Suze’ gq +2" a (a, y) + (@, ya, y, Ze, 


3 
Smee rat + gee, Yt (@, Qa? wy, Ye, 
on which O’ is («— 2)-fold, all the branches touching # and osculating q’. 
The next approximations q' = b’a'y’ are given by 
be? 4.0 + (0, 190, 1, b’)#- =0, 


and are associated with the intersections of f, « other than O, given by 


3 
guy? +0 + (0, 190, y, z)# 3 =0. 
The only intersection of f’, x’ other than O' is given by 


3 
z +(0, y') +y' (0,140, 0, le = 0, 
and is associated with the third approximation g = bay to f at O, given by 


b +(0,1) + (0,140, 0, I)" =0. 


8. Collineation. on 


We have excluded the case when the F-points are collinear. If O,, 03, O,, 
whether distinct or adjacent, lie on a line J, then every ¢ breaks up into J and 
an unrestricted line. The constant factor / can be removed from the equations 
of transformation, whose degree is reduced to 1; the two nets of lines of S, S’ 
correspond, and 7’, degenerates into a collineation 7,. If the points of 
reference in the two planes are homologous, the equations are 


Ca Peery ee. 
and algebraically the transformation is identity. 


Another form of the geometrical condition that 7, may become 7, is that 
js corresponds to j, in both the pairs of projective pencils (0,), (O,’); (0.), (O,’). 
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9. Methods of determination ; seven pairs of points (118, 214, 332, 350, 

410). 

A T, depends on 14 parameters. With general frames of reference, the 
three F-points of the first system are determined by six coordinates; the 
selection of three base conics from the net (0,0,0;) involves eight more 
parameters, and 7’, is then determined. 

A given pair of homologous points assigns two parameters, the ratios of the 
coordinates of the homologue P’ of a certain point P. Hence 7, is determined 
by seven pairs of homologues, or the equivalent. 

It is also determined by equations (1) of p. 31, geometrically equivalent to 
the choice of the two sets of F-points and one pair of ordinary homologues. Since 
an F-point ~ a line, determined by two points, an F-point and its correspond- 
ing P-line are equivalent to two pairs, and the two F-triangles to six pairs. 

With sufficient data of any kind, the problem of finding the homologue of 
a given point P has only one solution, and P’ can be constructed with ruler 
only. If one F-point in S is given, the construction of another has two 
solutions, and in general requires compasses. If seven general pairs are 
given, the three #-points in S enter symmetrically, and require a cubic and 
not a Euclidean construction. 


10. Two pairs of projective pencils (17, 174, 359). 

We have seen that the lines joining P, P’ to F-points of S, 8’ are 
corresponding rays of three pairs of projective pencils. If two of these 
projectivities, say between (0,), (O,’) and between (0,), (0,’) are given, then 
the homologue of any given point P is determined as the intersection of the 
rays corresponding to 0,P, 0,P. This also determines O,'P’, which ~ O,P in 
the third projectivity. Thus any two of the projectivities determine the 
third, and also determine 7). 

Regarded in turn as belonging to the two pencils, j,’= 0,'0,' has two 
corresponding rays Jo, jr, Whose intersection ~ every point of js, and is there- 
fore the third F-point 03. 

If P describes a line J, the pencils O,(P), O.(P) are perspective, and 
O,' (P’), O' (P’) are projective with these and therefore with each other, and 
P’ describes a conic through 0O,’, O,', and also through OQ,’ corresponding to 
the intersection of J, 7s. 

This construction can give all the cases of 7, when at least two F’-points 
are distinct, but fails if all three are adjacent, and there is only one pair of 
projective pencils. 

11. Bilinear equations (91, 170, 221, 222, 343, 356, 386, 411). 

The symmetric equations of p. 31 are linear in each set of coordinates. 
Conversely, a general J’, is given by two general bilinear equations: 

Ue + Uy +U32 =0, where Ua = Gal + Are + Usa’; (a =112,:3); 


v0 +2y' + 052° =0, Va = Dyat + Day + b3.2. 
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We can solve in the form 
QP Yen het Oety, 
where q, is the conic u,v; — Us¥., etc.; and since 
Uy + Ugths + Ushs = VY di + Ub. + U3; =u, 
we see that , passes through all the common points of ¢,, @, except the one 
u; =v; =0, and the net (#) has three simple base points. 

The reverse transformation is given by rearranging the bilinear equations 
in the form 

Uy L+U y+usz=0, where wa = Ait +kOay + Ms2, (a=1, 2, 3); 

Wy e+, y + 0;2=0, Uq! = bat + daey’ + dasz’. 

With special relations between the coefficients, these equations can 
represent any of the special kinds of 7,. Thus if two F-points are adjacent, 
the equations of p. 35 are equivalent to 

xe —yy =0, ye’ —zy’ =0; 
if three F'-points are adjacent, the equations of p. 87 are equivalent to 
ay —ye =0, x2 —yy + 20 =03. 
while if for example | 
Uy =WwW.=0, wMm=%,, 
then BY 2 Za Ugh ge 
and we have a general collineation. 


12. Two correlations (15, 173, 332, 333) 381). 

Each bilinear equation by itself expresses a correlation between the points 
of each plane and the lines of the other. If P is fixed, w, u,, ws, are given, 
and P’ lies on the fixed line wa’ + uey’ + uz’ of S; similarly if P’ is fixed, 
P lies on uy @ + Us y + Us 2. 

Two correlations relate P to two lines in 8’, whose intersection P’ is the 
one point conjugate to P in both. The 1, 1 relation between P, P’ is 7), 
being expressed by two bilinear equations. 

A given pair of conjugate points of a correlation gives one linear relation 
between the eight parameters of the bilinear equation. Hence a correlation 
is determined by eight pairs of conjugate points, a point and its corresponding 
line being equivalent to two pairs. If seven pairs are given, the correlation 
has one degree of freedom; the line corresponding to P involves one linear 
parameter and describes a pencil, whose vertex P’ is thereby in 1, 1 relation 
to P. Any two correlations of the system determine the same 7., in which 
PrP’ 

Let one correlation degenerate; it becomes a projectivity between two 
pencils of rays (0), (0’). Then P-~ the intersection of the ray corresponding 
to OP in the projectivity with the line corresponding to P in the proper 
correlation (8). If this degenerates also, we have the construction of 7, by 
two pairs of projective pencils. 
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13. Skew projection (372, 394, 406). 


Let 1,, 1, be two skew lines fixed in space, not lying in either of the 
planes S, 8S’. From any point P of S, one and only one line X can be drawn 
to meet beth 7, and 1,, namely the intersection of the planes Pl,, Pl,. This 
meets S’ in P’, which is thus in 1, 1 relation to P. As P describes a line 
Zin S, so X describes the quadric determined by J, J,, /,, and P’ describes the 
conic section of this quadric by 8S’. The transformation is therefore quadratic. 

The construction fails if \ is indeterminate, P being one of the traces 
O,, O, of l,, l, on S; and O,~the intersection of S’ with the plane O,/,. 
Hence 0O,, O, are F-points in S, and there are similar F-points O,', 0,’ in 8S’. 

The construction of P’ also fails if X lies in S’, being O,’0,’, and P is O,, 
the intersection of O,'0,/ with the common line J; of S, 8’. This gives the 
third F-point in S. 

Every point of /,; ~ itself, and the projective pencils (O,), (0,’) are per- 
spective with /, as axis, and also (O,), (O,’). The third pair (0,), (O,’) are not 
perspective, and in this projectivity /, ~ itself. 

There is a simple construction for P’ when P is given: join 0,P, 0,P to 
meet /; in X,, Xe, and join O,'X,, 0,X, to meet in P’. 

The construction assumes that S, S’ are different planes and that the 
f-points in each plane are real and distinct. If O, were adjacent to O,, then 
1,, 4, would: meet and the construction fail; if O, were adjacent to O; which 
lies on O,'0,’, then O,0,0,'0,’ would be coplanar and again /,, J, would meet. 


14. Other space constructions (15, 94, 332). 


-Another space construction for 7, uses a quadric q and two fixed points 
X, X’ of g not lying on S, 8’. The projections P, P’, of a variable point Y 
of q, from X, X’ on to S, S’ respectively, are in 1, 1 relation. If P describes 
a general line / of S, then Y describes the conic section of g by the plane XJ, 
whose projection from X’ on S’ is another conic, locus of FP’: the trans- 
formation is quadratic. 

Now Y is indeterminate if P lies on one of the generators |,, 1, of ¢ 
through X, at their intersections 0,, O, with S. Then P’ is any point of the 
intersections of S’ with the planes X‘l,, X’/, respectively. Again, if Y is at 
X’, then P is the intersection O, of S, XX’, and P’ is indeterminate, being 
any point of the intersection of S’ with the tangent plane to g at X”. Hence 
O;, Oo, Oz ave the F-points in S, and similarly in S’, 

The construction only assumes that, of the #-points, O;, O; are real. 

Now OQ, can be adjacent to O, if X’ lies on 1,; or to 0, if J,, 1, coincide 
and gq is a cone; and all three coincide if XX’ is a generator of the cone. 
If X = X’, the 7, degenerates into a simple projection. 

In a somewhat similar construction, a quadric g and two fixed skew lines 
l,, lg are given; then P”’ is the intersection of S’ with the conjugate, with 
regard to gq, of the line through P meeting 1, l, (54). 
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II. PLANES SUPERPOSED 
15. Cycles (156, 184, 185). 


So far, 8, S’ have been general planes in space. All the properties which 
have been found, except the space construction of p. 41, § 18, hold also when 
S, S’ coincide, and in addition new properties appear, with which the rest of 
this chapter is concerned. 

Any point P of S may now be considered as a point of S’ also, when we 
call it P,’; it has two homologues, P’ and P,, in T, and 7+ respectively. In 
general, the three points P, P’, P, are distinct from one another and not 
specially related. We now consider the points for which special relations 
exist. 

A set of points, each of which is transformed by 7, into a point of the 
same set, form a self-corresponding group, unaltered as a whole by the trans- 
formation. The set of all the oc? points of S is such a group; there are also 
smaller groups with the same property. If one has «1 points, these may form 
a self-corresponding curve of T,. If the group consists of a finite number of 
points P, then P ~ P’, P’~ P”..., where P’, P” also belong to the group, 
and after say a applications of 7,, where a S the number of points, we must 
come back to P= P., Then the different points P, P’... P*™ form a cycle 
of index a of T,. 

Now P~P” in a1, 1 transformation of S into itself, consisting of T, 
carried out twice, called the square of T, and denoted by 7. In the same 
way, P ~ P* in the ath power of 7,. 

In particular, if a=1, then P is an invariant (or united) point, coinciding 
with both its homologues P,, P’; it will be denoted by D. There are in 
general four points D (p. 43); in special cases, there are an infinite number, 
forming an invariant curve A, either a line or a conic (pp. 46, 47). Then A 
is necessarily a self-corresponding curve, but a self-corresponding curve need 
not be invariant. 

If P belongs to a cycle of index a of 7,, it is an invariant point of 7,7. 

If a = 2, the cycle consists of two distinct points P,P’, exchanged by 1, ; 
each is the homologue of the other in both 7, and 7,~; and is brought back 
to itself by two applications of 7,, and is therefore invariant for 7. The 
pair is called avolutory. There is in general one such pair (p. 44); in 
special cases there are an infinite number; then the locus of P, P’ may be a 
single involutory curve, which is necessarily self-corresponding, or a pair of 
curves corresponding to each other in involution; or else the locus may be 
the whole plane, all of whose points can be grouped into involutory pairs; 
then 7, is called an involution. P, P’ are conjugate to each other. 

In this connection, the following notation is useful. With a general frame 
of reference, the same for S as for S’, let 7, be given by two bilinear equations 


Fale, y, 2%, y', 7)=0, fo=0, 
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and let each be expressed as the sum of a symmetric and a skew part 


f=S+%, 
ae 28 =f (a, Y 4; a, Ge z') al AC ils 2, Ys; 2), 
a 22 = a, eas re xr) — eK 
and say TOON Ye) fe, 2, &, 4, 2), 
Sq = dy wit! + dsoyy’ + g522' + Ors (y2! + 2y') + Oy (20’ + 02’) + dy (ay! + yor’), 
2a= Ay (yz — zy’) + dy (2a — x2’) + ds (xy — ya’). 


The equation S, = 0 expresses that P, P’ are conjugate with regard to the 
conic 


Ja = Ay” + Any? + Ay32? + 2d, YZ + 2d 2U'+ 2a, LY; 
and >,=0 expresses that P, P’ are collinear with the point A (a,, de, As). 
If we put «=~2' etc., then S, becomes g,, and S,4 vanishes identically. If 
we interchange a, «’ etc., then S, is unaltered and >, changes sign; thus the 
equations of the reverse transformation are 


Sg— 2a = 8, -—>,=0. 


16. The four invariant points (98, 332). 


At an invariant point D we have =~’ etc., and the equations reduce to 
qa=q =. Hence the invariant system consists of the common points of 
these two conics, and the general 7, has four isolated invariant points 
DUD: DD; 

Now OD, O'D are corresponding rays of the projective pencils (0), (0’), 
and D lies on the conic, locus of intersections of corresponding rays. The 
equations of 7’, can also be expressed in the form (p. 81) 

ji i Jax 3 Js =JaJa* Jahr + re» 
where j, ...j; are the six P-lines. A general pair of corresponding rays of the 
pencils (O,), (O,') is 
Jo + As, Is =r Oss 

and the conic g, which they generate is found by expressing that a point 
(2, y, 2) lies on both, and eliminating a: 

Qi =Jo(%, Ys 2) Jo (@ Y, 2) — jaja» 
Similarly the other pairs of pencils generate 

Ge = Jajs. Aj » 4s = — JoJo» 
where the j’ are now functions of «, y, z, not of a’, y’, 2’. In general, these 
three conics are distinct and proper; since q, + 42+ q;=0, they belong to the 
same pencil, whose base is the set of invariant points =D. 

If 7, is given in the form 

ey se = bobs: ds, 


the invariant points satisfy 


x2:y 32 = hi: po: ds 
and lie on the cubics 
Yds — 22, 2b.— 23, 2b.— YG. 
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The first two have in common 0,, O,, O, and the two points z= ¢, =0; their 
remaining four intersections lie on the third cubic, and are the invariant 
points. Similarly, {Dare common points of yd,’ — zd,’, etc., where the ¢' are 
functions of a, y, Z 

If P is adjacent to D, faek P’ is also adjacent, and the directions DP, DP’ 
are related in a homography (44), which in general is neither identity nor an 
involution, and has no involutory pairs or cycles of directions. It has two 
double elements, giving two invariant directions at each invariant point; all 
self-corresponding curves through D have their tangents in these directions. 

Let D be (0, 0, 1); then gy, de, di’, be vanish here, and 


b= 2+, bf =27uU + We; 
do=20,+%, by =Z0 +%, 
where the wu, v are functions of a, y only. 
A line in S through D, say ax + by, ~ the conic in 8’, a¢,' + bd.’, touching 
au, +bv, at D. The invariant directions are given by a’v, —y‘u, and 
similarly by xv, — yu. 


17. The pair of involutory points (113, 156). 

An involutory pair K, K’ satisfies both the direct and reverse equations, 
hence S,=8,=0, = 2,=0. 

Thus in general, &, K’ are conjugate with regard to the two conics 
qa, Y and collinear with the two fixed points A (ad, a, a3), B(d,, be, bs). 
Since K, K’ are by definition distinct, they lie on AB, and are the one 
common pair of the two involutions on AB whose d.p.’s are the intersections 
with qa, q respectively. Thus the general 7, has one pair of involutory points. 

They also satisfy 

wy 22 =: bs: by and a: y': 2 Shy (a, ¥; 2) byt bs 


and lie on the quartics 


fobs cn pshe » shi =< dibs » pips i? por - 
The first two have in common the six F-points, the foyr points D and the 
four points ¢;= ¢;, = 0. The remaining two lie on the third quartic and are 
the involutory pair. 

If P is adjacent to K, then P’ is adjacent to K’, and the directions KP, 
K'P’ are related projectively. Also if P is adjacent to K’, and P’ to K, this 
gives another projectivity between the pencils (4), (K’). The two have two 
common pairs, and there are two directions at K each in involutory relation 
to a direction at K’. 


18. Isologues (114, 156, 177, 390). 


The locus of points of S’, which with their homologues in S are collinear 
with a given point P, is a curve Qp’ in S’ called the isologue of P, and P is 
the centre of the isologue. 
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A line / in S through P ~a conic ¢’ in 8’, meeting J in two points 
X', Y’ of 8S’, which lie with their homologues X, Y on J and are therefore 
points of the isologue. Hence 0.7’ is the locus of X’,-¥’ as l rotates about P. 
Then ¢’ describes the pencil of conics, (0,'0,/0;'P’) projective with (P), and 
Op’ is the product of the two pencils and is therefore a cubic through 
0/0,/0; PP’. It also passes through D, ... Dy, and these nine points define it 
completely. 

There are four positions of 1 for which X’, Y’ coincide, namely the 
tangents from P to Op’: then J, ¢’, Op all touch. There is one position 
for which X’ coincides with P, lying on the one conic of the pencil (¢’) 
through P. Then /is the tangent to QO,’ at P, but does not touch ¢’. Also 
L passes through P, where P,'= P. 

The nine intersections of any two isologues 0p’, Op, are 

ORO; AOFE Dee Ds: 
and the two intersections of P,P, and its homologue. Here is a fresh proof 
of the number of invariant points. 

Similarly, the pomt P= P’ is the centre of a second isologue 0p in S, 
which is the locus of X when PXX’ are collinear, and is the homologue of 
Q>. It is the cubic through O,0,0;D,....D,PP,, product of the projective 
pencils of rays (P,’) and conics (0,0,0;P,). 

The collinearity which defines the isologue of P (£, 7, €) gives its equation; 
with a general frame of reference, 

Op = | e 1; (& ee OQp= Ej Up gf 
la, ts 2 | “Oe Seas toa 
l by, ge, os | hr, be $s 
We verify that both pass through P, where 
DES ee ee ni G 
and through D, ... D,, where 
Day =, 2b, % be= 9: Pe. : bs. 
Also Op’ passes through 0,’, O,', O;', where 
gy = py = ps aw 0, 
and through P’, where Can Gus Oy iPass | 
similarly Qp passes through O,, 02, 03, Pi. 

Since Np, QO,’ are linear in the parameters &: 7 : €, each set of isologues 
forms a net. If a pencil is chosen from the net, this establishes a linear 
relation between & 7, ¢, and the locus of P is a line J; the last two base 
points of the pencil are the intersections of J with its homologue. 

For special positions of P, the isologues break up. TiP(O;,0)1) ds an 
F-point O, then ¢y, ¢.° have as a common factor the corresponding P-line j’, 
say $) =1,9', do = 1,’7’, and 

No =7 (al — yb), 
breaking up into the P-line and a conic, while 
0, = xd, — yd; has a d.p. at O. 


fe 
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If P (0, 0, 1) is invariant, with the notation of p. 44, 
Oy’ = 2 (au, — y/’) + &'v9' = y Us’ 
and has a d.p. at D, touching the invariant directions and therefore touching 
Op also, 


19. Invariant line (98). 


There can be a line A, of invariant points, if it is a common part of all 
the conics ga; Yb» Qi» Y2 Ys (p- 43). Siace the only homologous lines are rays of 
the projective pencils, A, joins an associated pair of /-points, say O;, O;, and 
contains no other F-point of either system. It meets 0,0,, 0/0,’ in general 
P-points, which, being invariant, coincide with their homologues O,’, Os. 


\\ D 


Fig. 1. YT, with invariant line. 


The pencils (O,), (0,') are perspective with A, as axis, and their product 
q, breaks up into A, and another line which is 0,0,', since these lie on g, and 
not on A,. Similarly qg, breaks up into A, and 0O,0,'.. But gq, consists of 
A, = 0,0, and another line, the axis of the perspective pencils (O,), (0,'), 
joining the intersections X, Y of the pairs of corresponding rays 0,0,, O,'O3’ ; 
O:07.0, 07; 

The pencil of conics (q,, 2, qs) breaks up into the fixed component A, and 
a pencil of lines (0,0,', 0,0,’, XY); these therefore concur at D, the single 
isolated invariant point of the transformation. The invariant system consists of 
a line and a point. 
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If 4, and the F-points are given, P’ is simply constructed as the inter- 
section of the lines joining O,’, 0.’ to the intersections of A, with PO,, PO, 
respectively. The three joins of associated F-points,s. 0,0,',: 0,02’, 0,0, are 
each self-corresponding. ; 

Now A, falls away from each isologue, leaving a conic; in particular, 
Qo, = DXY, j; ; Qo, is a proper conic touching 7,’ at O;. If P is any point 
of the self-corresponding line 0,0, D, this is part of each isologue : 

Qo, = 0,0,D, Os Qo, = 0,0, D, Ds 5 Op =p = 0,0)D, 050, D. 

There are no isolated involutory points; for if an involutory pair K, K’ 
are collinear with 0,0,’, then 0,0,’ is an involutory line; if not, K, K‘ are 
opposite vertices of the quadrilateral O,K, 0, K, 0,K’, O/K’, and KK’ is 
divided harmonically, at D,, D, say, by A, and 0,0,". Similarly 0,0,’ passes 
through D,=D, and is divided harmonically by D, A,. Now any pair of 
points of KK’ that divide D, D harmonically are involutory, KK’ is an invo- 
lutory line, and contains two associated F-points, coinciding with 0,0,’. 


20. Invariant conic (98). 


If there is an invariant conic A,, it is given by any of qa, do, Gi, Yes Qs 
which does not vanish identically. Then S; is a multiple of S,, and we can 
form one bilinear equation of the form {4=0: every pair of homologues are 
collinear with a fixed point (p. 43), and the transformation is central (351). 

-Conversely, if ZY, is central, every ray through the centre is self- 
corresponding, and bears a homography whose two d.p.’s are invariant for 
T,; their locus 1S an Invariant conic. 


Fig. 2. 7: with invariant conic, 


From each of the homologues of A, two P-lines are dropped; A, contains 
two pairs of associated /’-points, say O,, 0,'; 0, O.', and not O;, 0,. A general 
ray J through O; meets A, in two invariant points D,, D, and the homologue 
is a ray through O,’, also through D,, D,, and therefore coinciding with J. 
Hence O, = O,’, and is the centre of the transformation ; the projective pencils 
coincide, 0,0, = O,'0,’, and similarly 0,0,0,' are collinear. 
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If g, were also indeterminate, the pencils (O,), (O,') would coincide, and 
the transformation reduce to identity. Hence q,, q, exist, and both = A). 

In the homography on /= O;P, the two homologues of O, are the inter- 
sections of / with j,’, j;. If these are distinct, the homography is not involutory, 
except on the one ray joining O; to the intersection of j,, J,’ ; if j,,7;, coincide, 
T, is wholly involutory. 

Each isologue of P breaks up into A, and O,P, and the whole set forms 
a pencil of lines instead of a net of cubics. 

If A, breaks up, it is into 0,0,’, 0,0,', since each invariant line contains 
two associated F-points. ; are 

There are no self-corresponding curves except the lines through O,, and 
the conic A,. For if such a curve contains any general point P, it contains 
all its successive homologues in the homography on O,P, and therefore breaks 
up, having O,P as a component. 

If A, is given, and two pairs of its points as associated F-points O,, O1' ; 
0,, O2, we construct P’ by joining O,P, 0.P to meet A, again in X,, X,, and 
joining O,'X,, 0,'X, to meet in P’. Thus 0,;PP’ is the Pascal line of the 
hexagon O,X,0,0,X,0,' (110). ; 


21. Involutory line (113). 


We have seen that the involutory system consists in general of the two 
points of a line /= AB, determined by Xq, 2», which are conjugate with 
regard to two conics ga, Yp- 

If only two of the four functions S,, S;, =, =, are linearly independent, 
then 7, is wholly involutory; this case is treated below and excluded here. 
We assume therefore that S,, X_ are determinate ; then A is a definite point. 

First, let B be determinate and distinct from A; then / is a definite line, 
and the involutory system lies on it. It is wholly involutory if the two 
involutions on it determined by qu, gq coincide, then qa, gq meet it in the 
same points and differ by a multiple of J. By replacing /, by a linear function 
of f,, fo, we can have q, degenerate with / as a factor, and the first involution 
on / indeterminate. Now each of S,, 24, f, is a sum of znultiples of J, I’, say 


Ta = ly +0; 
the two associated F-points on the self-corresponding line / are 
O, l=v,=0 and 0’, l’=4u,' =0. 


If the second involution on / is improper, every point being conjugate to 
the same point O, then O is a common F-point of T,, 7,~, with 1 as common 
corresponding P-line. Then / satisfies the definition of an involutory line and 
is called. improperly imvolutory. In this case there is no proper involutory 
system. 

If the second involution is indeterminate, then /, is also a sum of multiples 


. of 1, l’, and T, degenerates to 7;. 
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If B coincides with A, then &, is a multiple of S,, and by subtracting 
a multiple of f,, we can replace f, by S, and take &, =0, and B indeterminate. 
Then K, Kk’ satisfy only >, =0 in addition to the equations of T,, and every 
pair of homologues collinear with A is involutory. Their locus, the isologue 
of A in either plane, is the involutory cubic: 


OF = 04a Ga 09a 2 
Ox’ Oy ’ 0g 
Od Og Ody 
On’ oy’ 0zZ 
AzZ—As3Y, Asl—A,2Z, HY — Ax 


unless any part of this is invariant. 


Since =, = 0 in the present case, Ja» % Ao not coincide, and if there is an 
invariant curve, being a common part of gg, gp, it is a line A,. Then the join 


amOPIN Vinee Kemi Ke ik olihOride A 


Fig. 3. 7's with involutory line and conic. 


of any involutory pair passes through the intersection X of the other com- 
ponents of qq, q,; if this is A, then 7, is involutory ; if not, AX is the only 
involutory line, and 0, breaks up into A? and AX. 


If there is an involutory line J which does not exhaust the proper 
involutory locus, we can show that the joins of associated F-points are 
concurrent. One pair, 03, O; say, lie onl. Let K, K’ be an involutory pair 
not lying on l. Then O,K, OK’, and also 0,K’, O,'K, meet / in pairs 
X, X’'; Y, Y’ of the involution on /; from the property of the quadrangle, 
0,0), KK’ meet 1 in another pair of the same involution. But KK’, 1 meet 
in A; therefore 0,0, meets | = 0,0,’ in A’ the conjugate of A, and similarly 
0,0,/ passes through the same point. 
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A component of Q4 may be 
an involutory cubic through 4, 
an involutory conic not through A, 
a conic through A conjugate to a line not through 4, 
an involutory line through A, 
a common P-line of 7, 7,-! through A, conjugate to a point of itself, 
a line not through A, conjugate to a conic through A, 
a line not through A, conjugate to a line not through A, 
a common P-line of 7,, T7,-! not through A, conjugate to A, 
an invariant line not through A, reckoned twice. 
Only certain combinations are possible if 7, 1s neither an involution nor 
degenerate. 


Ill. INVOLUTIONS 
23. Two types of I, (332, 40r). 


Now let 7, be an involution; we denote it by Z,. Then every point has 
the same homologue, whether it is regarded as belonging to S or S’. The 
involutory locus is the whole plane, whose points fall into conjugate pairs, 
homologues in J,=J,—; the ¢ are the same functions as the ¢’. 

The pencil (0,) ~ the pencil (0,’) in J, as well as in J,; hence O, 
coincides with an F-point of H’, and O,' with the associated F-point of H. 
If the two pencils have the same vertex O, = O,’, the coincident F-points are 
an associated pair. If the vertices are distinct, O, coincides with another 
F-point, say 0, = O,', and 0,= O,’. Then O; comcides with an F-point of H’ 
which is neither O,' nor O,, that is, O, = O,’. 

Thus there are two types of /,; in the first, each F-point coincides with 
its associate; in the second, one F-point coincides with its associate and two 
coincide each with the associate of the other. 

Now the four equations of p. 44, 

Sq = Sp = 2a = 2% =0, 
reduce to two (170). If these are Sy =S,=0, then P, P’ are conjugate with 
regard to qq, d and every conic of the pencil (qq, qy). The #-points form the 
common self-conjugate triangle of the conics, and each vertex coincides with 
its associate ; this is the first type of J). 

If the equations are S,= =,=0, then P, P’ are conjugate with regard to 
dq and collinear with B, which is an F-point associated with itself. The two 
tangents from B to qq are associated P-lines, each conjugate to its point of 
contact. This is the second type of J,. 

If the equations are =, = 2, = 0, then P, P’ are collinear with both A and 
B, and the transformation is identity. 

The class of an involution is the number of conjugate pairs of points on 
a general line / (p. 81). The first J, is of class 1, the conjugates on J being 
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the common pair of the two involutions on J of points conjugate with regard 
to qa, q respectively. The second J, is of class 0, since PP’ passes through 
the centre and is not a general line. 


24. First type of I, (15, 19, 40, 196, 204, 222, 280, 330, 358, 403). 


The three coincident pairs of F-points make 7, involutory without further 
condition. The projectivity in the pencil (O,=0,') has the involutory pair 
0,0,, 0,03, and is an involution; similarly at O, and O;. Then P is the 
intersection of three rays, one of each pencil, and P’ of their three conjugates ; 
the relation between P, P’ is symmetrical. 

The self-conjugate rays of (O,) meet those of (O,) in the four invariant 
points and these lie also on the self-conjugate rays of (O;). We may take as 
collinear : 


O,D,D;, ODD; \03D;D; OD Di wOsD UD, O:DsDa: 


The projectivity of directions at D has now three invariant directions, 
DO,, DO,, DO;, and is identity: any curve through D touches its homologue 
there. 

Now P, P’ are conjugate with regard to the three degenerate conics such 
as O,D,D;, O,D,D,, and therefore with regard to the pencil of conics 
(D,D,D;D,), of which 0,0,0; is the common self-conjugate triangle. The 
polars of P with regard to the conics of the pencil concur at P’. This type 
of J, cannot have an invariant curve, for it would be a fixed part of every 
conic of the pencil, and the transformation would break down. 

Now D,, D; are the d.p.’s of the involution of points on O,D,D;; if P lies 
on this line, so does P’, and {PP', D,D;} is harmonic. Hence if ¢, ~ J, it 
contains, besides O,0,0;, the harmonic conjugates of the six intersections of / 
with the sides of the quadrangle D,D,D,D,. 

If the F-points are distinct, take them as triangle of reference, and D, as 
unit point; the equations of J, are 


Bos er myek cay xy; 
or in symmetric bilinear form, 
xe = yy! = 22. 


25. Self-conjugate curves (122, 122°1, 238). 


There are the six self-conjugate lines such as O,D,D,. 

If f, is a self-conjugate conic, two P-lines fall away from its homologue, 
and it therefore contains two F-points, 0,, VO, say. Then J, determines on /, 
an involution, whose d.p.’s are two invariant points of J,, not collinear with 
either O, or 0, and therefore either D,, D, or D;, D,. Now any conic of the 
pencil (0,0,D,D,) meets its corresponding conic in these four points, touching 
it at D,, D,, and therefore coincides with it. There are thus six pencils of 
self-conjugate conics. 

4-2 


52 CREMONA PLANE TRANSFORMATIONS [cH. 


In the same way, a self-conjugate cubic fs contains F-points of total 
multiplicity 3, and if it is rational, it contains two points D. [f-O,, Dare 
simple on f;, then O,D, meets f; again in a point whose homologue lies on 
both O,D, and f,, and is therefore D,. Now any cubic of the pencil 

(0,07.D,D,PP’) 
meets its corresponding cubic in 0,0,4D,D,PP’, touching it at D,, D,, and 
therefore coincides with it. As P varies, these self-conjugate cubics form 
a net, and there are twelve such nets. 

If the d.p. of the rational f, is not an F-point, it is invariant, and f; passes 
simply through O,0,0,, and can contain no other D without breaking up. 
As before any cubic of the pencil 0,0,0,D°PP’ is self-conjugate, and the 
curves of this kind form four nets. 

If f, is not singular, it contains 0,0,0;. We find a web (c? linear family) 
of such cubics, and in addition the net (0,0,0,D,D,D,D,). 

Thus there are seventeen nets and one web of self-conjugate cubics. 

The two isologues of any point X coincide in a self-conjugate cubic 

0, = 0,0,0,;D,D,D,DX X 

of the last net, touching XX’ at X and XD at D. If an isologue breaks up, 
one part is either a self-conjugate line on which X lies, or a P-line to which 
| X is the conjugate F-point. If X is a general point of a line OD, the residual 
is a self-conjugate conic; if X = 0,, then 0,=0,D,D;, O,D,D,, O,0;; if 
X = D,, then Dy = D,0,, D,O,, D,O;. Thus the net of isologues contains six 
pencils of members breaking up into a line and conic, and seven members 
breaking up into three lines. 


26. Specializations. 

If the conics of the pencil, with regard to which P, P’ are conjugate, 
touch at D, = D,, then O,, O; coincide with D,, and O,, D,, D; are all distinct. 
At O;, the homaloids touch a different line from the pencil. We can express 
this J, by 

ay: 2 =ay: a: — yz, 
with (1, + 1, 0) as isolated invariant points. 

If 0, is also adjacent to O, and O;, then D, coincides with them and D, is 
distinct ; we can take 

ay: 2 =a: — ay: y — 22, 
and D, is (1,0, 0). The homaloids touch the same line as the pencil, and 
osculate a different conic. 

If all the D’s coincide, the transformation fails. 

The /, is determined if the F-triangle is given and one invariant point 
D,. The self-conjugate lines are then O,D,, 0,D,, 0,;D, and their harmonic 
conjugates with regard to the sides of the F-triangle. 

If these are the bisectors of the angles, then D,, D,, D,, D, are the in- 
and escribed centres; OP, OP’ are equally inclined to a bisector and to two 
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sides, and P, P’ are foci of an inscribed conic. They are sometimes called 
isogonal conjugates. The circular points J, J are conjugate, and if P describes 
the line at infinity, the inscribed conic is a parabola, and its focus describes 
the circumcircle 0,0,0,JJ which bisects the line joining any two D’s (p. 51), 
and is*the nine point circle of the’ triangle formed by any three D’s (52, 111, 
233, 237, 348, 357, 387). 

If the medians are self-conjugate lines, the others are parallel to the sides, 
and conjugate rays through 0, meet the opposite side in points equidistant 
fromO;70;(215). 


27. Second type of I,: general inversion (130, 154, 155). 


The second type of J,, when 0, = O,', 0, = O,’, O; = O;’, is given by equations 
of the form S,= 2, =0, and consists of pairs of points conjugate with regard 
to a fixed conic A, and collinear with a fixed point O,. The transformation is 
thus central, with A, as invariant conic (p. 47). It is called general inversion, 
and becomes ordinary inversion if A, is a circle centre O,; then O,, O, are the 
circular points (16, 19, 59, 92, 93, I7I, 172, 212, 240, 241, 242, 329, 371, 377, 
388, 389). 

The projectivities between the two pairs of pencils (0,), (O,'); (0,), (O,’) 
are the same, and generate the same conic q,=q.=A,. Any ray / through 
O, meets A, in two points D,, D,, and / ~ a line through O,; = O;, D,, D,, 
which coincides with J. The third projectivity is identity, and q,; is in- 
determinate. 

The involution of points on / has D,, D, as d.p.’s. If l touches A,, the 
point of contact is D,= D,=0,say, and O, ~ the whole of /, which is the 
corresponding P-line 0,/0,' = O,0;. 

The two invariant directions at D are DO, and the tangent to A,. The 
isologue of any point P breaks up into A, and PO;. 

The transformation can be expressed by 

EYL e SMe LYS 2 BY, 

The self-conjugate lines are those of the pencil (0;). A self-conjugate 
conic f; contains two F-points and two invariant points D,D,; it therefore 
meets A, again in O,, Oz, and does not pass through O;. Any conic through 
O,, O, and a conjugate pair P, P’ meets its homologue in the six points 
O,, 0., P, P’, D,, Dz, and is self-conjugate. There are thus oo? such conics, 
one through every pair of points of A,, namely the member of the pencil 
(0,0,D,D,) that touches the invariant direction D,O;. If f, passes through 
O;, it breaks up into 0,0, and a line through O;. 

A self-conjugate cubic f, contains #-points of total multiplicity 3, of which 
O,, O, are of equal multiplicities, hence it passes simply through O,, O;, Os. 
It meets A, again in four points D,... D,, all d.p.’s of the involution of points 
on fy, which is therefore of genus 1, and not singular. Now the self-corre- 
sponding conic 0,0,P,P/P, contains P, and with O;P;P,/ makes up a cubic 
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through 0,0,0,P,P,;'P.P,/P;P,’. There are three such degenerate cubics, and 
the nine points are associated, and determine a pencil of cubics, each of which 
meets its homologue in these nine points and in D, ... D,, and is self-conjugate. 
There are thus 24 such cubics, one through each set of four points of Ay. 

This J, can be determined by data fixing two pairs of the involution on 
every ray through O,, for example, by two self-conjugate conics, or one self- 
conjugate conic and 7; (340, 341). 

If O, is adjacent to O, and distinct from O;, the tangents from O, to A, 
coincide, and A, is a line-pair. At O, the homaloids touch the fourth harmonic 
of A,, 0,0;. We can express this by 


Myf ie = ae: ye Fy: 
If O, is adjacent to O,, it lies on A, and is also adjacent to O,. At O,, the 
homaloids touch A, and osculate a different fixed conic. We can take 


Ly se =e" Say: y — 22, 
28. Reduction of I, to I,. 


If we have an J,-in a plane S, and a 7, between S and another plane S’, 
then the pairs of points of S’, homologues by 7, of conjugate pairs of J,, are 
thereby related in a Cremona involution I’. If I’ is the linear involution J, 
(harmonic homology), then J, is said to be reduced to I,. 

In this case, the net of lines of S’ ~ itself by I’; and by 7, this net of lines 
~ the homaloidal net of conics of 7, in S,-which ~ the same net by J). 
Conversely, if we take as F-trio of T, three base points of a self-conjugate net 
of conics of J,, then J, is reduced to J,. In either type of J,, the two F-points 
Q,, O, and any invariant point D are such a trio. 


CHAPTER IV , 


cd 


COMPOSITION AND RESOLUTION OF PLANE 
TRANSFORMATIONS 


I. THE PROBLEMS OF COMPOSITION AND RESOLUTION 
1. Definitions. 


A Cremona transformation V between two planes S, 8’, and another W 
between S’ and a third plane 8”, together set up a 1, 1 relation between the 
homologues P, P” of the same point P’ in V>, W respectively, which is 
a third Cremona transformation 7’ between 8, 8”. Then 7 is compounded of 
and resolved ito V and W. We express this by 7= W.V, the product 
denoting that we first carry out V and afterwards W. The reverse trans- 
formation is also resolved, 7-!= V-!. W->. We use the symbol ¥ for corre- 
spondence in J, ete. 

The first homaloidal net ($) of 7 7 the lines of 8”; now these W the 
first homaloidal net of W in S’, and this net ¥ a certain net in S, also 
homaloidal (p. 5), which is (f). Conversely, if 7, V are given, then (¢) ¥ a 
homaloidal net in S’, which determines the F-points in S’ for a transformation 
W which converts it into the lines of S’’; and so the single transformation 
T of (¢) into lines is carried out in two stages. 

Then 7’ and W.V are two transformations which change (¢) into the 
lines of S”; and W.V.7™ is a transformation of S” into itself, by which 
lines ~ lines, that is, a collineation, equivalent to a change of the frame of 
reference. By properly choosing the base homaloids for W in S’, we can make 
W.V.T™— the identical transformation, W.V.7- = 1. 

Thus if any two of 7, V, W are given, the third is determined by the 
equivalent relations 


Rea Wev, Ve Wr, Wer. 


These may equally well be regarded as resolving V or W instead of 7. 
Generally speaking, it gives a useful resolution of 7 only when both V 
and W are simpler than 7’, and we must make clear what we mean by 


simplicity. 
| In the first place, a transformation of lower degree is simpler than one of 
higher degree; after the linear transformation 7’, come the various forms 
of Z,. This has only one distinct characteristic, n= 2; 3'; but there are 
varieties in which two or three of the F-points are adjacent, presenting a 
condition of contact or osculation. 

Among transformations having the same characteristic, those with no 
contact, or contact of lower order, are simpler than those with higher contact ; 
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and those with F-points in general position are simpler than those with 
F-points specially related, as for example when three lie on a line, or nine on 
a pencil of cubics; and the simplest has distinct and general #-points. 

After 7, comes the only cubic characteristic, n=3; 14; and next 
the two quartics, n=4; 1°6, n=4; 3°31, placed in that order by the 
arbitrary rule that characteristics of given degree v are arranged by descending 
values of 7,, and for given n and 2,, by descending values of 1, and so on. 
Then among those of given degree, the simplest is always 7’, for which % 
has its maximum value n —1, and of which 7%, 7, and 7’, 1°6' are particular 
cases. 

The difference n—1,, = 27 say, is a rough estimate of the departure of fi 
from the de Jonquieres type. It is of some importance in the theory (p. 145) 
and is called the compleaity of the transformation (2); some properties of 7 
are given below (p. 75). In 264 the complexity is called the “class,” but 
this is better avoided, as the latter term has a quite different accepted 
meaning (p. 81). 

This chapter deals with two problems; first that of composition : to deter- 
mine the transformation 7’ compounded of two given transformations V, W. 
This is definite, if we are given V, W and also the relative position of their 
F-systems in the intermediate space, which is an essential feature in the 
result. 

The second problem is that of resolution: given 7, to find V and W. 
This is quite indefinite, for either V or W can be taken arbitrarily; in order 
that the resolution may be useful, we must arrange that both V and W are 
simpler than 7. This can usually be done in many ways; by further con- 
ventions, we define a definite, normal resolution (p. 63). 


2. The problem of composition (140, 178, 180, 181, 182, 304, 305). 


The simplest example of composition is when both V and W are Ty's. 
First let the second F-system of V and the first F-system of W, both of which 
he in 8’, be two trios of distinct points in general relation with regard to each 
other. Let the F-points of V be O,,, Ox, O,; in S and Oy’, O,.’, O.; in 8’; and 
thosesol. WoO), Os, Os. 010 WS’ and 60 sess tOs, Cams, cwletm Oman» 
and so on. 

Then lines in S ¥ conics (¢,’) = On'0,/0,;' in 8’, and these W a net in 8” 
of quartics (d4”) = (Oo Oxo” Oo3'")? O1'’040" 0,3’, which is the second homaloidal 
net of 7. If to the lines of S” we apply first W- and then V-, we find the’ 
first homaloidal net of 7, (ds) = (On012013)? On020005, of the same nature as the 

other. We have the second quartic transformation of Table I, 
Dorie eee le 
It would not be convenient to call this 72, which would mean that Vand W 
were expressed by the same equations, implying certain relations between 
the #-systems and frames of reference (p. 61). 
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The P-curves of 7, are found by tracing the successive homologues of the 
F-points. Thus the double F-point Ox’ W the line 0/0’; and this 7 the 
conic 0,,0,,0;;0..0.,, which is therefore a P-curve of 7,, partitioning the 
group of simple F-points; and 0,,” is associated with O,. The simple F-point 
Ox" of T, becomes the point O,/“in S’ and the line 0,,0,, in S, which is 
a P-line of 7,; and O,," is associated with the double F-point O,. The 
P-system of 7’, consists of three conics and three lines. 

If with this T, we compound another 7, between S”, 8S” with #-points in 
general position, the second homaloidal net of the compound transformation 
T is the homologue of (¢,’) by the last T,, that is, (ds’”) with three four-fold 
F-points at the new F-trio, and three double and three simple F-points at the 
homologues of the F-system of 7; we have 7, 343?3'. By compounding 
uw T.’s, with general F-systems, we construct a transformation with the general 
characteristic (38, 143, 156, 381) 

Rat EB Bt > |... 8t, 
as can be proved by induction. 

Next, let V, W have in S’ one common F-point 0,' = 0. = 0,’ say. Then 
the lines of S V conics (¢,/) = OO, 0,;, through one F-point of W. On 
applying W, we drop a P-line, and the second homaloidal net of 7’ is 

(bs) = Ox? One" Oo5" Ore" Or" 5 


the characteristic is i ood 2a 
The P-curves of 7; are found from the successive homologues of the 
F-points : 


O,” W the line O,,'0,,,, and this 7 the conic 0,0,.0,302.0%s ; 
O.." W the line O,'O,,', and this ¥ the line 0,0,, ; 
O,,’ W the point O,., and this 7 the line 0,0,;. 

Thus the first P-system of 7; consists of a conic and four lines. 

The line 0,,0,; is not a P-line of 7;; it ¥ O,’, and 0,’ W O.’0.,'. Though 
O20; and Oo9'’Oo3 are P-lines of the component transformations, corresponding 
to the common F-point O,' of V, W, they are a pair of ordinary corresponding 
lines of 7’, and their general points are neither fundamental nor principal, 
those points corresponding in 7 which are associated, by V and W™, with 
the same direction at O,’. 

If with 7, we compound a 7, between 8”, S’”, with one F-point at 0,” 
and the other two O,”, O.;’ general, then from the homologue of ¢;’ we 
drop twice the P-line which ~ O,”, and 

(;") ee (py) =0,"" On Oe Or On Onn Ore, 
giving the first quartic characteristic of Table I, 
(DCI ABN Bigs 
Going on in this way, we construct a general transformation 
Tn; 1° (Qn — 2), 


as may be proved by induction. 
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If V, W have two common F-points in 8’, say Oy’ = On’, Ow’ = One, two 
P-lines fall away from the homologue by W of ¢,’, and the second homaloidal 
net of Tis (¢;')= Ox O;'O,4"; then’ 7 is’a general 7,, like V and W. 
Finally, if also O,:' = O.;, then 7’ is of degree 1 (204). 

The same argument applies in general. If V, W are any transformations, 
of degrees n,, n,, and if the two F-systems in 8’ are unrelated, we shall show 
that 7 is of degree n=n,n, and its first F-system, in S, consists of the first 
F-system of V, the multiplicity of each point being multiplied by me, together 
with a set of points in S of the same nature as the first /-system of Win SS’; 
and the second F-system of 7, in S”, consists of that of W, the multiplicity 
of each point being multiplied by n,, together with a set of points in S” of 
the same nature as the second F-system of V in 8’. 

The first homaloidal net (¢,) of T arises from the lines of S”, and there- 
fore 7 the first homaloidal net ($y) of W. Now this is of degree n,; it is in 
general position in relation to V, and has certain simple and multiple base 
points 20','” at the F-points of W. The homologue of $y by V is therefore 
of degree n=7,n», and it has the first F-system of V taken n, times (p. 4). 
Now O,/ is an ordinary point for V, neither fundamental nor principal; it 
follows that its homologue O,, is of the same nature asa point of ¢, as Oy’ is 
Ob Gy 


3. Regular transformations (44, 209). 


This depends on an important property, which holds of any 1, 1: trans- 
formation V, that in the immediate neighbourhood of an ordinary pair P, P’ 
of homologues, V is regular; that is, if P ~ a unique point P’, and P’~a 
unique P, so that P, P’ are neither fundamental nor principal, then there 
exist two finite regions in S, 8’, with P, P’ as interior points, between which 
V is 1, 1 without exception, and to that extent behaves like a linear trans- 
formation, equivalent to a mere change of the frame of reference. 

Let the equations of V be 


BY 2 = hb, bys ss 
if O (0, 0, 1) and O' (0, 0, 1) are ordinary homologues, O Yies on ¢, and ¢,, 
but not on ¢s: 

Qi=2 4 yh+..., G=e™y,+..., ds=emt+.... 

In the neighbourhood of these points, V can be replaced to a first approxi- 
mation by the homography 

ay Se iO; cee 
This also sets up a homography between the pencils of rays (0), (0’). 

Thus if f is any curve through O, and /’ its homologue, the points of 

f adjacent to O ~ points of f’ adjacent to O’, and the tangents to f at O 
to a first approximation ~ the tangents to f’ at O’. If O is multiple on Ts 
then O' has the same multiplicity on /’; if O is an ordinary singularity 
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(p. 128), with distinct tangents, so is 0’; if O is a higher singularity, the 
tangents coinciding in any way, 0’ is also higher, with the same numbers of 
coincident tangents. 


4. Coincident F-points. 


Now let the F-points in S’ of V, W coincide in any way, those which do 
not coincide being general, and in particular not lying on any P-curve of the 
other transformation. The first homaloidal net (¢,) of Zin S still ¥ the first 
homaloidal net (¢,) of W in 8’. 

Let O’ be an ordinary common F-point of multiplicity ¢ for W and 7 for 
V; then from ¢, there is separated a P-curve j of V, of degree 7’, taken 
7 times, and the degree of , is lowered by 77. There is no F-point of 7 in 8 
answering to O’; also the number of branches of ¢,, through any F-point O, 
of V in S, is lowered by 7 x the number of branches of j through O,. 

If we repeat these considerations for each common F-point in 8’, we find 
the exact nature of (,), with its F- and P-systems. A compact method of 
tabulation is given in 270; see also 182. 

If O' is an F-point without contact for each of V, W, the curve j is not 
principal for 7’; for 7 7 O’, and O’ Wa P-curve 7” of W; the points of each 
curve are associated in a 1, | relation with the rays of the pencil (0’) (p. 16), 
and therefore with the points of the other curve. Thus for 7, the curves 9, 7” 
are ordinary homologues, and their general points are ordinary points. 

But if O’ is an F-point of contact for V, but not for W, then all the rays 
of (O’) except one are associated by V with one point O of 7, which is an 
F-point of J and T the whole of j”; and all the general points of 7 are 
associated with one ray of (O’) and 7 one point O” of 7’; for 7 therefore, 9, 7” 
are P-lines and O, O” F-points. 

Thus an ordinary common F-point of V, W disappears from 7’, but an 
F-point of contact for one or both of the components survives in general, and 
disappears only if it presents exactly the same conditions to (f,’) and (¢7’). 


5. Examples. 
(i) Let V be a general 7, and Wa T7,, 
Van glee Qik 2) al mee 25 31. 
If all the F-points in S’ are distinct, we have 
n = 2n,; 12%) (Qn, — 2/73}, 
or say C213 I? (n= 2) 33; 
provided n is even and 24. It exists also for n = 2, reducing to 7}. 

If one simple #-point is common to V, W, a P-line in S is dropped, 
joining the (n,—1)-fold F-point of V to one of the (2n, — 2) simple F’-points, 
reducing by 1 the multiplicities for 7 of these two points, and also reducing 
by 1 the degree of 7: 

n=2n,—1y 2% 941 2n,—'3)? 23, 
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which is of the same form (2, and exists provided n is odd and 2 3. Hence 
the characteristic exists for all values of n 2 2; it is the second general type 
given by Cremona (80), the first being Cl = 77. 

In each case, the conjugate characteristic is found by carrying out the 
reverse combination V-'.W-. Since each of 7,, 7, is self-conjugate, we 
merely take them in the other order, and find for the conjugate of C2, if 
n iS even, 

C3 n=2n,; 3% 1% (2n,—2); 
and if n is odd, 
C5 n=2n,—1; 1% 38% (Qn,.—3)4 
Neither of these exists for all values of n. 

(ii) Let V be a 7,, and Wa (C2, its (m,.—2)-fold F-point being a simple 
F-point of V. We drop a P-line of V counted n,—2 times, and obtain 
fon?! 

n= Qn, —(mz—2) = ng +2; 1% BZe—-M™—) (n, — 2) 3}, 
which is C2 again, with n=n,+2. This furnishes another proof, by induction, 
of the existence of (2; for it shows that if it exists for any value of n, it also 
exists for n +2. But for n =2 and 3, it is identical with 7,; hence it exists 
for all higher degrees also. 

(iii) This method can be generalized. For example, let there be given 
a characteristic 

n=ap—B; 1”*(2u—y)* H,, 
where H, is some system of multiple and simple points, and the symbols are 
such as make n—a, 24—y20. Then composition with a T,, whose F-trio 
consists of the (n — a)-fold point and two general points, leads to a character- 
istic of the same type, with «+1 instead of w. If we can prove the existence 
of the characteristic for a consecutive values of n, the type exists for all 
higher values also. For examples, see Table IV and p. 69. 

(iv) Let 7, be any given transformation and H, H’ its F-systems; 
compound it with a 7, with a general F-trio. We obtain the conjugate 
characteristics 

w=a2u> A ABh "aes o enor Ly eas 
For example, in Table I there are five characteristics of degree 7, being one 
conjugate pair and three self-conjugate. These furnish ten of those of degree 
14, first by doubling all the multiplicities and adding 3! (n = 14, nos. 2, 5, 16, 
19, 45) and then by prefixing 37 (nos. 27—31). 

(v) Let V, W be two T,’s of degrees m, m,, with @ of their simple 
F-points in S’ coinciding, where we must have 

0.28 2.2n,— 2 and S272: 

In S there fall away 8 P-lines of V joining its multiple F-point to 8 of 

the simple #’-points. The characteristic of V is 


Bo n=mMNg— By 1-8 (Qn, — B —2)™ (8 +1)" (n, — B — 2). 
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This was given by Bianchi (37), and is equivalent to the first of Table IV. 


It remains valid if @ = — 1, and can then be obtained by compounding a 7, 
of degree nm, with one of degree n, +1, with one of its simple F-points at 
the multiple F-point of Dae we 


The conjugate characteristic is‘found by interchanging 7, and n,. If then 

Ny = Ny. = pw, we have 
n=jh—B; Ie I-* (Qu — B— 2)" (8 +1) (2y— B —2). 

Here OS BS2u-2; w—-B2Z(u—-1)+41, 
so there is one such characteristic of each degree, which, for n > 3, is different 
from 7;, and gives a second self-conjugate characteristic of general degree. 

If we compound B with another 7,, of degree n;, its simple F'-points 
coinciding in any way with those of the last three groups in B, we obtain the 
very general characteristic P due to Palatini, containing seven parameters 
(305 and Table V). 

(vi) Let W be the same transformation as V, that is, represented by the 
same equations, but with the planes S’, S” substituted for S, S’ respectively. 
Then 7 is called the square of V (or in 113, the derived transformation) 


T= V*, 
Its degree is in general n’, but is lower if two F-points of V of the 


different systems have the same coordinates in S, S’, so that when V is 
repeated, there are coincident F-points in S’. 


6. Contact conditions. 


So far, we have assumed that the F-points of V, W in S’ either coincide 
or are in general position. They may be related in other ways; these do not 
affect the characteristic of 7’, but give special varieties of the transformation. 

A certain set of the points may le together on a curve /’ of lower 
degree than would be possible if they were general; we shall say that they 
are related by f’. If f’ is not a P-curve of either V or W, each of the 
F-systems of T is related by the proper homologues f, f” of 7’ in S, 8”, from 
which in each case certain P-curves of V, W fall away; f| f” are not 
P-curves of T. 

If f’ is a P-curve of V, but not of W, it is completely determined by its 
incidences with }O,’, and if any point O,/ lies on it, the points are related 
by f’. As before, the second F-system of 7 is related by fe aon 8, the 
homologue of /’ is now an F-point O of V; if this is ordinary, the point 
O,y' of f’ is associated by V with a certain line through 0, and (dn) touches 
this line; hence O is an F-point of contact for 7. If Ow is an #-point of 
contact for W, then O is an F-point of contact of higher order for 7 than Oj’ 
for W. There is no distinct F-point of 7, other than O, answering to O,/’. 
In 8” both f” and the P-curve of W that WO,’ are parts of the P-system 
of 7 that 70, which breaks up further than in the general case (p. 18). 
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For example, if V, W are 7,’s and one F-point of W lies on a P-line of V 
the characteristic of 7 is still n = 4; 323. In S, 7, has contact of one branch 
at O, one of its double F-points, and has only two distinct simple /’-points ; 
in 8”, two simple F-points are collinear with a double #-point. The P-curve 
of 7 which ~ O breaks up into this line and the line through the other two 
double F-points; the intersection of these two P-lines is not an F-point. 

Let the other two F-points of W coincide with two of V; the degree of T 
is reduced to 2, and it still has an F-point of simple contact, the other being 
distinct. This specialized 7, with two adjacent F’-points is therefore com- 
pounded of two general 7’,’s (p. 35). 

Now let both V and W be special T,’s of this type, the two common 
F-points being adjacent, so that the two homaloidal families in S’ have 
a common point of contact collinear with the remaining F’-points, one of each 
family. Then 7 is still quadratic, and has only one distinct F-point of 
osculation. This further specialized T, is therefore compounded of two of the 
former type, and, if each of these is resolved, of four general 77,’s. 


7. The problem of resolution. 

When 7’ is resolved into the two simpler components V, W, the process is 
not complete if V or W can itself be resolved; we must carry the resolution 
as far as possible. By Noether’s theorem, proved in Chapter vim, 7’ can 
always be resolved into a finite set of general 7,’s. These cannot be resolved 
further: the only transformation simpler than a general 7, is 7,, and the 
result of compounding any number of T7;’s is always another 7,, and 
never a 7). 

But a resolution into 7;,’s is not unique; any one of them can be replaced 
by two others having two F-points in common (p. 58); hence any set of 7,’s 
is equivalent to an infinite number of other sets. We must make restrictions 
on each step of the resolution, so as to define a process of normal resolution, 
that gives a unique set of 7’,’s as the components of a given 7. 

Now 7 may require simplifying in two respects. First, if any of its 
F-points are related, and especially if they are adjacent, 7’ must be resolved 
into components each of which is of the most general. type for its own 
characteristic. Secondly, if 7, or any of its components, is of degree > 2, it 
must be resolved into general transformations of lower degree. 

We considered above a case where 7’ has an F-point O of contact of 
bigher order than W, and V has an ordinary F-point at O, or as we shall say, 
V is applied to O; and the application partly dissipates the special nature of 
the F-system of 7. 

We defer to Chapter vii the proof that contact can always be completely 
dissipated, and the definition of the normal process of resolution of contact. 
We assume here that this part of the process has been carried out, and that 
T is general. The rest of this chapter deals with the resolution of character- 
istics rather than of particular transformations. 
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8. Normal resolution of a characteristic. 


The normal resolution of a characteristic 7, is made unique by two 
restrictions on each step. First, since we want a final resolution into 7,’s, we 
choose one of the components V to be itself a general T,; secondly, since we 
want ah immediate reduction of Ee, we arrange that the other component 
W= T shall be of as low degree n’ as possible. 

For this purpose, the positions of the three F-points of V are at our 
disposal. They must be distinct, since V is general; and, to avoid any 
speciality in 7,,=7,V—, we must choose them either coincident with 
F-points of T’,, or else in general positions. If there were no coincidences, 
the degree of 7,, would have its maximum value n’=2n>n, and T,, would 
not be resolved. If however the three F-points of V are of multiplicities 
1, t2, ts for T,, the degree of 7’, is reduced to 

n= In —%, — 1, = 15, 
and is a minimum when 7,+7,+7, is a maximum, that is when the three 
F-points of T,, to which V is applied are the three of highest multiplicities 
or top trio of T;,. Then by Noether’s inequality, 7, +2,+%; >n, we have n’ <n, 
and the degree is effectively lowered. 

Thus the first step in the normal resolution of 7, is to apply a 7’, to its 
top trio, this being necessary to secure the minimum degree of the other 
component. This is always a suitable trio to determine V, with the present 
assumption that the F-points of 7, are distinct; on account of Noether’s 
inequality 7, +%+%;>n, the top trio cannot be collinear, for a line through 
all three would meet ¢ in more than n points. If they were all adjacent, and 
not on a linear branch, the method would fail, for every conic through them 
would have a d.p. and would break up; V would not exist. This is precisely 
the point of difficulty. in Noether’s theorem (p. 144). But in dealing with 
characteristics only, these cases do not arise, and V is always defined. 

In the case of F-points of equal multiplicity, it is indifferent to which we 
apply V, as they lead to identical characteristics for 7,,; the choice of base 
homaloids for V is also indifferent. 

The next step is to apply another 7, to the top trio of T,,,, aud so reduce 
the degree still further, and so on. The process continues as long as Noether’s 
inequality holds, that is, as long asm >1. We can therefore reach 7,, but at 
the stage before this, n’ =2 and the resolution into 7,’s is already complete. 

Since the degree is reduced from n to 2, by 1 or more at each stage, 7’, is 
resolved into at most n—1 Ty's. 

Let the given characteristic be n; %, t2, ts, % ...%¢; then that of T, is 
obtained by the following operations : 

replace n by n’ = 2n —%4 —%)— 135 

replace 1, tay ds Ay te SN —ty— ty, 1p HN — 1, —ty, ty SN—4— by} 

rearrange 1%, ip, ty CH uy, that are 0), together with 2... tee in 
descending order, and call them 1’, 2’... 0’¢. 
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If 7, is proper, the sum of any two v's 5 n, hence each of 74’, 7p’, ty 2 0. 
Thus every 7, belongs to a definite series of transformations 


Le Dies Lae cee wiry 


each consecutive pair being ‘connected by a 7,. One set of F-points, of the 
T, connecting 7, and 7, is the top trio of 7’, ; the other set is a certain trio 
of F-points of 7’, called a base trio. This is certainly not the top trio of Tn’, 
for that would connect 7’, with Z',-, of lower degree, and not with T,,, of 
higher; and some or all of the trio may not be F-points of 7, properly 
speaking, but it is convenient to include them as #’-points of multiplicity 0. 


9. Test of degeneracy. 

Now instead of the characteristic of a known transformation, let there 
be given one which may be merely arithmetical (p. 6), defining a de- 
generate family. The degeneracy may be clear on inspection ; if 7, + 1, >n, or 
1, +% +... +4; > 2n, a fixed line or conic is part of every homaloid. But 
unless the fixed component is of simple type, it may not be obvious, and we 
want a sure test. 

Now the two characteristics 7',, 7, define the families (¢n), (dy), homo- 
logues in 7, which are either both proper, or both degenerate; or else the 
fixed part of one is a P-line of the 7,, when it does not ~ a fixed curve 
of the other. In the last case, one family has a fixed line as component, and 
for this 7, +7, >, and consequently for the next, z,/< 0. From either of these 
facts the degeneracy is apparent. 

If it does not appear at this stage, we carry on the process; if any 
characteristic contains a negative 2, the original 7’, is arithmetical ; otherwise 
it is geometrical, belonging to the proper transformation compounded of the 
series of Z,’s. This is the sure test of the arithmetical or geometrical nature 
of any proposed characteristic. For an example, see p. 69. 


II. CONSTRUCTION OF THE TABLES 


Ho) 


10. Arithmetical and geometrical methods. 


To find all the characteristics of a certain degree n, given numerically, 
there are two methods: one arithmetical, based on the equations of condition, 
and the other geometrical, based on composition (p. 891). 

In the first, we find all the solutions in positive integers of the equations 
of condition for the characteristic numbers. The advantage is that we can 
obtain each characteristic once and once only. The disadvantage, from which 
the method has never been freed, is that it takes no account of degeneracy, 
and gives all the arithmetical as well as the geometrical characteristics. We 
must test each solution and reject the degenerate ones, and it is waste 
of labour to have to consider these (80, 179, 180, 181, 336). 
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If H,, H, are any two F-systems of transformations of the same degree, 
we know that 27, =i? have the same values for both. If H, occurs as part 
of the characteristic of any transformation of higher degree n, we can replace 
it by H,, and the result still satisfies the equations of condition for degree n, 
but may be a merely arithmetical characteristic. For example, the two 
quartic #-systems are 1°6' and 3°3'; it follows that in any characteristic 
we can replace 1°3! by 3%, or vice versa, and obtain another arithmetical or 
geometrical characteristic of the same degree. Many such substitutions can 
be obtained from Tables I—V; a few others are given in 38. 

The second method obtains the characteristics of higher degree by 
compounding a T, with those of lower degree, already tabulated. The 
advantage is that this leads only to proper transformations, the method 
itself giving the proof of existence. The drawbacks are that great care is 
required to ensure completeness, and also to avoid repetitions: the same 7’, 
may arise many times over, corresponding to different resolutions. Also the 
number of lower characteristics, that have first to be tabulated, becomes very 
large as n increases. The numbers of different geometrical characteristics for 

(et epee Co OS, =O 1l0= Vie12, 1392 14; 15;- 16 
are ee et eee eo Obie) 102-90» 84) 151. 63;.'883 
they are tabulated below (80, 61, 336, 264, 181, 203, 267, 395, 239°3). 

Consider the single type B, p. 60. If n is given, let n, take all integral 
values such that 3<=n,=n2, and let n,—1 be the quotient and n,—£ the 
remainder in n+n,; then BSn,<n,. We obtain a set of different 
characteristics of degree n, whose number is of the same order of magnitude 
as n® when n is large. Thus the total number of characteristics of degree 


becomes infinite with n, of order at least n®, and probably much higher. 


11. Properties of base trios. 

Since, in its normal resolution, every 7’, arises from a definite 7’, of lower 
degree, we are sure of obtaining every possible characteristic of degree n if 
we apply a 7, to every trio of F-points of every 7, of degree n’ < n in turn. 
But this involves repetitions, which must be avoided. 

Consider a definite characteristic n’; 2,’ ... 7, and a definite trio of its 
F-points 7,’, ag, ty, any of which may be 0. Let le Zig 2, pand leti2; be 
the greatest of the other multiplicities of T,,. A T, applied to this trio leads 
to a new characteristic, by means of the set of operations inverse to those of 
p. 63: 

replace n’ by 2n’ —1,' —%' —ty, 

replace %,', ig, ty by n’—%' —ty, mn —%,' — ty, n' —%,' — tp’, 

rearrange these, together with is’ ... 4g, In descending order, and call 
thew 7,0 ta, 3) tes 

If this is of degree n, we have the condition 


“7 “oy Oo) 
n=2n'’—1, —1p — ty. 


66 CREMONA PLANE TRANSFORMATIONS [cH. 


But a trio satisfying this need not be a base trio. The resolution of 7, 
into 7, and 7, to which it belongs, is not the normal resolution unless the 
other F-points of 7’, are the top trio of Ty 


=n —ig —ty, Z=M —te — ly, g9=N —te —%p, 
and each of these 2 any of the remaining values of 7. The latter are the 
same for 7, as for 7, and it is enough to take 7;’, the greatest of them, 
<i, the least of the top trio 
is Sn —t,' —%'. 

If this condition does not hold, the 7, is sure to be obtained again, by 
the composition that answers to its normal resolution, and we do not want to 
consider it here. We therefore obtain each 7’, once and only once if we 
consider, for each 7',, with n’<n, each of the base trios 7,’, ig, ty, namely 
those which satisfy the two conditions 


la +%p +1, =2n’-—n< vn, 
da tte + ts Sn. 
From the first of these, n >n’24n; we need only examine values of n/’ 
from n—1 to $n or $(n +1), according as n is even or odd. If n’= $n, the 
only base trio is 0, 0, 0; that is, the F-systems of 7), and Z, are unrelated. 


Then (p. 58) the characteristic of 7’, is obtained from that of 7, by doubling 
the degree and prefixing 7,=72,=7,=4n. In this case 
Deepal n 
13 =n’ -l1l< 5? 
and 7’, has no other }n-fold point (p. 74). 

In the same way, if n’=4(n+1), the only base trio is 1, 0, 0, provided 
T,, has a simple F-point; otherwise there is none. To obtain 7, we prefix 
= 3(n+1), %=%=}(m—1), and decrease by 1 the number of simple 
F-points. 

If n’'=3n+1, the base trio can be either 2, 0, 0 or 1, 1, 0, provided 
Ty has one double or two simple points, and no (n’ —1)-fold point; and so 
on, the number of possibilities first increasing with n’ and ‘then decreasing. 

The case ’=n—1 need not be considered separately for each n; for then 
% + %+%; =n+ 1, which shows that 7, is of one of the well-known types T, 
or Lap, LO); 

If nis not specified, there are always at least two base trios of Jy; first 
0, 0, 0, which gives the maximum value to each of 


t 
“) 


n= 2n’, c=0 +38, “=n 


secondly, 7.’, 0, 0 is always a base trio, where @,’ is any multiplicity of 7, 
For 7,,,, there are only the two, 0, 0, 0 and 2’, 0,0; and for T’; the three, 


0,50, 05-1050 a ON 0) 
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Compare the two inequalities 
ta tig +t, <n’, ta’ +t, +1; Sn’, 
with Noether’s inequality for 7, 


; eee Sr 
It follows that the base trio cannot be the top trio of 7; nor can it contain 
any two of the top trio, for if so, 7s’ would be the third of the top trio, and 
the second inequality would fail. Thus a base trio contains at most one of 
the top trio. 

The other two give two of 7’, other than the top trio of T,,; each 2 any 
remaining 2, and they are therefore 7, and 7;, the next highest for 7’, after 
the top trio. Thus if n > 2, there are at least five F-points (p. 72). 

There follows an interesting extension of Noether’s inequality (267). 
Each of %, 7;, belonging to the top trio of 7, > each of the two lowest of 
the base trio, which do not belong to the top trio, 

ig =N—-%4—%, t/ =N—-4—%. 
Of these four inequalities, the most stringent, involving the other three, is 
1; >n —1,— 13, that is, 
4+%+%;>n provided n>2; 
and we can replace 7; by %, or 7; by 2, or both. 

If 7; =2,=%;, and therefore 7,’ =%,' =1,’, by the same argument, none of 

them belongs to the top trio of 7, which is 7,, 7;, 73, and we have 
1g > N— 1, — 13, 


that is 2%,+%>n provided 7, =2= 25 (271). 


12. Characteristics of general degree (80). 

We have shown how to find all the characteristics when m is given 
numerically; but at present no method is known of obtaining them all 
algebraically in terms of n. 

But we can obtain any number of general types, each valid for an infinite 
number of values of n of particular forms. In the characteristic 7; Xo;, the 
numbers n, 7, o; are functions of certain parameters, which can take © sets 
of values; each of these sets must make all the characteristic numbers 
integers 2 0, and there may be other restrictions. 

As before, there are two methods of constructing them. By the arithmetical 
method we make arbitrary assumptions as to how the parameters enter; 
thence we obtain solutions of the equations of condition, and either verify 
the existence of the corresponding proper transformations, or reject the 
solutions (166). 

The geometrical method, followed by most writers, is to compound known 
characteristics ; parameters may enter in three ways, being either the numbers 
of the components, or parameters already contained in- the components, or 
else a third set defining the incidences of the F-systems in the intermediate 

5-2 
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planes. Then 7, 2; 0; are all polynomials in these parameters with integral 
values. Characteristics found in this way are all proper; but it is difficult to 
be sure of finding all the different varieties of any particular kind. : 

We have already had several examples (p. 59). Two of these, T, and C2, 
are valid for all values of n’; by the arithmetical method we can prove that 
there are no others. 

We therefore assume that n itself is an unrestricted integral parameter; 
then 7, o; are functions of n, which, since they are always integral, are 
polynomials, which if linear have integral coefficients. Now (pp. 5, 6, 11) 

HZ4(n+1), O<isn-1, uwttpen, O< Ge Qn — 1. 
Hence the polynomials are linear, the coefficient of 2 in 7 is 1 for one and 
only one point, with 7;=n—a,a>0, and 0 for every other point, with 14 a. 
We can express the characteristic more closely: 
We telGoe S (ayn + b;)'; 
i=1 

we also have a=0, | or 2. 

Now substitute in the equations of condition 

Sio;=3n—3, DTPo;=n?—-1, 


and equate coefficients of the parameter n, 


1+ 320;=8, ..c.:. (1) A PS 0 Fane | (3) 
—a+ Yib;=—3,...... (2) Cb = — bes. (4) 
Now from (1), 2¢a;= 2, giving two possibilities: 
(i) a,=2, every other a = 0. | Gi) a,=—1, every other a =0. 
Then in (3) “2¢7of=2) “a= 1 | Tea=4, a=2, 
(2) b, = — 2, b, + 2b, =—1, 
(4) be oo | Rane, PRs 


b=3, b,=—2, 
and the characteristics are 
Ls ns On 2) | ORE al ea ey) ts 

Thus 7’; and (2 are the only two characteristics valid for all values of n. 

By compounding either with 7,, if it is applied to the highest F-point 
and any others, we obtain the same types; and if 7, is applied to F’-points of 
multiplicities 2, 1 or 0, we obtain new types, valid for n even, or n odd, 
according as the sum of the three multiplicities is even or odd. Several types 
appear more than once. This is the set marked R in Table II, being given by 
Ruffini (336). It is remarkable that there are more even types than odd. 

Cremona (80) gives 49 general types, of which 44 are essentially distinct ; 
the equations for some of them are given in 141. 

In order to prove that these include all characteristics valid for every 
even n, we now assume n= 2u, and 7, o; polynomials in #2, instead of in n, 
and find all the solutions in positive integers of the equations of condition as 
before. These include, as they must, all the types C and R for n=2y3 
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and also others, which must be tested for degeneracy. We find they must all 
be rejected. 

An example of such a solution is 

C24 n=2p; 1°-*(w— 2) 136), 
Resolve it normally, applying a 7, ee the top trio n — 4, 4, 4; it is reduced to 
n=2Qu—4; 1%-*(u—4)t 136), 
of the same type with ~—2 instead of uw (p. 60, iii). There is still no 
_ degeneracy apparent, so we repeat the process as long as there remain two 
4-fold points, and stop with n’ = 4 or 6 according as yw is even or odd. 

If » is even, the existence of the proposed 77, depends on that of 
n= 4; 1°6', which is proper; but if « is odd, on that of n=6; 12141361, which 
is degenerate, since here 7,+7,=4+3>n. Thus the 7, exists only if p is 
even, that is, if n is of the form 4, and not merely 2u, where w is any 
positive integer. 

The same methods apply when n=au+e, e=0, 1,... a—1, for a=2, 3,4..., 
and also when a, ¢ are parameters. We find (166 and Table IT) 

2 solutions for a= 1, 
11 for a=2, namely 6 for n=2y and 5 for n=2y4 +1, 
50 for a=3, namely 18 for n =3y and 16 for each of n=3u4+1, 3442. 

For a = 4 the number is much larger. Specimens are given in Table ITI. 
There are also 12 types when « is general (‘Table IV). 

In the last degenerate case, by following the series of 7,’s in reverse 
order, we find that, if ~ >3, the fixed part of (¢,,) 1s a monoid of degree 
4(u—1), determined by the uw highest F-points of (¢,,). We verify that the 
number of intersections of this curve with ¢ is 

3 (mw — 8) (24 — 4) + (w—2).44+3> 5 (wu —1). 2u, 
which proves the degeneracy without having recourse to resolution. 

From this a useful test can be constructed (p. 71), to exclude this 
particular form of degeneracy at the outset; but we cannot test for every 
possible form. As an example of its use, take Ruffinis more general 
characteristic (336) 

Rn N=apte; 1°-*(Qu—2)* 1st? fa—4 (ee? — Be + 4)P (FP —2et 3), 
and consider for what values of ¢ it is valid. The characteristic numbers are 
all 20 if a is high enough. 

From a line joining the points of multiplicities n —a and a+e—2, 

nN—atfate—-2in; ¢=2. 

From a monoid of degree ~»—1 determined by the (n—a)-fold and the 
2 — 2 points a-fold on ¢, 

(u—2)(n—a)+(2u—2)as (u—1)n, where n= ayn te, 
G0. 
Hence the only values for « are 0, 1, 2. These give the particular cases 
8 =0, —1, —2 of the second characteristic of Table IV. 
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Ry, arises by compounding 7’, of degree » with C2 of degree a+e, the 
multiple F-point of 7; being of multiplicity « for C2. Since e¢ has three 
values, the numbers of simple and double F-points in the result can be 
expressed as quadratic functions of e. 


13. Symmetric, semi-symmetric and asymmetric characteristics. 


A transformation in which all the F-points are of the same multiplicity 
is called symmetric and denoted by 7y,,. The characteristic consists of a 
single term n; o%. 

The equations of condition give 

io =8n—3, Vo=n?—-1, 
whence t=4(n4+1), c=9-6/i. 
Hence 7 is a factor of 6, andz=1, 2,3 or 6. There are therefore just four 
types of Tyyn: 
R=2s 8 n=O; 62. = 85 (27 LS: 

The first three were given in Cremona’s tables (80) and the last by 
Bertini (26). See also 74, 264, 267, 336, 366. 

A characteristic with just two different multiplicities is called semi- 
symmetric (271, 336). Most of these are compounded of two 7’,,,’s, one group 
of F-points being either wholly distinct from, or wholly contained in, the 
other. By compounding with the two alternately, we get a series of semi- 
symmetric characteristics, which either is 0, or leads to a Tn. 

There are three others of general degree : 

T, n=ptl; (py, 
R5 n=22yn+1; 4H 1, 
n=pP+1; #4) (Qu41), 
the last being compounded of two 7's of degree 4 +1, all the simple 
F-points coinciding. 

Certain particular cases of these, compounded with suitable T7,,,,’s, give 

other series of semi-symmetric characteristics. The only remaining types are 
Ft an n=41; 516400 -s 

and the series compounded of the first of these with T',,, n= 8; 7%, and of the 

second with R5 n=11; 524°, 

The proofs, given in 271, depend on the limits for the numbers in the 
two top groups found below (p. 73). 

Characteristics in which the multiplicities are all different are called 
asymmetric (187, 264, 267). Then every o;=1, and we do not write them. 
The simplest is 

t= 23; 712) LUV OR ST. Oto. ae Bao. 
There are an infinite number. An example where the 7 are consecutive 
integers 1s 

n=31; 14, 18, 12, 11, 10, 9, 8, 7, 6. 
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III. PROPERTIES OF THE CHARACTERISTIC NUMBERS 
14. The highest multiplicities. 
The properties collected here have mostly been proved already. 
(1) Definitions. We take the characteristic in the form 
Ie erly, Waw eNig naa des 


where o is the total number of F-points, and the multiplicities are in 
descending order: 
et need. 


(11) Equations of condition. 


DS Fe SURES ea oe Or een hs (5) 
- Poe 29 (oA Age a Aa SERRA (6) 
(iu) Degeneracy tests. 
point 4 =n-—l1, 
line htt =n, 
conic 4 +... +45 S Qn, 
non-singular cubic 4, + ..0 +t = 3n, 
nodal cubic 24, ++... +4, S 3n, 


monoid (w—1)%+%+... +t Sun if 2u+1 Sc. 
(iv) Lamits for 2,. Multiply (5) by a, and subtract (6): 
(n — 1) (384, —n—-1) = 24. (4 - ta) 2 0, 
4 =4(n+1). 
The lower limit is reached if and only if 7,=7, for all values of a, and 7’, 
ist aeas 
If the F-system consists of double and simple points only, 2,52, n 5 


(337 and p. 8). 

There is a better lower limit for 2,, in the important cases when O,, O; are 
both adjacent to 0,, but not on the same linear branch, being either in 
different directions, or in the same direction lying on one cuspidal branch. 
These are the cases of failure of the original proof of Noether’s theorem 
(p. 144), when the top trio cannot be used as the F-trio of a 7,. 

Apply a 7, to O, and two general points A,, A;. Then 

dn ~ Cones = (Aer An eee 0,'% O:, 
where 0,/, O,’ are two points of the P-line j’=A,'A;,, either distinct or 
adjacent. From the number of intersections of $’, j’, 
2(n—%)+%+%; 5 2n—-h, 

 Zg+t,2n+1—%. 
Hence, in these exceptional cases, 

%24(n+1) 
(128, 290 and p. 391). 
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(v) The top trio. 
Noether’s inequality i, +t, +% =n + 1. 
Upper limit. If T,, is resolved normally, 
nv =n — 1, - tes, 
2n’, 


3 
3N. 


n= 2n! —4,/ — ig’ — 1, 
1, + to +5 
This limit is reached if and only if ¢,’ =7,' =1,’ =0, and 1, =1,=1; = $n. 
From these we can show that no characteristic has just two multiple 
F-points. If 77, is 


< IIA IIA 


n; 14 1*(o—-2y, 


we have h+mEen, 
y4+%4+1Zn+l1, 
whence Gth=N; 
also ij+%+0—-—-2=3n-8, 
a =2n—1; 


it follows that 7, is 7,, and has at most one multiple F-point (pp. 9, 76). 


15. Total number of F-points. 
Multiply (5) by n and subtract (6): 


Sie (GENO 


There are o terms in &, and they can vary from (n—1).1 to 
2n—-1 2Z2024(n—1)(2n—-1)/n?, 
the two limits being reached respectively for 7, and T,,.,n =2u; o*, that 
isles 
The first also follows since the first polar of ¢, is an fr.,.= SO; its 
genus is 


coe 
2°2’ 


4 (n— 2)(n—3)—34(t4—-1) Ga — 2)=2n -—1—c Zz 0. 
This genus is the same in both planes (400). 
But we can find better limits. 


(1) Lower limit for o. Multiply (6) by o and subtract the square of (5): 
a(n —1)-9(n—-1)’=oSie—(St)= FE (ig —tyP 20, 
aib=I: : 


o Z9- since n > 1, 


n+1? 
the limit being reached only if 7,=7g for all values of a, @, that is, if Ss 
1s i la 
Thus if n= 2,-3, 4, -6, 9, 18, 
o= 3, D, 6, ty soon 


These limits are actually reached by characteristics with n= 2, ... 16, con- 
tained in Table I, and by 7,,,,, n=17; 8°, 
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The characteristics with eight or fewer F-points are finite in number, 
being of degree n < 17. They are given in 74, 187, 267. 

There are characteristics with just 9 F- points of degrees exceeding any 
limit ; for example, take n=8; 3¢ 3 3}, and apply T., to the lowest trio of this 
and aati succeeding characteristic. © 

(1) Upper limit for « (267). The extreme upper limit, o=2n—1, is 
reached for 7’, only; there are also three general types, 02, (3, (5, for 
which ¢=n+2. We shall show that, except for these, oS n—1 ifn214. 

In the normal resolution of 7,,, the F -points of 7, are the same as those 
of T,, except that the top trio %, %, 7, of 77, all > 0, are replaced by a base 
trio 14’, tp, ty’ of 7, some or all of which may =0, and fall out. Hence 

O=o—ciss: 

If c—o' =0, n—n'>0. 

Ifo—o'=1, ty =0, n—n'>1, 
unless 7, + 7,++%,=n+ 1, and both 7, and 7’, are 7,’s. 

lio al= 2, ip = 1 =O) “n= 1 =n 7, > 2, 
unless 7’, is either 7’, or C 2. 

If o—o' =3, ig = 1s +t, = 0, n—n =n > 38, 
unless n’ = 8, and 7, is 7',. 

Thus n—o>n’—o’ unless 7 is either 7, or (2, and then every 
succeeding characteristic in the normal resolution of T,, is of the same type 
as T,. Conversely, in the normal composition, that leads from 7’, to T,, 
as soon as we depart from either of these types, they never recur, and after 
this, n — o increases at each stage. 

Now 7, has three base trios (p. 66), leading to (3, (5, 7, respectively ; 
and C 2 has six, leading to (2 and to the five types K (Table I), for all of 
which n>o if n>10. In the same way, 03, C5 can only occur once in the 
series, and they lead at the next stage to other general types, for all of which 
n>oifn> 14. 

Thus as soon as we depart from the four general types for which n—o S—2, 
we have n—o increasing, and 21 for all except certain low values of n, for 
which it =0 or —1; and becomes 21 after one or two more stages. The 
highest of these exceptional cases is 

Cie wiatloce Lotte o = 13, 
and they all occur in Table I. 


16. The highest groups. 
Let the numbers of F-points in the highest groups be 
Gan Whig Wbpanos 
of multiplicities ees Up ye bys os 


Then laH=h, tp=teti +) Tat opt...=o. 
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(i) Limits for oq (195). (1) If > 4n, then o, = 1; for 
SN —h <$n< bh. 

(2) If i, =4n, then o, £3 (p. 66); for if n= 2, then o, = 3; and ifnZ3, 

then ¢ 25; 2,2 1, and 
4 = WN Ziti tetutthrht In, H>t&. 

The seventh in Table III, R4 and C3 are examples of the three values of a4. 

(3) If t,<4n, then o, = 8; for if 7,21, then 

Z4(n41); 9,238 (n4+1)>3n2y+%+... Ay Ut Oat. Gu ts 


Or thus 110, < >t which =3 (n—‘), 
n—1 : 18 
Gas 2 arty which Re ede 


< 8, and =8 only ifn217, 
fo 


RS 


example, Tym %=17; 8% All lower values of o, occur in Table I. 
Hence in every case o, 3 8. 
(ii) Limits for og (195, 271). (1) The types C'2, R5 show that if o,=1 
or 4, then og can take all values. We shall show that in all other cases 
op = 8. 
(2) If a.=2, 
In = 1g > %y, Ug=tz, 2, + oat; = &4 which =3n—3. 
This can be arranged 
(op — 8) 13 + (n — 24,) +44, + 243-2) < 0. 
But now Nm 205 1, ON), 
ogi. 

(3) If o.=3, 6, 7 or 8, apply to the group a Tym, 3; a2’, for which 
30=pt+1,1¢,.= 34 — 3, and J;,_, passes 37 — 1 = w times through each point 
of the group (p. 17). Then da drops away from the homologue of ¢,, and 
we obtain ¢, on which the group is 7’-fold, where 

n =n —%,(34—3), V=ni-tap, wv — 3 =3,.—n>0. 

Hence 7’ is not the highest multiplicity for 7; the second group for 7, 
is the highest for 7,,, and og=1, 2... or 8. By the converse process we can 
construct a T;, combining any of these values of o,, og. 


(4) If o, = 5, the number of intersections of gn With an f, 5? 51, determined 
by the ten highest points, gives 


5n 210% ++... + ty 210%, 45%, n 2 2, + dp. 
But now 7,=1,=1;, hence (p. 67) 27, +% >; 
% = Tie. op = 4, 


Examples of all possible values of og with o,=2 or 5 are given by 
Table I together with the semi-symmetric types. 
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17. The complexity. (i) Properties of 27 (264). 


The complexity 2r=n—1%, (p. 56) has its minimum 1 for T, and its 
maximum }$(2n —1) for Ty. 
If a = 2, TON ae 


pt 


hence if there are y points, different from 0,, of multiplicity 27, either 
% = 3” = 2r, and the highest group consists of these y + 1 points, or 2, >4n> 27 
and the highest group consists of one point, and the second of these y points. 

We can find limits for « in terms of y and r. Multiply the first equation 
of condition by 27 and subtract the second, 


>t. (27—%,) = 67 (n — 1) — (n?— 1). 
a=) 
In &, the first term is 
1, (27 —1,) =(n— 27) (47 — 7); 
the next y terms vanish. Each of the o—1—vy other terms 2 1 (27 — 1) and 
= 7’; hence 
(o —1—vy) (27-1) S$ (27-1) (47-1) 8S (0 -1-y) 7. 


If T,, is not 7',, we have 
Tel. 27 — b>), 
3So0-1-ys 47-1, 
4+ y= o S47+y, 
provided 7, is not T,. The lower limit is reached if and only if 7=1, and 
T,, is C2, and the upper limit if and only if 7 has no value other than 
ti, 27, ro 1, 1, 
We have also a relation between n, y, 7. If y22, apply a 7, to the top 


trio; we have 
OT VG ATO a DT, Vypsave to, 0, 0: 


The number of 27-fold points is lowered by 2; as long as two or more remain, 
we repeat the process. The number of 7,’s is the integral part of $y, and is 
at least 4(y—1). The multiplicity of the first point must remain 2 0; hence 


n—27—27.4(y—1) 20, 
nz7(y+1). 
The proof fails, but the result holds, if y = 0 or 1. 


(ii) Properties of 7 (2, 67, 128, 239°I, 279, 290). 


First we have 4=7<}4(2n-1), 
the limits being reached for 7;, Tym respectively. 
Also since = +(e 1), 

ti Te 


Let @ be the number of F-points, after 0,, of multiplicities >7; these 


are called major F-points. Let % refer to them, and >, to the remaining 
(8) 
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ao —8-1 F-points: We shall now prove 822. This is a more precise 
relation than Noether’s inequality, which follows at once; for 
tintts>n—27+7+7, which =n, 
Multiply the first equation. of condition by 7 and subtract from the second : 
i, (4, —T) + 3 ta (ta — 7) — Vota (7 — ta) = 0? —1—37(n—1) 
ee =(4,+ 27) (,—7T)+37r—-1. 
Now in 3), every term 2 0, and 37 —1 > 0, 
D ta (42 —T) > 27 (4 —T). 
(8) 
Now 27r2%,, and 7,27%,; hence the R.H.S. 2 any one term in 2:5 it follows 


that > has more than one term, 


(8) 
Bz 2. 


If +21, the major F-points are multiple; hence every 7, has at least 
three multiple F-points, except 7',, for which 7 = } (pp. 9, 72). 
Further, since OT 245 tz, 


(%—T) St.2 2 ta (t, — 7) > 27 (4, — T) 
(B) (8) 


which 2 4 (tg —T) + (27 — %) (4 —T) +7 (4 — %) 
2%,(%—T), 
and since lg — T > O, 
PSST 


We shall use this result later (p. 151) in the form: if any set 2O of 
) 


° . . . Y 
y F-points is such that ae then & does not include all the major 
) 
F-points. ‘ : 


Also 
ar (t,—T)z ote (i. — T) > 27 (4% — 7), which = 27 (n—8r), 
Lt, >n—37+ Br 
(8) 
Sie oe 
hence if there are three or more major F-points, they are not collinear. 


o® 


18. Properties of T; and T,,,,. 


Lower limit reached for Inequality Upper limit reached for 
Jee, 4(m+1)8 a =n-1 he 
py Le N+1Sy+%44+% S3n 
fe. OS ei i, 28 T, 
ele : 
sym Se o =2n-1 Jie 
2 1S 27 s S4(2n-1) Y cea 


CHAPTER V 


TRANSFORMATIONS IN ONE PLANE 
I. PLANES SUPERPOSED 
1. Definitions (114, 144). 


# 


When the planes S, 8’ are superposed, we become interested in invariant, 
involutory and self-corresponding elements, and especially in transformations 
that are wholly involutory. All these terms are defined exactly as for T, 
(p. 42). 

While S, S’ are distinct, it is natural to choose the frame of reference in 
each plane with special regard to the F-system in that plane, so as to have 
the equations of 7’ in their simplest form. When S, S’ are superposed, if we 
keep the same form of equations, a, y, z are the coordinates of P referred to 
one triangle A,A,A;, and a’, y’, 2’ are those of the homologue P’, which is a 
different point, referred to a different triangle A,’A,/A,. The two sets of 
coordinates are neither those of different points referred to the same frame, 
nor of the same point referred to different frames. 

It is usually more convenient to sacrifice some of the simplicity of the 
equations, and to choose a common frame of reference for both S and 8’, 
either that suited to one F-system, or one symmetrical with regard to both, 
with points of reference either in general position or else at common F-points 
of H, H’, if any, or at invariant or involutory points. The equations referred 
to the new frame are obtained from the old ones by making proper linear 
substitutions for both sets of coordinates. Thus the equations of 7, when 
S, S’ are superposed, are always compounded of the simplest form for separate 
planes, together with one or two linear transformations. We assume there- 
fore that all the coordinates refer to the same frame. 

Any point P (a, y, 2) of S coincides with a point P,’ of S’; by 7, it has a 
homologue P’ in S’, given by 

CSY 22 =O, (a, Y, 2). bn? Ds; 
and also, by 7';,~', a second homologue P, in S, given by 
BY, Sv Py (02) aba 5 hy 

If there is a self-corresponding line, it contains #’-points of either system 
of total multiplicity n—1. If there is a self-corresponding pencil of lines, the 
vertex is a common (n —1)-fold F-point of both systems, and the transforma- 
tion is 7',, with coincident vertices. 

Any pencil of curves (f) and the pencil of homologues are projective ; 
their product contains the invariant system and therefore has any invariant 
curve as a part. The two pencils, homologues of (f) in Ty, 7,7, are pro- 
jective with each other, and their product contains all the invariant and 


involutory systems, 
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2. Invariant system (80, 122°I, 177). 
An invariant point D coincides with its homologue: the conditions are 
gu: y:Z=;: bo: ds, 
and D is an intersection of the two (n + 1)-1cs 


fiz xbs—2bs, fo=Ypu— abr 
The intersections of these which are not invariant are the F-points of H, 
common to $1, 2, $3, of equivalence n’—1, and the n intersections of z, d;. 
In general, therefore, the number of isolated points D is 


(n+1P—(W?-1)-—n=n4 2. 


If the two (n+1)-ics have a common part, every point of it is invariant, 

and it is the invariant curve, say 
ASO, 2S Re 
the number of isolated invariant points is reduced (p. 87). 

Let D be an invariant point which is not an F-point and does not lie on z. 
If f is any curve containing the whole invariant system, then in the 
neighbourhood of D it contains all the intersections of f,, f, and behaves like 
a member of the pencil ¢ f, + cfr. 

If D is a simple intersection of f,, fi, it is a simple base point of the 
pencil, and f passes simply through D with a variable tangent. If D isa 
simple point of s-point contact of f,, fr, then f has s-point contact with either, 
and D is equivalent to s adjacent simple invariant points. 

If D is acommon 7-fold point of f,, fo, it is of the same multiplicity on f, 
and is an 2-fold invarvant point of T; this is essentially different from any set 


of adjacent simple invariant points. We shall show that it cannot occur if 7’ 
is involutory (p. 92). 


3. Invariant directions (25). 


Let f be any curve through an invariant point JD, either isolated or lying 
on A. Then /’ also passes through D, and the tangents are projective; for if 
another curve touches f at D, its homologue touches f/f’. , 

In general, this homography of the pencil of directions at D is proper, and 
has two double elements, the invariant directions at D, such that if Ff touches 
either, it also touches f’. Then D is an invariant point of first kind. If P is 
adjacent to D, so is P’, in general in a different direction. If DP is an 
invariant direction, it= DP’, but P, P’ are distinct unless there is another 
invariant poimt adjacent to D in this direction. 

If the homography is identity, every direction at D is invariant, and every 
curve through D touches its homologue; then D is of second kind. 

If the homography is improper, every direction corresponding to a fixed 
direction ¢, then the pencil of lines (D) ~ a pencil of homaloids (¢’) all 
touching ¢, one of which therefore has a d.p. at D. Hence D lies on J’ and is 
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a P-point of S’ which = its homologue, and is an F-point of § lying upon its 
corresponding P-curve, whose tangent is t. 

Conversely, if D is an F-point O, of H, it = one of its homologues and lies 
on ja, being a P-point of 8’. If D is a P-point of 8, lying on jg, it is either 
an #-point of S, or it = its unique homologue O,’; hence it is an F-point of 
one or other plane, or of both. 

If D lies on A, the tangent to A is one invariant direction. If the general 
points of A are of first kind, a line in the second invariant direction at D is 
called the H-line of D and its envelope the H-curve. If the general points of 
A are of second kind, there is an invariant curve to which every point of A is 
adjacent, that is, A may be regarded as two adjacent invariant curves. The 
definition of the A-line is extended to this case on p. 86. In general, we 
shall assume there are no such curves. 

In either case, a finite number of points of A may be of opposite kind. 


4. F-points on A (30, 50). 

If a point O, of A is an F-point of S but not of S’, it lies on j,’.. Now 4, 
is rational by virtue of its multiple points at }O’, and cannot have another 
one at O., but passes simply through it. If P— O, along a line J, so P’>a 
definite point Q’ of j,'; as J rotates about O,, and the tangent to A, so 
Q’ — O, along j,, and conversely. Hence A has only one branch through 0, ; 
it does not touch 7,’ in general, unless 7, is an involution. Any other inter- 
section of j,’, A is an F-point of S’, for it ~ O, and also ~ itself. 

If O, is multiple on A, it is an F-point O,'= 0, of S’”. As J — the 
different tangents to A, so Q’ > 0, along different branches of j.’, which has 
at least as many branches as A, hence 6, 5 ta 5 ta. 

Since A ~ itself, its degree » and multiplicities 6,, dg satisfy 


Donte = Lsptp. = LN — p, 

a B 
2Sptea = Mla = 0a; 28a%pa = pig. — 6p. 
B a 


These express the numbers of intersections of, (A with, bp, bn» Ja) J6 
respectively. 


5. Limit for the degree of A (114). 

The pencil of conics through 0,, 02, 03, Ox is projective with the corre- 
sponding pencil of degree 2n —%,—%,—%—%; unless each of these conics is 
self-corresponding, the product of the two pencils has A as a part: 

ps nt+2-4—-y-&—%. 
Since Gein ti,cn+1, and 4,21 if n= 3, 
ean We 3, 


and p=n only if i, +%+%,=n+1 and 4=1, that is, for 7’,. 
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If the conics are self-corresponding, a 7’, between S, S”, applied to 0,, O02, Oz, 
reduces 7 to a transformation of 8” into itself, for which the lines of the 
pencil (0,”) are self-corresponding, and which is therefore a central 7’; vertex 
O,’; and it converts A into the invariant curve of this 7;. Whether or not 
any of 0,”, O,”, O;” are simplé F-points of 7',, we still find ~ <n for Tiin> 3: 

Other properties of A are given in 1, 56. 


6. Involutory system (113, 185, 307). 


The two homologues of an involutory point KX coincide in the conjugate 
point K’= K,, but do not coincide with K. Thus K ~ K’ and K’ ~ K, both 
in 7, and in 7,1. The pair form a cycle of index 2; each is invariant 
for 7,2 (p. 42), and so are the invariant points of T,. In general, T,? 1s of 
degree n? and has n?+ 2 invariant points, while 7, has n+ 2 (p. 78). The 
number of involutory points of 7’, is n? + 2 — (m— 2) and the number of pairs 
is n(n —1). 

This number can also be found from the equations expressing K’= K,: 


di: bo: bs = hr (@, Y, 2): be’ : bs’, 


for the 4n? intersections of the two (2n)-ics 


gd, ps a psdr , hobs oy ds po 
consist of the n(m—1) involutory points, n+ 2 invariant, 2 (n?— 1) funda- 
mental of the two systems, and n? intersections of $5, $,'. 

If any F-point of H’ coincides with one of H, the degree of T7,,?, and the 
number of involutory pairs of 7,, are lowered. A curve invariant for 7',? but 
not for 7, is an involutory curve of 7,. Since the first (2n)-ic contains at 
least one general point, the free intersection of ¢,, $3, the involutory curve is 
of degree S 2n—1; this limit is only reached for 7’; (p. 102). 

Involutory pairs can be classified according to kinds and multiplicities, 
defined as those of the invariant points of 7? that arise from them. 

If 7,2 1s identity, its invariant locus is the whole plane; this is then the 
involutory locus of 7;,, which is an involution. In every case, the involutory 
system of 7’, is found by removing the invariant system of 7, from that 
rey ne Mea 

In almost all investigations about the involutory system, the invariant 
system occurs along with it, for an invariant point satisfies the involutory 
definition except for the negative condition of not coinciding with its 
homologue. ; 

The involutory definition is also satisfied by a common F-point 
K =0,= O,’ of H and H’, and a point K’ of intersection of the two corre- 
sponding P-curves ja, je; Such points are improperly conjugate and do not 
occur in general. If j,’ = jg, this curve and 0, form an improperly involutory 
system, and 7, 1s part of the involutory locus (p. 48). 
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The two homologues of a line through K meet in K’ but do not touch in 
general. Their tangents set up two homographies between the pencils of 
directions (K), (K’), which either have just two common pairs, or coincide, 
according as K, Kk’ are of first or second kind. If any curve touches one of 
these common directions at K, its’ two homologues touch at K’, and the 
tangents are said to be in conjugate directions. If K, K’ are multiple involu- 
tory points, the two homolognes of any point adjacent to K not only are 
collinear with K’, but also coincide with each other to a higher approxima- 
tion. 


7. Class (50). 


The class v of a transformation is the number of distinct pairs of homo- 
logues lying on a general line/. If 7, is not an involution, J does not contain 
any involutory pair; if a special line contains a pair K, K’, this must be 
reckoned twice. But for an involution, the homologues lying on / all fall into 
involutory pairs, and the class of an involution is defined as the number of 
such pairs, each reckoned once. 

These two definitions are inconsistent, except for v = 0, and confusing, and 
we shall as far as possible avoid using the former. 

Now / meets A in yp invariant points lying on ¢’ the homologue of /; the 
n — w other intersections of J, ¢’ are the pomts P’ of pairs P, P’ on /. Thus 
for a T,, which is not an involution, 


v=n— pM, 
but for an involution 2y=n—p. 


As P describes J, so PP’ envelopes a curve, the tangents to which, from 
any point X of l, are XX’ and / counted vy times (2» for an involution). The 
class of the curve is therefore y+1 (or 2v+1). If v=0, this =1, and PP’ 
passes through a fixed point: the transformation is central, and is 7;. This 
also follows since if y= 0, then p =n. 

All non-involutory transformations of classes 0, 1 and 2 are obtained 
in 114, and those of class 3 in 1. 


8. Isologues (25, 80, 177). 


The homologues, in 7-1 and 7’, of a pencil of lines (/) through a point X, 
are two pencils (¢), (¢’), selected from the nets of homaloids by the additional 
base points X,, X’ respectively. The three pencils are projective, and their 
products are certain interesting curves. The most important are the asologues 
Ox, Ox, defined as being 1 the locus of P, and 0,’ of P’, where P, P’ are 
collinear with X, which is called the centre of the isologues. These are gene- 
rated by (1), (b) and (1), (¢’) respectively; it follows that O,~ Oy, and it 1s 
natural to think of OQ, as lying in S, and 2’ in 8S’. The idea is extended to 
repetitions of 7’, in 184. 


6 
HCT 6 
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If J contains an invariant point, this lies on ¢ and on ¢’; hence A is part 
of the products, and OQ, is of degree n+1—yp, and passes through all the 
isolated invariant points. The intersections, other than invariant points, of / 
with its homologues ¢, ¢' form the n— yu pairs of homologues P, he on U. 

Considering the base points of the pencils, we see that AQ, = DO POG. 
If P=0,, then XP contains 7, points P’ on 4,’; thus Oa is ta-fold on the 


product. Since A= +0,°¢, and does not contain X, X,, we have 

Oy, =50,' = XX,, and similarly 0,’ = D0’, "8 XX’. 
One position of P is at X, if and only if l= XX’; hence Ox passes simply 
through X and touches XX’; similarly 0,’ touches XX. 


9. M-, N- and L-curves (114, 144). 


The projective pencils (¢), (¢’) generate a curve Mx called the M-curve 
of X, locus of points P such that P,, P’ are collinear with X; it belongs 
equally to S, S’.. The product contains all the invariant and involutory points 
and curves, and these curves fall away from the net of proper M-curves. If 
there is no involutory curve, the degree is 2n — yw, and 

MS Oy ee Fee 6 Xgexe 
but does not in general contain X. 

The points V common to Ox, O,x’ are such that NV, N,, NW’, X lie ona 
line Z. Thus with every point X is associated a set of points WV and lines L; 
as X varies, these describe the N-curve and envelope the L-curve respectively. 
The N-curve is the locus of points common to a line and both its homologues, 
and also the locus of a point that lies on its own M-curve; the L-curve is the 
envelope of a line containing a point and both its homologues. 

Each set of isologues forms a net. If 7, 1s an involution, N,, 0,’ 
coincide. If not, as X describes a line 1, so Ox, OQ,’ describe projective 
pencils, said to be related to J, and generate N. The product is of degree 
2(n+1—y); of this, 1 is a part, and also A, for any point of A lies on both 
isologues when X is the intersection of J with the H-line of the point. The 
degree of WV is therefore 2n+ 1 —3y; the isolated invariant points are double 
on N, being simple base points of each pencil, and it also contains the 
involutory points. The degree cannot < 0, hence for a non-involutory trans- 
formation 

3uS2n+1, ns 3v+, 
giving a limit for the degree of a transformation of given class. Thus if 
v=1, n=4; ifv=2,n57. It is found that a 7, of class 1 exists (p. 119) 
but no 7, of class 2 (114). 

For an involution this mit must be replaced by the higher one of p. 87, 

nS 6v4+2. 


If NV vanishes identically, every point is collinear with both its homo- 
logues, every J. is self-corresponding, and 7’, is a central TR 
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If X is (&, n, £), the conditions of collinearity give the equations 


AO, =| & 9, €|,A0.’= g, pe aa 
SRM ue 2 Co MES: | 
= Pi, Po, Ps} | dr (x,y, 2), pry bs. 
AM een, iu le AON S| or. yf 2. |, 
fir a, $s bi, pas ds 
di’, be, ps bis o> Ps 


where Mx, N include any involutory curve. 

The two curves f, and fi, used on p. 78 to determine the number of 
points D when there is no A, are simply Quy, and Q4,; and those used on 
p. 80 to determine the involutory points are M4, and Ue : 

If O (0, 0, 1) is an F-point of S but not of S’ lying on A, it lies on 
fi, $2, bs fi, de, but not on ¢,. Both AN, and AM, touch &d.—7¢,; 
hence 0, My touch each other at these points, but do not touch Oy’. 


10. Behaviour at an invariant point (167°r). 


Let D (0, 0, 1) be invariant but not fundamental; it lies on dy, do, $y’, hy’, 
but not on ¢;, ¢;. Let x, y be invariant directions, of which there are at 
least two. Then 


ob, = ane" + ..., gd; =a'a2"" +.,.., 
dh, = byz” 1 4+..., ps = Vyg? + ..., 
g;=c2” +..., OB Oe ie. 


From the leading terms in the identities 


= py (dy , do, $s) = : oe (dr, dz, ds) = 


and the similar set for G’, we find 


1 
sos (fi, dz, ds) = G, 


aa = bb = cc, 
and relations between the other coefficients in ¢, ... ¢,’. 

A curve touching o#+¢,y ~ one touching the corresponding direction 
ca“ +cCoby. Ifa+b, these are different unless either c, or c,=0, and there 
are only the two invariant directions 2, y. If a=b, every direction is 
invariant, and D is of second kind. 

If P(&, n, 1) is adjacent to D, then P’ is approximately (a€, by, c), and is 
adjacent to D in the corresponding direction. In general, P, P’ are distinct 
even if they lie in the same, invariant direction. There is an adjacent 
invariant point, on # say, if b=c; this is either isolated, or a point of A, which 
then touches a at D. 

This is the condition that f, touches ¢,f,+¢f2, which we have seen to 
ensure that D is equivalent to two adjacent simple invariant points (p. 78). 


For an example see p. 101. 
6-2 
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If there are two invariant points adjacent to D in different directions, we 
must have a=b=c. These conditions make D an invariant point of second 
kind, and also a d.p. on f, and f, and therefore a double invariant point. In 
general, this is not to be considered as having any adjacent invariant points, 
except in the same sense as that in which a curve touches any line through 
a d.p. (p. 12). 


In general, if D is of second kind, a = 6; we can write 
dy = 22° + Ug + on hg SYA I , e =O + Uae et aes 


The leading terms in the identities give cc’ = 1 and 
1 / 1 / / 
7p (olat Uz) = 7 (CU, + U2) = Uy + Cu. 


Every curve through D touches its homologue; they osculate only if they 
have a certain definite curvature depending on the direction of the tangent. 
In particular, there are three special lines through D, given by yu.— av, 
or equally by yu. — av,’, that osculate their homologues; these in a sense 
replace the invariant directions, 


If D is double and a=b =c, then a curve osculates its homologue if and 
only if it touches one of the special lines. 


In any case, 


A0D,= ‘2 Ub C. ? 
a, Y; Zz 
| aven + ..., bya + ..., 29+... | 
AM,= E, n; G I: 
ang Je, bye" * Ea Co ee 
U2" + na, Dy Ze) Ne ae | 


In general, AON, has one branch through D, touching 


t = (a—c) nw — (b—c) Ey, 

which is definite and variable with X, and therefore a tangent to 2, not to 
A; and D is a simple base point of (Ox) and similarly of (0.,’), (My). 

If DX is an invariant direction, either X lies on £=0 say, and t =2, or D 
is of second kind and a =b, t= nx — Ey; in either case t= DX, and the line t 
touches Qy, Ox’; My for any centre on ¢. The point P of ¢ adjacent to D is 
such that P, P’ are collinear with both X and D. 

If ¢ is definite and fixed for all centres, it is one of the invariant directions, 
x say, and b=c+#a; there is an adjacent invariant point and D is either a 
point of A or a base point of contact of (0x). 

If t=0, then D is a multiple base point of A (Ox), and a=b=e; if 

these = 0, then D is an F-point of 8. 
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Similarly, the leading term of A*N is 
ZiT gaat oie (ped ad gl 
Ca aa a ie 
; Pe fhe 
if D is isolated and of first kind, the N-curve has a d.p. and touches the 


invariant directions. If D is isolated of second kind, the N-curve has a triple 
point. 


Now let D bea point of A. The equations of transformation are satisfied 
if A=0, a’ :y: 2 =a:y: 2; hence 

d, = Lhn—+ + Ay, $, = Ybn—a t+ Avy, ; = Zon- ar Ay, (114), 
where D lies on A but not on Pras 


First let the general points of A be of first kind. Let « be the tangent 
to A at D, and y the H-line: 


A=aeH14..., dna =2"1+..., 
Wh, = a2" 4+..., ro = (b,0 + bgy) 27 HI +..., Why = 692" E +b 50s 
where a=1+a,, b=c=1, and D is of second kind if a, = 0. 
Now O;=| E, n; S , 
| L, Y; zZ 
| 


thn» + Aw, Yona + As, Zbn1 + Aw; 
and we have the equation of the isologue alone, 


O,=| & », €}, and similarly 0,’ =| Creo Ady == Na 2c 
a, Y, a a, z Vis Vr, Ws 
vi, Vor Ws | Wr; ve hs Wi, Wo, Ws 


The leading term in Oy is a,nz"*'™; if D is of first kind, a, # 0, and Oy 
does not pass through D unless 7 =0, when X lies on the H-line. 

If D is of second kind, a, =0, and D is a double invariant point. Now D 
lies on every Ox; being a base point of the net of isologues, it must be 
regarded as an isolated invariant point of first kind, adjacent to A. Since 
A =its homologue, it touches one of the special lines at D, and we verify 
that x is a factor of wu, and of yu. — 4. 

Conversely, if a simple point D — a point of A, by a path not touching A, 
any curve containing D and A acquires a d.p., and D is a double invariant point 
in the limit. Any curve through D also contains a point of A, and has two 
points in common with its homologue, which it touches; hence D is of second 
kind. This is a case when D has another invariant point adjacent to it in 


every direction. 
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Now AMy= é, n, C 3 
thnatAyr, Ydnat Ayr, nai + Avs 
abn + Avy, YP na + Avy, 2b'na + Ay; 
Mx= Pra Ox = Pn Ox+A Ca, gone 
hs ve Ws 
[is Ws hy 
the leading term is (a;’ — a) nz", and in general Mx does not pass through 
D unless X lies on the H-line. 

If however a, = a,', then My passes here-for all positions of X. Then 
a=a’' =+1; with the upper sign, D is of second kind. With the lower sign, 
it is a point of A where the homography of directions is involutory; Mx 
touches the direction conjugate to DX. 


The tangent to AW is 0, Y, AS 
Gee LOE Ost) nes 
Gs be + bs'y, Ce 


by virtue of the identities. between the coefficients, this reduces to a multiple 
of « the tangent to A, and D does not lie on the N-curve. If D is of second 
kind, a, = a, =0; then AW has a d.p. and D lies on the N-curve. 

If the general point D of A is of second kind, and is therefore double, 
then after dropping A once from the original determinants, every D 
still hes on the residuals; hence A can be dropped again, and the proper 
isologues are of degree n + 1 —2y; and A also drops away from My. We can 
show that the valid forms are ¢, = v¢,_, + A’x, etc.; that two of the special 
directions coincide with the tangent to A, and that if X les on the third, 
which replaces the H-line, then 0, touches QO,’ at D. It follows that A drops 
away twice from the pencils (x), (Qy’) that generate the N-curve, whose 
degree is 2n+1—6y. In all these ways, A behaves like two adjacent 
invariant curves. For an example, see p. 103. 


11. Isologues of invariant and fundamental points (30, 50). 
If X is an isolated invariant point D (0, 0, 1), then 
AQ, = Lz — Yr, AM, = pips a ofr; 


and the leading terms are 

(6 —a@) wy2", (ab’ — ba’) xya”?, 
and both Qp and Mp have d.p.’s at D, touching the invariant directions, if D 
is of first kind, or triple points if D is of second kind. 

If X = 0(0, 0,1) is an F-point of H but not of A’, it is 7-fold on 
pire, $s, but does not le on ¢,’, .’, b;'; and 1, dy’ have j as a factor. 
Then AQ, =a, — yd, has O as an (¢ +1)-fold point, and Q, has one more 
branch through O than a general isologue; Aj/Qo’ = ad,’ — yd,’ has j’ as a 
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component; the residual AQ,’ is generated by the pencil of lines (QO) and their 
homologues (¢’,_;). Since O is not an F-point of H’, it is not a base point 
of (¢’) and is simple on Q,’. If this vanishes identically, every line 
through O is self-corresponding, and the transformation is a central pe eat 
not, Qo is of degree n +1 —7— yu; we have another limit for be: 
mMSn+1—153(n4+1). 
For a non-involutory transformation, this is a worse limit than that of p: 82; 
but it is the best available for an involution, giving 


= Ope 2. 


12. Incidences and intersections (50, 114). 


We have the following table of multiplicities, assuming no invariant points 
of second kind, no involutory curve, and no coincident F-points of S, 8’. 


Give |) - Degree 0, > Pp ar eae ad 
Ox n+l—p ee on 1 fore ol | 
Orel ris SNC 1 1 
My 2n — pw ta—5a | Ue —Sp | 1 1 eet 
A in y & | 
N 2n+1—3y || 7. — 36, | te’ —3de | 2 1 


Other singularities of O, 0’, Z are discussed in 142. 

From the numbers of intersections of these curves we can prove some 
important relations. : 

(i) The other intersections of Ox, Oy are the n — pw points P of the pairs 
P, P’ on XY; hence the number of isolated invariant points D is 

(nt 1—pP— > (t.- 8)? - (n—p) =n + 24+ w— dy — 26,’, 
by the relations of p. 79. This reduces to n +2 if » =0, as it should (p. 78), 
and shows that >6,? = 26,°. 

(ii) The other intersections of Oy, Aare the points of A whose H-lines 
contain X; hence their number, which is the class of the H-curve, is 

pe (n+1—p)— 280 (ta — 82) = 28,7 — p(w — 2). 

(iii) These also lie on 0’, and the other intersections of Oy, Ox’ are the 
points WV associated with X. Their number is also that of L’s through &, the 
class of the Z-curve, and is 

(n+ 1—p)?—(n+2+ w?— 8p — 28,7) — 1 — [262 — wu — 2)} 
=n2+n—-2—p(2Qn+1—p). 
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(iv) The variable intersections of My, A are the points (ii) where the 
H-line contains X. The fixed intersections which are simple base points 
of (Mx) are points of A where there is an involution of directions (p. 86) ; 
the number of these is 

pe (2n — wo) —D8x (in — 8a) — E8p (tp’ — 8p) — {28a° — pw (w — 2)} = ESa". 

(v) The other intersections of My, My, besides the n’—p intersections 
that do not lie on A of the two homologues of XY, are the involutory points. 
The number of these is 
(2n — pw)? — S(t — 84)? — E(ip’ — 8g)? — {n+ 2 + pw? — By — 26,7} — BS? — (0? — p) 

=n(n—1)— 236.2, 7 
reducing to n(n —1) if there is no A as well as no involutory curve (p. 80). 

(vi) The intersections of Nx, My are those of Ox, Ox’, with X, in place 
of X, and also the F-points, those on A being points of contact, with 6, = 1. 
If & refers to these: 


(Qn — w)(n+1—p)—(n4+1—- pl ==. —8.)? + 3 (ta— 8a) 
¥ (i, — 82) (8&2 — 1) =0. 


13. Other properties of N- and L-curves (114, 142, 144). 


Since Oy touches t= XX’ at X, and 0,’ touches t= XX,, if X isa 
point NV, of the N-curve, both ¢ and t’=Z,. Hence the N-curve is the locus 
of a centre whose two isologues touch at the centre, and the L-curve is the 
envelope of the common tangent. If X describes Lo, both (Ox), (Ox’) have 
No as a base point, and the tangents t, to Ox, O,' at No describe projective 
pencils. One coincidence occurs when X = No, t=t = Lo, and the other for 
a different position Y of X and ty of t= ¢t’. Now another of the N’s associated 
with Y is adjacent to No on ty, and another of the L’s is adjacent to Lo, 
meeting it in Y. But N,, Lo are ordinary elements of their curves, hence 
ty is the tangent at N, to the N-curve and Y is the point of contact of Lo 
with the Z-curve. Hence the Z-curve is the locus of centres whose two 
isologues touch, but not at the centre, and the-NV-curve is the envelope of the 
common tangent, 

If No is an isolated invariant point D of first kind, then Z, is either of 
the invariant directions, and if X is any point of it, both Qy, OQ,’ pass 
through D and touch L,. The homography (¢, ¢’) is improper, and Y 
coincides with D, which is the point of contact of each Ly. The L-curve has 
a dp. at D, touching the invariant directions, and therefore touching the 
N-curve and Op, Oy’. 

If two distinct points NV associated with X are collinear with it, they both 
lie on L= NX and on both its homologues, and are either invariant or 
involutory. A line D,D, is an improper double tangent of the Z-curve, 
Joining two double points, and a line KK’ is a proper double tangent. 
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14. Space construction for isologues (80, 177). 


Project S, S’ from any two points Y, Y’ of space, and let YY’ meet 
in X. There is a 7,, between the rays YP, Y’P’, of the two stars. Corre- 
sponding rays meet if and only if P, P’ are collinear with X, and then they 
generate a twisted curve through Y, Y’ whose degree is in general n+2. It 
meets S in the isolated invariant points of 7',, and its projections from Y, Y’ 
on S are Ox, Oy’ respectively. 


II. INVOLUTIONS 
15. Definitions (50). 

There remains the important case when the involutory locus is the whole 
plane. Then 7, is an involution, and is denoted by I,. Every point P 
belongs to one and only one involutory pair, and its conjugate P’ = P, is the 
homologue of P both in the direct transformation J,, and in its reverse J,,~?, 
which coincides with J,. If I, is repeated, it brings every point back to its 
original position, and /,2 is identity: 

J Rae ies n=l. 

The term involution has often a wider meaning, being defined as a set of 
groups of a points such that any point P of S belongs to one and only one 
group, and is thereby set in an a—1, a—1 relation to any other point of the 
same group. Then a is called the degree of the involution. We are only con- 
cerned with the case a= 2, when the relation is a Cremona transformation, 
and we shall continue to use degree to mean that of the homaloids. 


16. Coincidence of F- and P-systems. 

By I, an 1-fold F-point O, of H~a P-curve j’ of degree 7; by J,7', it 
has the same homologue, and is therefore also an i-fold F-point of H’. Thus 
H, H’ consist of the same points with the same multiplicities, and coincide ; 
I, has only one F-system and one P-system, and its characteristic is self- 
conjugate. 

Two coincident F-points of H, H’ may or may not be associated (p. 24). 
If O, is the only 7-fold point, it is associated with itself, by the convention of 
associating single-member groups by order of multiplicity. If O, is one of a 
group of several members, it is associated with the’ point Og selected by ja, 
both in J, and in J,~. Thus the F-points are either associated with them- 
selves or with each other in pairs. 

We order H, H’ so that each F-point has the same suffix in each. Then 
0, =0,’, and 7, is the multiplicity of O, on its homologue Was 

Thus when the characteristic is given, there may be different types of 
involution given by different associations of ¥-points. When the F-points and 
their associations are given, J, may or may not be fully determined, as for 
example in the different types of J,. 

The class »v of an involution is the number of pairs P, P’ on a general 
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line (p. 81). The degree of the invariant curve A is w=n—2y, and an 
involution of odd degree must have an invariant curve. 
If v=0, the transformation is a de Jonquiéres involution I;, treated in 
Chapter vi and excluded here. 
Expressed in terms of the class, the relations of p. 79 are 
Sata =(n —1) (n— 2v), z ylay=(n — 2v) ta — 8a. 


17. F-points on A (30). 

The 6, branches of A through QO, all touch branches of j,; for if Q is a 
point of A adjacent to Oz, its homologue SOLES with @ and lies on j., and 
O.Q is a common tangent to A, j,. 

Conversely, if Q is a point of j, adjacent to O,, then Q’ is adjacent to O, 
and lies on j,, and OQ’ touches one of the branches of 7,, either the same as 
or different from that touched by O0,Q. If it is the same, Q is invariant and 
lies on a branch of A touching j,; if it is different, the two branches are an 
associated pair. Let there be e, such pairs, then 

lan On leg Us 
18. Isologues (30, 34). 


The two isologues of X ae 4 one self-conjugate curve 
Ox = >0,'* = SD, 
of degree n+ 1—pw=2v+l1. ee every involution contains a net of self- 
conjugate curves. 

Now (0x) touches at 0, all the branches of j, that do not touch A; for 
if O, is (0, 0, 1), then 7, is a common factor of ¢,, ¢., and AQ, touches 
Ed. — nd, which has 7, as a factor. Thus the 2e, branches of j, that do not 
touch A touch 0,, which also has 1, —6,—2¢, =%.—taa tangents variable 
with X. Now unless 7, is a line through O,, we have ta < %2 —1; hence Ox 
has one or more branches through Q,, and all the F-points are SHatave base 
points of (Oy). 

The excepted case, when 7..=1%,=1, only occurs in J;. For the P-line 
ja Joins two F-points the sum of whose multiplicities ts n ; one of them ~ ja, 
and is simple, hence the multiplicity of the other is n — 1. 

We verify that the free intersections of Ox, j, are the i, —%. intersections, 
other than O,, of O,X, ja, while ta, — 8, are due to contact at O,: 

Ytye (ty =~ by) = (2v Sn Me) ta a: (ta a taa) = Car re 8.) 
: = 27, + dq. 

If X moves on a line J, then (x) describes the related pencil. If J is 
self-conjugate, it is part of Oy, and the whole pencil breaks up into the fixed 
part / and a pencil of self-conjugate curves of lower degree. 

Conversely, if a pencil of isologues breaks up and has a fixed part, this is 
a line ; for if P is a general point of the fixed part, neither fundamental nor 
invariant, PP’ contains the centres of all the pencil of isologues, and the 
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locus of P is the related line, which is the locus of P’ also, and is self- 
conjugate. For example, the net of cubic isologues of the general J, has six 
pencils that break up into a line and a pencil of conics (p. 52). 

The general isologue cannot break up; for ift does, all the parts are 
variable,.and therefore belong to a certain pencil (f) (28). Every member of 
this is the fixed part of some pencil of isologues. Hence (/) is a pencil of 
self-conjugate lines, and J, is central; but then each isologue consists of one 
line only. 

A self-conjugate line J cannot meet a general ©, in a variable point P, 
unless X hes on 1= PP’, and Q, has | as a part. Conversely, a curve f 
meeting the net (Ox) in base points only is a set of self-conjugate lines; for 
if P is a general point of f, the pencil of isologues through P all break up, 
and have as a fixed part a branch of f through P. 


19. Self-conjugate families (26). 


We saw on p. 26, that there is an « “« linear family of curves of degree 
ag, defined by the same multiplicities at XO as jg, except that they pass only 
Zag — 1 times through O,; and that this family ~ one of the same degree and 
multiplicities at =O" as j,.’, except that the curves pass only t4,—1 times 
through O,’. | 

Now for J,, if O, =O,’, and therefore j,’=jg, the two families are the 
same, and it is self-conjugate; the individual curves either correspond in 
pairs, with 7.4, +1 self-conjugate members, or are all self-conjugate. 

One such family arises from each F-point for which 7,4 21, that is, which 
lies on its corresponding P-curve. Now we know (p. 21) that this holds for 
one of the three highest F-points; hence there is always at least one self- 
conjugate family of this sort. The only exception is the first J,. 

Any member of it cuts A in 


a (n — 2v) — > Oylae, + 6, = 26, 
o Y 


points other than F-points, and therefore meets its homologue in fundamental 
and invariant points of equivalence 


Ae = (Zena a 1) ata 26. = (ee ae 2— 4e,. 
Ws 


Hence if ¢,=0, the curve and its homologue coincide, and each member of 
the family is self-conjugate. For an example see p. 110. 


20. Isolated invariant points. 

At O,, two general isologues Oy, Qy have 2e, branches in contact, 
touching j,. On account of this, the number of isolated invariant points 
of 7, given by the formula of p. 87, must be reduced for Z, by 22¢.. The 
result can be put in the form 

2pak te Dae 
where pa =4t(u—1)(w— 2) — 3X6, (8. — 1) 


ARNEOA 
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and is the genus of A when this has no multiple points except F-points. 

The homography of directions at D is now an involution. As on p. 83, 

we take 
di = oy, = ane +..., br=ge = DY eh. = Dy Dp Oe rs 
‘with the conditions a? = b? = c’, 

If D is of first kind, we can take -a=b=c. The two invariant direc- 
tions are not on the same footing; there is an adjacent invariant point 
on w, but none on y, and Q,y touches #, so that D is a base point of contact 
of (Q.y). 

If a=b=—c, then D is of second kind;\Q, touches DX and D is an 
ordinary simple base point of (x). 

If a=b=c, then J, is identity; for, assume 

O,= tba Uae ey Pe = Pn Vane es : 
$s =20r a tune Fees 
The leading terms in the identities give 
il 


wv Uo+1 = y Va+ti = Ua, 


and the same forms for ¢ are also valid for the next higher value of a, with 
Pn + Uae" * in place of dr. If a=b=c, they hold for a=1 and therefore 
for a =n, and the equations of transformation reduce to 

By et Bey z 


Thus an involution cannot have a multiple invariant point. 


21. Isologue of an F-point (30). 
If X = 0,, the isologue has an additional branch through O, and J, 1s 
dropped from it (p. 86), leaving the proper isologue of degree 2v + 1 —%,: 


6 = Ofeteteet 0 yes 
yea 
Each of these multiplicities 2 0; hence 


Vg 0g = Vag tl es Oy 
dy — Oy — Va = Vay 7a. 
Sum the second and add to the first : 
3(n —1)— 26, — (8%, -1) +120. 
But 32, can be 32, 2 n +1, hence 
Date Sh ey 
giving an upper limit for the sum of the multiplicities of the F-points on A. 
We have also 
ta — Oa — tan + 1 S Qv—-12, +1, 
that is, V— C2 la — Vea 


2.1, except for J,. 
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The nature of 0, as a base point of (Qx) is given by the multiplicity 
9 = ta — 8a = ta — Va + 2€q, 
together with the number 2e, of branches that touch fixed tangents, where 


OSes 0 — 1s 2ea+1 Sig Sv ea. 


€ 


22. Classification of involutions (30). 


From the degree of 2,4, we have already found a limit for the degree of 
an involution. of given class (p. 87), 


nS 6v4+ 2, 
Thus for Dien lt ag! 3 4 Dy v<5 
(PSS, leh, ZOW 26: 32; 
——’ ———/ 
these are studied in 30, 226, 227. 34, 300, 275. 


Each class is divided into species according to the nature of the net of 
isologues. The degree 2v+1 of the net is fixed, and the base consists of 
=0,'0 (2e,)', with 2e, fixed tangents at O., and a number of simple points D, 
isolated invariant points of J,. These may not completely define the net, 
and may have to be specially related. 

Since pv is given, by the above inequalities, there are only a finite number 
of possible sets of values of i, e, and of possible types of base points 
of (Ox); also the total postulation and equivalence are limited, two general 
isologues having 2y free intersections. Thus we can enumerate all possible 
bases for (Q.x). 

When the base is determined, the isologue of each #-point is a member 
having higher multiplicity there, and it contains the corresponding P-curve ; 
hence the whole transformation is determined. If the base points are in as 
general position as possible, J, has the maximum degree for the species. 
Other involutions of lower degree arise from special positions of the F’-points, 
which cause (¢,) to break up, but not (Oy). 

The case v= 0 is I; (p. 81). 

If »v=1, then 2v+1=38,e=0, tg=1. The isologues are cubics passing 
simply through all the F-points. The cubic net must have 7 simple base 
points, and in general a proper cubic has a d.p. at each. The transformation 
exchanges the two free intersections of any two curves of the net, and is 
Geiser’s I, 73, or one of its degenerations (p. 123). 

If vy = 2, then 2v + 1 =5, and we can have 

e=0,ig=1; or e=0, tp =2; or e=1, 9 =3, 
and the total equivalence is 21. The base of the quintic net consists of 
ordinary simple and double points, and triple points with two fixed tangents, 
of equivalences 1, 4, 11 respectively. The various possibilities are discussed 
in 30. The only sets that do not lead to some sort of contradiction are 


1° (2) 10 and 4? 5". 
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The first is shown to lead only to certain cases of J, of degree <6. The 
second can be constructed from the pencils of cubics and conics with four 
common base points (275 and p. 126) and is an J), 4° 5° or a degeneration. 


23. Construction by pencils (68, 366). 

It has been shown that every plane involution, whether 1, 1 or not 
(p. 89), can be constructed as the set of groups of free intersections of two 
pencils of curves. Every plane involution, but not every multiple space 
involution, is rational (33, 57, 219, 292, 345, 367), that is, its groups can be set 
in 1, 1 relation to the points P, of a plane S,. The equations expressing this 
give the coordinates a, b of P, explicitly as rational functions of the coordinates 
of any point of the corresponding group, and if a, b are given, these equations 
are satisfied by the points P, P’... of one group of the involution, and by no 
other points that vary with a, b.. They represent two pencils of curves which 
generate the involution. Since we can effect any Cremona transformation of 
S; into itself, this is possible in 00 ways. 

For a Cremona involution J,, there are just two free intersections; every 
curve of either pencil has a linear series of pairs of points cut out by the 
other pencil, and is rational, elliptic or hyperelliptic. 

Let J, be defined by the two pencils 

FEZ TAF Oa Joa Jane ee GL) 

The base points of the pencils are in general #’-points of J,. A common base 
point O ~ the locus of the remaining intersection of curves f,, f, that touch 
at O, which is in general a P-curve, but may be a fixed point O’, the ordinary 
homologue of O. If O is a base point of (f,,) but not of (f,), then P’ is any 
point of the one f, through O ; but it may be that as P— a general point of 
jv, so P’—> another definite point of the same curve, which is an ordinary 
self-conjugate curve of J,, and O is not an F-point. 

The other P-curves, if any, are common parts of curves of the two pencils, 
called singular curves of the pair of pencils. Let 

Fun=SeJfes, Jor = fs fos: 
According to the geometrical detinition, if P belongs to the set made up of 
the points of fs; and any free intersections X of f,_3, f,-s, then P’ is any other 
point of the same set. Such a correspondence cannot exist in J,; it can be 
shown that there is at most one point X in the set; if it exists, it is an 
F-point and ~ f;; if there is no X, but f,-s, J,-s meet at base points only, 
then fs is an ordinary self-conjugate curve of Ip. 

In either case, fs drops away, from the homologue of any line J, once for 
each of the 6 intersections of J, 73, and the degree of J, is reduced by &. 

Further details are given in 68. The degree of J, is 

n=2uyv —1—>8, 
and the multiplicity as an F-point of a base point O is 
t= pRB + va — dy, 
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where a, 8, y are the multiplicities of f., fi, fs at O, and the summations 
extend to all singular curves. There is also a $-fold F-point which ~ any 
Js whose residuals have a free intersection. 

We can also obtain these expressions by the principle of correspondence, 
as is done for Geiser’s J; on p. 124. “ 

Examples are studied in 34, 275, 302, 303, 339, 341, 366, 409. One 
example of general degree is given by Z,;, and another, with the characteristic 
#5, in 34. Details of many of these will be found in Chapter v1. 

In other examples (39, 302, 303), the involutory pairs are the free inter- 
sections of curves f, = fu,1+fy,2 of a fixed pencil with those of a variable 
pencil, some of whose base points vary with a, usually the intersections of f, 
with a fixed curve. By eliminating a between the equations of f, and of the 
variable pencil, we deduce a fixed pencil cutting out the same involution on 
(fz), and the previous theory applies. 


24. Construction by a net (68, 346, 375). 


We can also construct J, by a net of curves such that the general 
members have just two free intersections. This method reduces ‘to the last, 
since P, P’ are the free intersections of the two curves through P of the 
pencils selected from the net by arbitrary base points X, Y respectively. 

Conversely, the pencils (1) are the variable parts of degenerate pencils of 
the same net, for example, the net of degree w+», 


Cole Mates eae ak 1 Coe eas, holes oe Fs ederen’ (2) 


where We CiiCins 2D =e iCal Cys 


If there is a singular curve fs of the two pencils, a common factor of 
Ju,» Jv, it drops away from the net, whose degree is reduced. Only if w=», 
and the pencils have a common curve, is the degree of the net as low as that 
of each component. Hence though the general formulae of the net construction 
are simpler, the pencil construction is more manageable in most particular 
cases. 

A singular curve of the net is the fixed part of any degenerate pencil in 
the net. Any curve singular for the pair of pencils (1) is also singular for 
the net (2). The net also has f,,1, f-,1 a8 singular curves; these are not 
P-curves, being general curves of the pencils. Conversely, the two pencils 
selected from the net by X, Y have the one curve through X, Y as an 
additional singular curve, for the pair of pencils but not for the net, which 
again is not a P-curve. 

Change the notation, and let w be the degree of the net and a, y the 
multiplicities of f,, fs at a base point O; then the degree of J, is 

n= pw—1— 28, 
and the multiplicity of O as an F-point 1s 
i= pa—1— X76, 
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the sums extending to all singular curves of the net. There is also a 6-fold 
F-point which ~ each /; whose residual pencil has a free base point. ; 

Let Z be a 2,1 transformation between two planes S, 8”. Then a point 
P’, of the simple plane S”, 7 a pair of points P, P’ of the double plane S, 
which are thereby related in a Cremona involution J in S, associated with 7’; 
and P, P’ are a pair of free intersections of the net of curves of S which 7 
the lines of S” (101, 102, 103). 

In 137, involutions are regarded as cut out on a family of lines by a family 
of conics, and an attempt is made to classify involutions according to the 
freedom of these families. 


25. Reduction of involutions (25, 26, 293). 

Let there be a T, between the plane S of J, and another plane S,. 
A general pair P, P’ of points of S, conjugate in J, are transformed by 7; . 
into a pair P,, P,’ of points of S,, which are conjugate in the involution in 
that plane : 

y Berea Wee Fel [a 
we verify that Y ei) iret ny ie ned eed By ene, 

To find its homaloids, start with a line /, in S,; by 7-1, this ~ a conic in 
S through the first F-trio of 7,; by I,, this ~ a curve f, of degree = 2n, 
depending on the multiplicities for I,, of the F-points of T,; and by T, finally, 
FS ~ dn, the homologue of J, by the compound transformation J,,, of degree 
Nn, = 4n. 

We also have [,=T7,'.1,,.T,; if either of I,,, I,, is of lower degree or 
simpler type than the other, this is said to be reduced to that, by the 
auxiliary T). 

If 7, is applied to the top trio of J,, then f is 

frn~i,niz i, = OAT Whe h_ 26 Fa~ ten taa_ (Pia ter ten ~ ts, 
and the degree of the reduced involution is 

=n —3 (+ %+%—N)— (4 — ty — bie — tis) — (to — to — top — Me) 

eC eae ea ~ (ts = tar = a0 = tas) 
a=4 b 

Now %; + tag + %az 18 either the sum of the three highest multiplicities 
of j., or is less than this by 1; each term in ¥ 2 0, and unless each = 0, the 
degree of I, is reduced. 

This process of reduction is different from that of normal resolution. 
The homaloidal net (¢,) of I, is transformed by T, not into (¢,,), but. into 
a different homaloidal net, (y,) say, in S,, the homologue by I, of the net of 
conics through the second F-trio of 7,. Then (yr) determines a Cremona 
transformation V=T7,.I, between S and S,, and J, is resolved into V and 
TT“; but V is not an involution. We have to distinguish between the 
resolution of an involution, regarded as a Cremona transformation between 
superposed planes, and its reduction, regarded as an involution in one plane. 
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Any system self-conjugate for J, reduces to another system self-conjugate 
for I,,, and one involution cannot be reduced to another unless the linear 
systems of self-conjugate curves are of the same genera and degrees of 
freedom. ad 

We have seen (p. 26), that arising from any F-point of J, for which 
taa = 1, there is a self-conjugate family 

(fig) = Oakee* EOphe, 
of genus p=%,.—1 and freedom Y=%.. By the condition of p. 11, the 
degree of f can be reduced by a T,, provided the highest value of tg 2 tua. 

There is always some F-point for which 7, > 0 (p. 91), and (/) exists. 

G@) If t4.=1 for any F-point, then ( f) 1s a rational pencil, reducible to 
a pencil of lines; then J, is reducible to have a self-conjugate pencil of lines, 
and becomes J,. 

(ii) If 7,, = 2, then (/) is an elliptic net, reducible till all its base points 
are simple; then it must be cubic with seven base points. The involution 
consists of the pairs of free intersections of cubics of the net, and is Geiser’s 
J, or one of its degenerations. 

Gi) If 7..=3, then (f) is a web of genus 2, reducible till all its base 
points are double or simple. The only irreducible webs of this kind are 

(f,) = 178 and (fi) = 8”. 
In the first case, since the homologue of f, 1s also of degree 4, 
4n — 4 = 2, +%4+ ... +% St +3n—- 3, 
,2n-—1, 

and the type is I;; similarly in the second case, 6n —6=2 (i, + ... +%), and 
there are no more F-points. Since «= 8, we have n $17 (p. 72), and the 
involution of highest degree of this species is Bertini’s I, = 17; 8° 
(p. 127). 

(iv) If t,.>38, the argument is more laborious (26); it is shown that in 
every case J,, can be reduced to one of the four types: 


I,; central I;; Geiser’s J;; Bertini’s [j,. 


These are considered in the next chapter. 

In particular, any Z, with no invariant curve can be reduced to J,; it 
follows that J, has just four isolated invariant points. For in the reducing 
transformation, the centre O of J, is not an F-point and the axis is a P-line, 
joining two F-points O,, Og; for if not, these would give rise to invariant 
curves of J,. The only invariant points of J, are the homologues of the 
centte and axis of J, and of points adjacent to O,, Og in the direction of 
0 (30. disci ds? « 
In this case therefore, n —2 of the n+2 isolated invariant points are 


bsorbed by the F-points, 
‘ ‘ e Maa = 2 — 2 (231). 


CHAPTER VI 


SPECIAL PLANE TRANSFORMATIONS 
I. THE DE JONQUIERES TRANSFORMATION (80, 112, 114, 175, 177) 


1. Definitions. 


The transformation with the characteristic 
nn; A** Qn =2) 
is called, after its discoverer, the de Jonquiéres transformation, and we denote 
it by 7, or Tn. It exists for all values of n; the equations of condition are 
satisfied, and if the F-points are in sufficiently general position, they define 
a proper net of curves (¢,), each having an (n —1)-fold point and therefore 
rational. Such a curve is called a monoid, and the multiple point its vertex. 
All lines, conics and nodal cubics are monoids; for degree 24, there are 
rational curves and homaloidal nets which are not monoidal. 

Any homaloidal net of monoids defines a 7',: for since a linear family of 
curves cannot have a variable multiple point, the vertex is fixed, and is an 
(n—1)-fold F-point; this makes the curves rational, they have no other 
multiple F-point, and by the condition 21 =3n—3, the number of simple 
F-points is 2n — 2, and the transformation is 7’,. 

A ray of the pencil through the vertex O, meets the lines and also the 
homaloids of S in one variable point only. Its homologue is therefore a curve 
of a pencil meeting the homaloids and lines of S’ in one variable point only, 
that is, a pencil of lines through an (n —1)-fold F-point O,' of H’; hence (¢’) 
also consists of monoids, the reverse transformation is a 7’,, and the character- 
istic 1s self-conjugate. 

Thus 7’; transforms two pencils of lines into each other. Conversely, this 
property can define 7’,; for since each of the lines ~ a line, it meets the 
homaloids in one variable point only, and the vertices of the pencils are 
(n — 1)-fold F-points of H, H’. 


2. The P-system. 

Let the first F-system be H = 0,""0,... Om—+. The lines 0,0,, joining 
the vertex to the simple F-points, meet (¢,) in F-points only, and are the 
P-lines which ~ the simple F-points 0,’ ... O'en—, of H’. 

Now the whole Jacobian is 

J sq 5 SHO CORO 
the only remaining element is the P-curve which ~ O,'; hence this is 
dae = Or Oo: One 
and we verify that this monoid is exactly determined, and meets (#) in 
F'-points only. 
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Thus H consists of two groups, one of the single point O,, and the other 
of the 2n—2 simple F-points. The first is associated with the single 
P-monoid, which does not partition any group, and with the vertex of (¢’). 
The second group is partitioned by the P-line’ 0,0, into one F-point O, 
lying on it and 2n —8 not lying on it; the determination is positive, and 0, 
is associated with this P-line, and with its corresponding simple F-point 
O,’ of the second group of H’. 

No line through O, can contain more than one simple F-point; for it 
would meet (¢,) in more than n points. 


3. Equations of T,. 


Let O,, O,) be the points (0, 0, 1) in S, S’. For 2, a and y, y, take 
corresponding lines of the projective pencils (0,), (O,’), and let the unit points 
also lie on corresponding lines. Then 

e+ CY 2 + OY; 
one of the equations of transformation is 

oy =n y, 

and we have 

La ae = Op yp: ob. 
Since these are rationally reversible, ¢ and 7 are linear in z, and are monoids 
of degrees n, n — 1 respectively : 

b= 2UnatUn, J = 2n2tUn-, 

where u, v are functions of x, y only. We see again that if there are two 
corresponding pencils of lines, then (¢%) is monoidal. 

The reverse transformation is 

DEG YG AD, 
where P=—2' natin, J = SU n-2— Un 
and w’, v’ are the same functions of z’, y’ that u, v are of a, y. We find 
J= ny (Un—_1Un—1 — Un Un—2)s 
and J’ has the same form. 

The simple F-points in S are the intersections, other than 0,, of 9, ¢. 

The set of P-lines joining them to 0, is 
Uns peen ce tn Upvse 


Those in S’ are given by an equation of the same form. 


4. Constructions. 


If the F-points are in general position, we resolve 7’, normally by applying 

a T, to O,Omn—20en—-1. This transforms (¢,) into another homaloidal net (¢’) 

of degree 2n —(n—1)—2=n—1, on which the multiplicities of the second 

F-points of T, are n — 2, 0, 0; the other 2n -4 simple F-points of (¢) give 

simple F-points of (¢’). The new characteristic is 1”? (2n — 4), and (¢’n-1) 
7-2 
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is of the same nature as (,) and of degree lower by 1. We repeat the 
process, and finally transform (¢,) into a net of lines, resolving 7';, into 
egies Bae 

By the converse process, we can construct a 7, of any degree (p. 57). 

This normal resolution fails if all the simple F-points are adjacent to 0,, 
and no two lie on a linear branch, so that we cannot apply the 7, (293 and 
p. 63). The simplest example is given on p. 113. Alternative processes for 
resolving 7’; in all cases are discussed in Chapter VIII. 

The following construction (80, r11°r) for a particular 7';, in which n— 1 
of the simple F'-points in each plane are collinear, is a generalization of the 
construction of 7, by skew projection. 

Let kp, be a twisted curve of degree n—1, with n — 2 intersections with 
a given line J,, Then corresponding points P, P’ are the intersections with 
S, S' of lines meeting both & and /,. Since the plane /,P meets k in one 
point not lying on /,, this construction determines P’ uniquely. 

If P, P’ lie on two given lines J, l’ of S, S’ respectively, then PP’ lies on 
the quadric through J, /’, l,, and passes through one of its intersections with k 
not lying on l,. There are 2(n—1)—(n—2)=7 of these; hence the homo- 
logue of / meets /’ in n points, and the transformation is of degree n. 

Let 1, meet S, S’ in O,, O,. If P=O,, then P’ is any point of the 
projection of & from O, on S’, which is of degree n—1; hence O, is an 
(n —1)-fold F-point of H and similarly O, of H’, and the transformation 
pie Aas 

The n — 1 intersections O,... O, of k, S are simple F-points, for O. ~ the 
line of intersection of the planes O,1,, 8’; similarly # meets S’ in n—1 
simple F-points O,'...0,' of H’. Let 0,'0,’ meet S in On4.-,, which lies on 
the line /, of intersection of S, 8’; it is another simple F-point, and ~ O,'0,'. 
This gives the other n—1 simple F-points of H, all lying on /,, and similarly 
O'n+a-1 18 the intersection of J,, 0,0,. Thus /, contains n—1 simple F-points 
of each system, associated with the remaining simple F-points of the other 
system. 


5. T; in one plane, vertices distinct (114). 


Let the planes be superposed, and first let the two vertices be distinct. 
As sides z, «, y of the triangle of reference for both planes, take 0,0,' and 
its two homologues when regarded as a ray of the two pencils (0,), (Oy’) 
respectively; for the present we assume these three lines distinct. Take the 
unit point at an intersection of corresponding rays. Then 

CY +6.2 2 + Coa’, 
and the equations are 
Zz: :y'=y) 22) : , 
ZY 2B aap 27 3b, 
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where 


Ill 


Un (Y, 2) + Un (Y, 2), J = BUn—o(Y, 2) + Una (y, 2); 
— Yn (Z, a) + Un (2, Dy OH =¥n-a(%, #) = Un (2, a’). 
inne Invariant points are given by 


p 
$ 


uj _23_b 

eee 

and are the intersections, other than 0,, 0,’, of the conic q = xy — 2, through 
O;, Oy, generated by the projective pencils, and the (n+1)-ic a — yzj 
through 0,"~0,. There are therefore 2(n + 1)—(n—1)-—1=7 +4 2 isolated 
invariant points, and no invariant curve. 


The involutory points satisfy 


TS 
ay p zy 
and are the intersections of the two corresponding (n + 1)-ics 
ep—yej, yp — way 
other than 0,""1, 0,'"7, A, and the n+ 2 invariant points; their number is 
therefore n(n — 1). 

With the present assumption, g cannot break up, but it may be invariant ; 
then it absorbs all the isolated invariant points. Since each homologue of q¢ 
is of degree 2, it contains F’-points of either system of total multiplicity 2n — 2, 
namely the vertex and n — 1 simple F-points. Also q falls away from each of 
the (n + 1)-ics that give the involutory system, leaving two (n — 1)-ics meeting 
in As, in » points of q and in n (n — 3) involutory points. 

Next let 0,0, be a self-corresponding line; it bears a homography with 
two d.p.’s, isolated invariant points of 7';. The pencils (0,), (O,') are per- 
spective; take A; and the unit point on the axis of perspective «—y. Then 

CY +0.2 ~ 0 + 022’, 


t 


Gan a =U Ii ZI, 
YG Fe Sey L272, 
where j, ¢ are as before, and now 
fb = —Y Uni (@, 2) +n (a, 2), J HY n-2 (2, 2) — Una (#,, 2’). 

The invariant system consists of two points D,, D, on the line of vertices z, 
given by Any =vg — yj, and n points D;... Dn, on the axis w—y, given by 
An=o— yj, where 

cae! Ang =@Anty(e#—-y)). 

Let D, > the intersection D (1, 1, 0) of the line of vertices and the axis, 
which we suppose not to lie on 7. Then Ant contains D; let it touch 
t=a(a—y)+z; then A, also contains D, and touches t—¢(#—y), where 
e=j(1, 1, 0), and D, > D also. Near D, to a first approximation, we find 


fidid=(1—t)tcere 
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This shows that D is an invariant point of first kind, with z, ¢ as invariant 
directions, and with an adjacent invariant point on ¢, that is, on Ani, (p. 83). 

If also D, > D, then An, has two intersections with z at D, and touches 
z; and a=0, t=bz. Then D is still of first kind, and both invariant 
directions coincide in z But if we keep the direction D,D, fixed, and 
therefore a/b fixed, as D,—> D, then in the limit a=b=0, and D is a double 
invariant point. 

Either or both of the lines z, a — y may be invariant, containing J’-points 
of each system of total multiplicity n — 1, namely, the two vertices OFS0 efor 
n—1 simple F-points of each system on the axis. If «—y is invariant, it is 
a component of A,, and its n —1 intersections with 7 lie on & and are funda- 
mental. Its intersection with 0,0, is one of the d.p.’s of the homography on 
0,0,, and 7’; has only one isolated invariant point. If 0,0,’ is invariant, 
T, has only n—1 isolated invariant points on the axis, one being absorbed 
by the intersection with the invariant line. 


6. Vertices coincident (114). 

Now let the vertices coincide; we have a homography in the seif- 
corresponding pencil (O, = 0,’). 

(i) First assume this proper, with two distinct double rays #, y; these 
are self-corresponding lines of 7';, and each contains two isolated invariant 


points. Now 
C+ CY ¥ OH! + acy, 


where a# i 
LAY 22 = ap Sy ad, 
DG Cam pe) aoe 
where 
b = etna (#, Y) + Un (#, 9), J = 20no(®, Y) + Una (# Y); 


Pb =— 2p (4, AY) +Un(@, ay’), J = 2 Un2(a’, ay’) — Un (2’, ay’). 
The invariant system is given by 
2=ap—z2)7=0, and y=o—2)=0; 

in general there are four isolated invariant points, two on each self-corre- 
sponding ray. The other n—2 isolated points are absorbéd by O,, which is 
an #-point of each system through which pass n—2 branches of the 
corresponding P-curves. 

The involutory system is given, with the invariant points, by 

(1 — a?) ayy =jp —a°j'h = 0, 

and, if a? # 1, is absorbed at O,, except for the 2n —3 other common points 
of j, 7; each of these forms with O, an improperly involutory pair (p. 80). 

If however a=—1, there is an involutory locus 


Uhae Sees! 0, see OFS Ones Oe 
given by jg — aj’, of maximum degree for a transformation of degree n 
(113 and p. 80). Then the homography of rays is an involution, and each 
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ray meets J in two points conjugate respectively to two points on the 
conjugate ray. 

The case in which f has a cubic component is studied in 228, 

. Either or both of w, y may be invariant, each absorbing two isolated 
imvariant points and dropping away from any involutory locus. If « is in- 
variant, and D (0, 1, 0) is a general point of it, D lies on ¢ but not on j, say 
(NENT aA Sepa BY (ats a ae 
the homography of directions at D is given by 
“:2=a:h, 
and is in general proper, and D is of first kind. 

(1) To consider the case when the two self-corresponding rays coincide, 
let one be w and the other aw + by; we pass to the limit as b > 0. Now the 
equations are 

“@:y :2 =a: {ax+(b6+1)y}7: 4. 
The invariant points are 
D,, D,, #=¢-(b+1)4=0; D;,D, axt+by=¢—2=0, 
and D; > D, and D,—> D, along ¢—zj. In the limit, D, or D, is an isolated 
invariant point of first kind, with # and the tangent to ¢— 4 as invariant 
directions, and with an adjacent isolated invariant point on the latter only. 

If also D, > D,, then ¢—2z) touches a, and D is still of first kind, with 
three adjacent invariant points, all in the same direction, which absorbs both 
invariant directions. 

Tf x is an invariant line, but not the other, then 

¢—(64+1)27=2A say, 
and D,, D, lie on 
y (b — 23) — 2) (aw + by) = a (yA — azy); 
since, before the limit, they do not lie on w, they >, always lying on 
yA — azj, which does not touch a. The general points of « are of first kind, 
both invariant directions coinciding with w; and D,, D, are of second kind, 
and are double invariant points. 
Tf both lines are invariant, we have also 


p— 4 = (ax + by), 
and therefore ay—yve= 7 (ay — A), 


and has zw as a factor, whence 


J = &Xa— YX» 
ap = &Y3— 2X1, Say. 
In the limit, when b = 0, 
p=ataap, 
and we find 
a iY 22) = abya~t ae yy : Ybn- + A8? X27 2hn—1 + 4H°Xs, 


where gna =) — ALY), 
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which is the form given on p. 86, and shows that two invariant lines 
coincide in x; every point of either has an adjacent invariant point in every 
direction. If D (0, 1, 0) is a general point of a, it lies on ¢, yp, but not on J; 
near D, to a first approximation, 

ERY ee. 2, 
and D is a double invariant point. 

The only exceptional point on # is O,; if P (a, y, 2) is near O,, not in the 

direction of a tangent to j, then P’ is also near O,, and 

“g.y =H: an+y, 
which is a proper homography, with both invariant directions coinciding 
with w. Regarded as an invariant point, the '-point 0, is of first kind. 

(iii) If the homography in the pencil (O,) is identity, lines joing 
corresponding points all pass through a fixed centre, and we have a central 
transformation. Every central transformation is a 7',, since there is a pencil 
of self-corresponding lines (351). The equations of transformation are 


, / 


BY = Bey 2 Ps 
as for the general case with distinct planes. 
The invariant system is the curve 


SIO Oe Oy One Oar 
given by ¢ — 2), meeting each ray through 0, in the two d.p.’s of the homo- 


graphy which 7’; sets up on it. There are no isolated invariant points. 
The involutory system is given, together with A, by 


oy —jp' = — (Oe 
and consists of n— 1 rays, for each of which the homography is an involution. 
If this expression vanishes identically, the 7’; is wholly involutory (113). 

For a quite general 7';, if we take a, y as two general lines through O, 

and if 1,’, 1,’ are their homologues and /,' a general line, 

Lee bad x) : Yy) : d, 

eiy s £ehLg (hh es eo Ck, bbe (Gla lo 
Hence any 7’; is compounded of a central transformation int S, between P, P”’ 
and a linear transformation between P’” in S and P’ in 8’, given re- 
spectively by 

a af 22 ay tae oh, 

and a af egal EE ee (aet), 

Any variety of 7’; which has an invariant conic or line can be con- 
structed by a succession of 7's with the same invariant curve and with 
O,, O,' as F-points. 

If O,, O,' are distinct and there is a A, passing through them, we have 
for T, the construction of p. 48. Carry this out n—1 times, keeping 
A, the same, interchanging 0,, O,’ and letting 0,, 0,' vary on A, and O,, O,’ 
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in S. We obtain 7',, with an invariant conic passing through 0,, O,' and 
x —1 simple F'-points of each system, one arising from each component 7). 

If 0,=0O/, and A, passes through 0,0,0,/0,', then repetition leads to 
a central 7’;,, with all the simple F-points on a conic, and A, breaks up into 
this and n —2 rays through 0,. 

A T, with A,=0,0,' leads in the same way to a 7, with the line of 
vertices invariant, and a 7, with A,=0,0, to a 7, with an invariant axis 
through half the simple F-points. 

A special construction by a succession of 7's is given on p. 115. 


7. General involutory case (25, 30). 


If the transformation is wholly involutory, we denote it by J,. The 
multiple F-points of H, H’ coincide, and also the groups of simple F-points ; 
this is therefore a case of coincident vertices. 

The homography in the pencil (0,) is now an involution, and there are 
two types of J; according as this is proper or identity. 

In the general case, the simple F-points fall into associated pairs, say 
O2, O2'; ... On, On’, the points of one pair lying on conjugate rays of the 
involution. This has two double rays, self-conjugate lines of J,; the invariant 
system lies on them, and can have three forms. 

(i) In general, each double ray bears a proper involution with two d.p.’s, 
and I; has four isolated invariant points D,, D,, D;, D,, lying by pairs on two 
self-conjugate lines OD,D,, OD;D,. 

(ii) One ray is an invariant line A,, and there are two isolated invariant 
points D,, D, on the other self-conjugate line. 

(iii) Both rays are invariant and there are no isolated invariant points. 


For example, let conjugate rays be the pairs of tangents from O, to conics 
touching four given lines, and let the homography of conjugate points on each 
pair be cut out by the other tangents to the same conic. The two double 
rays are the tangents at O, to the two conics through OQ, and each is an 
invariant line. The transformation is [j,, and the simple /-points are the 
vertices of the quadrilateral (376 and p. 126). 

If v is the class of the involution, a general line meets its homologue in v 
conjugate pairs and n— 2p invariant points. Hence 7 is even in cases (i) 
and (iii) and odd in case (11). 

Now 0, ~ the P-monoid j= 0,"~. A point Q of 7 adjacent to 0, ~ a 
point Q adjacent to O, and lying on j; and 0,Q, 0,Q' are conjugate rays. If 
these coincide, Q, Q’ lie on the same branch of j, and this touches one of the 
self-corresponding lines, and if this is not invariant, one of the invariant 
points on it is adjacent to D. Conversely, the invariant lines touch 7, but the 
self-corresponding lines do not, except in the special case when a D coincides 
with 0, The other branches of j through O form »—1 associated pairs, 
touching conjugate rays. 
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In the notation. of p. 102 with a = — 1, the isologue Ox, locus of conjugate 
pairs collinear with X (&, 7, €) is given by 
Ox Ana = & ; g | 


| 
a, ee 


i, yh 6 
At O, (0, 0, 1), this touches j (an + y&), the only variable tangent being con- 
jugate to 0,X. The isologues are of degree 2v + 1, and the base points of the 
net are: the (2v —1)-fold point O,, with 2v—2 adjacent simple base points 
on j, the 2n—2 simple F-points and 4y + 4—2n isolated invariant points. 
The free intersections of two isologues Ox, Oy are the v pairs of conjugates 


On AO%, 


8. Self-conjugate curves (30). 


In all three cases, there are a certain number of self-conjugate v-ics and 
pencils of self-conjugate (v + 1)-ics. 

Let O,...0, be n—1 simple F-points, one from each associated pair; 
there are 2" such sets. The family of monoids (f,)=0,"7 O,... 0, is 
cont and f exists if 24 2n—1. Any member ~ a curve of the same 
family which meets it in 24 —7n points other than F-points, and if it contains 
2u —n+ 1 or more invariant points, it either is self-conjugate, or else breaks 
up and has a self-conjugate part. Now / contains at most two invariant 
points, one on each self-conjugate ray. We therefore take uw so that 


n—-1lS2Qwsn+t+l. 


Case i. Here n=2v, w=v, and f,=0,"1(0,...0,D,)' is determinate 
and self-conjugate. It therefore meets OD,;D, in an invariant point, 
Ds; say. 

If we make the monoid pass through D, instead of .D,, we obtain a 
different self-conjugate curve, meeting f, in v* points at =O, and therefore 
not meeting it at D,, but passing through D,, D,. If, instead, we exchange 
any f’-point, O, say, for its associate, we obtain a pair of self-conjugate 
curves through 0,” O,'0,... O,, and either D,D, or D,D;. 

Since n +1 is odd, the set O,'... 0,’ D.D, does not lie on any of these 
curves. But the monoids (/,,,)= 0,” O,'... O,/D.D, form a pencil which 
~ itself in involution; each of the members throughtO;, 2-0), D, ar Ds is 
degenerate and self-conjugate; hence the involution in the pencil is identity, 
and every member is self-conjugate. The pencil determined by 

OOo OD: 
is wholly degenerate. 

Thus we have 2% self-conjugate v-ics, and 2” pencils of self-conjugate 
(v +1)-ics, each set falling into four groups, through D,D;, D,D,, D,D, or 
DD, respectively. 
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Case ll. Here n=2v+1, w=v or v+1; each monoid contains one 
Invariant point on A,. Then f,= 0," (0,... 0,)! is determinate and self- 
conjugate, and meets OD,D, in an invariant point, D, say. We obtain 27 
such curves by exchanging associated pairs of F-points and also D,, D,. Now 
0,” O,..~0,D, determines a degenerate pencil, but the general member of 
the proper pencil (fii:) = 00, ...0,D, meets its homologue in (v+1) 
base points and in one point of A,, and is self-conjugate. Again we have 
2” self-conjugate v-ics, and 2?” pencils of (vy + 1)-ics; half pass through D, 
and half through D,, 

Case ii. Here n= 2v+2, »=v+1; each monoid contains two invariant 
points on Ay. Then (f,11) = 0,” 02... O,, if it is proper, is a pencil of self- 
conjugate curves; the member through 0,’ =its homologue, which breaks up 
into the P-line 0,0, and a self-conjugate f, =0,"0,0;...0,. This is 
already determined without 0,’; hence of the pair O,, O,', one 0, is specially 
related to the set O,...O,, by lying on f,, and O, is not so related; there 
are 2”~ such special sets. The pencil (fi4:) = 0,” 0,'0;... O, breaks up into 
J, and the pencil of lines (0,). . 

Thus in all three cases we have 2” self-conjugate v-ics, and 2” pencils of 
(v + 1)-ies. 

In each case, two of the self-conjugate pencils which have all their base 
points common except two determine the J; as the set of pairs of their free 
intersections. It is also determined by any one of the pencils and the 
involution of lines (0,). 


9. Reduction (25, 30). 


A T, between S, S”, applied to 0,0,0, reduces J;, to an involution 
Ll’ =T,.1,.T, in 8” (p. 96). By 7,7, a line of 8S” ~ a conic through 
0,0,0;, by I; this ~ an f,_. = 0," *0,0;0,0, ...0,,0,, and by T, this ~ an 

Cia 01700, 4, 0;,0,,". Hence I” ois: an’) J5q2)} its) invariant 
system is the homologue by 7, of that of /;, and I’, J; are in the same case. 

The process repeated reduces J; to I, or I, according as n is even or odd; 
and J, can always be reduced to J,. Hence every non-central J; can be 
reduced to J,. 

We can always reduce the different cases to each other. If J; is in case 11 
or iii, it has an invariant line A,; let D be any point of this, and apply 7’, to 
0,0,D. Then Ij, is reduced to an Izy). Since A, is a P-line of T,, itv a 
point D”, isolated invariant for I”. Of the other points of the P-line of 7, 
which ~ D, one only is invariant for J”, arising from the invariant direction 
at D, other than DO, which is principal for 7,. Hence A, is replaced by a 
pair of isolated points, and J” also has invariant the homologue of the rest 
of the invariant system of J,, unaltered in nature. Thus case ii 1s reduced 
to ii, and ii to i, each time with a reduction of degree by 1. 

We can also reverse this process, applying 7, to 0,0. and an isolated 
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invariant point D; and thus reduce i to ii or ii to iii, decreasing the degree 
by 1. In particular, a 7, of even degree can be reduced, one way or the 
other, to odd degree. 

These reductions fail if all the invariant and simple F-points are 
adjacent to 0,, and no pair O,, O; or O,, D lie on a linear branch. The 
alternative processes can be applied here also, and the work on linear 
systems based on the earlier method has been completely established (p. 390). 


10. Central I; (25, 30, 42, 357). 


Now let the involution of rays (O,) be identity; then the join of any 
conjugate pair PP’ passes through 0,. The transformation is central, and of 
class 0, and has an invariant curve A of maximum degree n, containing all 
the intersections of any line with its homologue. There are no isolated 
invariant points. 

Each ray bears an involution of conjugate points. The two d.p.’s D,, D, 
are invariant for Jj, and are the only free intersections of the ray with A. 
The rest are at O,, hence A=O,"*, and there are n—2 rays touching A 
at O,, for which D, is adjacent to O, and therefore lies on 7; thus all the 
branches of A at O, touch 7. 

There are 2n — 2 rays touching A elsewhere; on one of these, D, = D,, the 
involution is improper and the ray is a P-line and the point of contact an 
F-point of both systems, associated with itself. Thus A= 0," 0O,... Om, 
and every branch through an F’-point touches the corresponding P-curve 
there. 

On a general ray, any conjugate pair divides D,D, harmonically: this 
determines the transformation when 0,, A are given. The simplest examples 
are general inversion, when n=2, and the Arguesian transformation when 
n = 3 (p. 116). 

No ray / can be an invariant line; for the residual of A would completely 
determine the J;, independently of U. 

Since this is a central 7’, which coincides with its reverse, it is represented 
by (pp. 99, 104) a4 

Ce bat a0 Ry oS 


. 


where b= eUn i FU, P= nee — Urs 
R=4— $= 2 Ug_2 — 22Un_1 — Un, 


and the P-rays are Un Un—» + Wy 


Letom : 
Now } =35,° and is the first polar of O, with regard to A. This also 


follows because 7 is the locus of Q the homologue of O in the involution on 
each ray, and {OQ, D,D,}=-—1; or again because j touches each branch of A 
at O and passes through the points of contact of all tangents from O to A. 
This accounts for all the intersections of j, A, which are all at F-points. 
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Any multiple point of A lies on the first polar, and absorbs at least two 
intersections of A, 7. Hence if the F-points are distinct, A has no multiple 
point other than 0, and is of genus 


p=} (n-1)(n—2)-4(n—-2) (n—3) =n-2, 
and of class n(n—1)—(n— 2) (n — 3) = 2 (2n— 8). 


If the F-points coincide, p may be lower, but not higher; hence if p is given, 
the degree of J; 2p +2. 


11. Singularities of A (25, 112). 


There can be no triple or higher point D on A other than O,; for A would 
break up, with /=0,D as a component, and we have seen that no ray is 
invariant; J would be a factor of A, and therefore of tn», Uni, Un and of 
j, $, and I; would degenerate. 

If A has a dp. other than O,, it reduces the genus by 1 and the class 
by 2, and absorbs two intersections with j, and two F-points, which are 
adjacent on a common fixed tangent to (¢), j. 

At a general point D of A, the two invariant directions are DO, and the 
tangent to A. If D is an F-point O,, these directions coincide, and the 
involution is improper, and every direction ~ 0,0,. For the homologue of 
any line through O, breaks up, and the only branch through O, is the 
P-line 0,0,. But if D is a d.p. of A and a pair of F-points 0,0, are adjacent 
here, a general line through 0, ~~ a homaloid through O;, and both pass 
through D in general directions. The involution of directions at D is again 
proper, with the two tangents to A as double elements; the direction 
0.0, ~ 0,03, which is the tangent to () and j, and these directions are 
harmonically conjugate with regard to the tangents to A, as may also be 
seen from the harmonic range (OQ, D,D,) on an adjacent ray. 

Conversely, if O,0, are adjacent, the point is double on A; for if A had 
only one branch, it would touch both the P-line O,0, and also 0,0; which is 
a different line (p. 99). 

Now A may also be specialized by having O, as an (n —1)-fold instead of 
an (n—2)-fold point. Then no tangent from O, to A touches it elsewhere, 
and all the simple F-points are adjacent to O,. Each ray / contains only one 
other point of A, and one of the d.p.’s of the involution on / 1s at Omrlt | 
touches A at O,, the other d.p. also coincides with O,, the involution is 
improper and / is a P-line which ~ Q,, or rather the point adjacent to O, 
on J, Thus j breaks up into these n—1 rays, fixed tangents to (¢) and A 
at O,; and n—1 simple F-points are adjacent to O, in the first neighbour- 
hood, one on each branch of (¢), and the remaining  —1 #’-points on some 
or all of the branches, in the second or higher neighbourhoods (p. 131). 
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12. Reduction of central I; (25). 


The genus of the invariant curve is unaltered by any reduction of the 
involution: if A is of genus p 21, we cannot reduce J; to J,. The lowest 
degree to which we can reduce A is p+ 2, when it has a p-fold point and no 
other singularity. Hence the utmost reduction possible for a central 7; with 
an invariant curve of genus p, is to an J, of degree p + 2, for which A has no 
multiple point except the vertex, and therefore all the #-points are distinct. 

If A, has two d.p.’s, say O0,=0,; and 0,=0,, a T, applied to 0,0,0, 
reduces A, to the type A, .=0,"*O,... On, and no other invariant 
elements arise. The pencil (O,) ~ another pencil of self-conjugate lines of 
the reduced involution, which is another central J;, with the degree and the 
number of d.p.’s of A each reduced by 2. 

We repeat the process till A has either one or no d.p. at Oy... Om. 
If there is only one, and there is another F-point 0,, simple on A, a 7, 
applied to 0,0,0, eliminates the last d.p. of A. If there is no O,, then I; 
has only two F-points other than Q,, and is an J,, reducible to J,. 

If A=0,"", it is rational, and can be transformed into a line by an 
auxiliary 7’; with O, as vertex and general points of A as simple F-points, or 
by the equivalent series of 7’,’s. The reduced involution has a pencil of self- 
conjugate lines, with A of degree 1, and is J,. 

If A breaks up, since no ray is invariant, A consists of two monoids A,, A,, 
both rational, and the only d.p.’s of A are their intersections. A T, applied 
to O, and two of these reduces the degree of each of A,, A, by 1, and 
eventually makes one or both disappear, unless there is only one intersection, 
when each is a line and J; is quadratic, reducible to J,. 

Thus in every case, a central [7, with A of genus p can be reduced to J, 
ifp=0; andif p21, to ;,p4. with distinct F-points. 


13. Self-conjugate curves for the central I; (42). 


Since each F-point lies on its corresponding P-curve, it gives rise to a 
self-conjugate family (p. 91), a simple F-point to the pencil of rays (0,), 
and O, to (fr) = 0," 02... On. Any member of this meets A in 2n —4 
general points, which lie on the homologue /’, and f, f’ meet in (n —1)?+ 2 
points and coincide. 

This is one of a series of families of self-conjugate curves of the type 

To Ca SOeF Oz. Os ey 
which exists if 
o@2Z=2, aSn-2, as3y-1 
and has at least 834 —1—a degrees of freedom. Any member meets A in 
2n + 2u—4—a general points =D; these lie on the homologue 


Fw = Of 0, Oe Oats (Oa+s eae Om—1)? (Dy, 
where fw =2n+pm—-2—-a, 
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and the number of free intersections of f, f’ is 2(n+y—2-— a). This is 
negative if 

azZn+p—l1; 
then f, f’ coincide or have a self-conjugate curve as common part. With the 
former conditions for a, this gives 

4nSpen-l. 
The family arising from 0, is the highest of these. 

From the next highest family we obtain a relation between the F-points. 
Let w=n—2, and therefore n24, a=2n—3 or 2n—2. There is an w+ 
family, 

Ce) = Ona 0, tee (Oe nwt iG) = CHER 0, nee Cie. O2 es 
Unless the F-points are in such special positions that f,-. breaks up, it is 
part of f’,., which breaks up into 0,0,,_, and f,-. which must pass through 
Oon-1- Thus any one of the F-points belongs to the base of the Chie) 
determined by all the others. 

If n = 4, the six simple #’-points lie ona conic. If n= 5, the nine F-points 
are the base of a pencil of cubics (302, 303). 

This also follows since the /-points lie on 

Un—4 (P+ 2) + UnsJ = 2Un—o(ZUn—4 + Un—s) + Un—s Un — Un—z Una; 
from which the factor w,_, can be rejected if the 2n — 6 parameters contained 
IN Ups, Un—s Satisfy n — 2 conditions; there remains the «0”~ family (f,2). 

The lowest value of w is $(1 +4 €), where ¢ =O or 1 according as n is even 
or cdd. Then the lowest value of a is 83u—1-—e and the freedom of the 
family is e. 

Thus for n even, there is a determinate /;,, and for n odd, a pencil ( fyin41), 
all self-conjugate and passing through all the F-points. In any case there is 
a pencil of degree $(n—e)+1, and the J; can be generated by the inter- 
sections of the pencil of lines (O,) with this or any other pencil selected from 
any of these families of self-conjugate (/,) = 0%. 


14. Constructions (275, 302, 303, 357): 

Conversely, any pencil (f,,) = 0,“~’, and therefore with 4 —4 simple base 
points, generates, by its intersections with the pencil of lines (0), a trans- 
formation whose characteristic is n =2u—1; 1%? (44 —4)!, and which is a 
central J, of odd degree. If any line J of (0,) is part of an /,, it is a singular 
line of the pair of pencils, and the degree of J; is reduced by 1. The two 
intersections of J with a general 7, are base points of the pencil (7) but not 
F-points of I;. 

The J, is determined if we have any means, such as the intersection with 
(f.), of determining the involution of conjugate points on each ray through 0,. 
One pair is determined by any given self-conjugate f,=0,*~*, which may 
consist of a given line together with its homologue. Or we may be given the 
two d.p.’s of the involution, by means of their locus A; or if A breaks up, we 
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may be given the locus of one d.p., which is a monoid vertex O,, and one pair 
of conjugates. An example is given in 108, where one d.p. is at O,, and a 
given monoid f, ~ the line at 0; then (d,) osculates all the branches of aoe 


at O, (p. 109). 
iNt OTHER SPECIAL TRANSFORMATIONS 


15. Examples of T, 1?4* (80). 
For n=8, the two equations of condition for the characteristic numbers 
become 
2o,+0,=6, 40,+0,=8, 
with only one solution ¢,=1, o,=4. The only cubic characteristic is 
(Ss Be Wea 
and it is self-conjugate. 

Since the second F-system also consists of 1°4:, the first P-system consists 
of one conic and four lines. We determine these by inspection; they are the 
four lines joming the double F-point O, to each of the simple points 
O,... Os, and the conic O,... 0;. These all meet (¢;) in F-points only. Let 
the associated F-points of H’ be O,', ... O,’, 0, respectively. 

We have seen (p. 57) that the general 7’, can be compounded of two T's 
having one common F-point in the intermediate plane. Conversely we can 
in general resolve 7; into a TZ, applied to O,0,0; and another 7,. There 
is, however, a case of failure, discussed below, when all the F-points are 
adjacent. 

Consider the example (183): 

DY che = Bae (Erte) e z(a@+yP : 2 (x2+ 2), 

ery: =a (ye — 2): (y — a) (ye — 2”): oe: 
The numbers of distinct F-points are different in the two planes. This is no 
exception to Clebsch’s theorem which deals with the numbers of points in 
the characteristics, and takes no account of adjacence. 

In S, the double F-point is (0,0, 1); one simple F-point is distinct at 
(—1, 1, 1), and the other three adjacent at (0, 1, 0) where (¢;) osculates z. 
In 8’, the double F-point is (0, 0, 1), with one simple F-point adjacent to it, 
one tangent to (@,') being the fixed line y’, and the other variable; the other 
three simple #-points are adjacent at (0, 1, 0), where (¢,’) osculates y’2’ — wv”. 
The first P-conic breaks up, but not the second (p. 19). 

The 7, with the three distinct F-points of (¢;) as F-trio: 


Oy sa’ =al(aty):(@t+y)(e@+2): «“(a+2), 
ory: = Be" el (y"—2") se" (y"—2"), 
converts (d;) into a net of conics in 8”; and this 7, is compounded of the 7, 
just given and another: 
ery sea 2" (yl — a"): y (y" — 2"): 2%, 
By ie = ye —e? x yxfe ae ea 
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The next example is the simplest case of failure of a 7, to reduce the 
degree of a homaloidal net (354) : 


ERY ne Shop y® 3: Ye + 2°, 
CEM De ae YO: yg — ie 
In each plane, all the F-points are adjacent at (0, 0, 1) and the homaloids 
are cuspidal cubics with eight fixed intersections at the cusp, where they 
touch y or y’, but do not osculate any linear branch. We cannot take 0, and 
two simple F-points as F-trio of a 7, and cannot resolve this T, into two 
T.’s; we can however resolve it into three. 
Apply the 7, 
B32 Ys se = GP: wy: YZ, 
Te Ue Zee Ye 8 eee Zh, 
whose homaloids in S touch (¢;) at O, the third F-point of 7, being the 
general point (0, 1, 0). This transforms 


(d3) = cay? + coy? + C3 (yz + 2°) 
into (p3’) = Cay? 4h. Gy? = Ce. (CB ak, e*), 
a net of nodal cubics with two fixed tangents w”, y’ at (0, 0, 1), one branch 


having four-point contact with the fixed linear branch yz” + a”. 
A second T,, whose homaloids osculate this branch : 


Ua THI. tt i It AA es ATLA Vs 
ee Ce EY BY SY Gil 
” aA Whhe tbh is /119 MW 


Ce ee ae ROSY ay AZ. 
converts (¢;) into the net of conics 


ttt 
2 
av ? 


(d."”) - Caos £5 Cx? du Cyt 2”, 
and our 7’, is compounded of these two 7’,’s and a third: 
a’ : y : g 2s ee : ee : we 


K 19 r Ree fied 
De eee PY AY 2 


16. Metrical examples in one plane. 


Draw PX, PY perpendicular to fixed rectangular axes OX, OY, and let 

P’ be the reflexion in X Y of a fixed point O’ (202). 
In Cartesian coordinates, if O' is (a, 6), these conditions are expressed by 
aw—-a y aS dae 


? 


x 2, 
y—b &« # y 


and the transformation is cubic: 

a’: y :1=4 (a —y) + 2ay (y —b): —b (ey) + 2ay(w@—a) +’, 

Dyk =(y' —b) (a? + y°—@ — 8): (# —a) (a? + y? — a? — 6) :2 (a —a) (y' — 6). 
The double F-points in S, 8’ are O, O’, and the corresponding P-conics are 
the circle centre O through 0’, and a rectangular hyperbola centre O' through 
Q. The simple F-points in S are the points Ay, A, at infinity on the axes 


8 
i 2 ie On Ig 
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and the imaginary points (a + 7b, b F ia) on the circular lines; in S’, they are 
the circular points at infinity and the reflexions of 0" in the axes. 
In homogeneous coordinates, the invariant points lie on 
2b, — x; = 2 (y — bz) ly? — Be? — (a — az)? 
and zh, — yds = 2 (a — az) {x — a2? —(y — bz) 
(p. 78). 
There is no invariant curve, and the class of 7, is 8. We expect n+2=5 


isolated invariant points; setting aside the F-points and the extraneous 
points on ¢;, we only find two at oo and one finite: 


D,(1, 1,0), D(1,—1,0), D{a(et+o), —b(@+b), aD}. 


To investigate D,, write v+y=& «—y=7n; then 7 =z=0 at D,. The first 
set of equations give 


E's nse =2(a—b) Enz + (FP — 7°) (E—-(a +6) 2} 
> 2(a +b) Enz — (& — 4°) {pn —(a—b) 2}: (E+ 9) 2. 


Fig. 4. A metrical 73. 


x 


The homologue of the line 7’ + cz’, through D,, touches — 
—n+(a—b)z2+cz; 
whence the invariant directions are z the line at «© and » —4(a—b) z, joining 
D, to the midpoint of OO’. To a first approximation, 
fin —t(a—b)e se =F: —{n—-$(a—b) 2}: z, 
and corresponding directions at D, form an involution. 


In the first invariant direction, corresponding points are on opposite sides 
of D,; in the second, the adjacent point is invariant. 


Similarly at D, there are two adjacent isolated invariant points. 
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To investigate D,, write E= bx + ay, n = ax+ by —(a?+b*) z, both of 

which vanish at D,. We find 

Eo: : = Qayn : 2E (wy — Ez): (@ +?) z. 
This is a point of first kind with invariant directions £ + y, that is, D,D, and 
D,D,, and with no adjacent invariant point. 

Thus the five isolated invariant points are two at D,, two at D, and one 
at. .D,. 

If O’= 0, a=b=0, then P’ is the projection of P on the reflexion of OP 
in the bisector of XOY (53, 276, 415, 416). 

We have Deel eee e205 Bary: ae YP, 

ery :l=y (a?+y”): a (e+ y): Qax'y’. 
The imaginary simple F-points in S and the real ones in S’ are adjacent to 
both double F-points at O; both P-conics break up. We have 
POP LI = POR MAA) =i 1, 
and, except for questions of reality, the direct and reverse transformations 
have the same properties. 

The rays of the pencil (O) are in involution, and the double rays # + y are 
invariant lines, and absorb all the isolated invariant points. The class is 
reduced to 1. A general point of either invariant line is of first kind, and 
corresponding directions are in involution, being equally inclined to the 
invariant line. 

Repeat the construction ; in polar coordinates, 


ren) =r sin2” 9 6, Qn) = 8, 


yp ent) =/r gin2”+1 26, @ (2n+1) = 


rola 


and in Cartesian coordinates we have 

tee ACL : ye : 1 = gy (2xy)” : y (2ay)” : (2 +y?)", 

Tee, gent) - yore :l= gi 2ayyet -2 (2ay)j" : (a? + Tigh wis as 
Each of these is a 7’, of odd degree, with half the simple F-points adjacent 
to O, in the circular directions, and half at oo on the axes. If the successive 
reflexions of the radius vector are in different fixed lines, the F-points at oo 
are distinct (p. 105). 

In a similar example, P’ is the projection of X on OP ; this gives a central 


£; (213, 331)- 


17. Space constructions (29, III‘I). 

The construction of p. 100 gives the general 7; P, P’ are the intersections 
with S, S’ of rays meeting a fixed line / and a fixed conic k, which meets / 
once. Let 1, k meet S in O, and O,, 0; and meet S’ in Os and Ox, 0, 
respectively. The double F#-point in S is O, and the simple F’-points are 


O,, O, and the projections from O,' on S of Oa Os 
8-2 
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In another construction, P, P’ are the intersections with S, S’ of the same 
variable conic passing through two fixed points, one on S, one on S’ and 
meeting a fixed conic twice. 


18. General involutory case; I, 1°4'. 


If 7, is involutory, the planes are superposed, the double F-points coincide 
and also the groups of simple F-points. The pencil of lines (0,) ~ itself, and 
in it J, sets up an involution which may be proper or identical. 

If it is proper, the simple F-points are associated in pairs lying on 
conjugate rays, say O. = O;', O; = O.'; O,= O5',.05= O4.. 

Since this J, is not central, the class y 2 1 and the invariant curve A is of 
degree w= 1. Since »+2v=38, we have »~=v=1. Then A, passes through 
O, and is one of the double elements of the involution of rays; the other is 
a self-conjugate line, not invariant, bearing an involution of points with two 
d.p.’s D,, Dz, isolated invariant points of J;. 

There are four other self-conjugate lines such as 0,0,, joining F-points 
that are not associated. Each bears an involution whose d.p.’s are its inter- 
section with A, and either D, or D,. We can take as collinear 


0,0,D,, O50, 0 0,0;Dz, 0; 0, Dz. 


Since 0,0, ~ 0,0;, these meet A, in the same point D, which with D,, D, 
forms the diagonal triangle of the quadrangle 0,0;0,0;. 

The isologues all drop A,, and are the net of cubics 2, through the seven 
points O,... 0; D,D,, of which five trios are collinear (p. 125). If X lies on 
any of the self-conjugate lines, this is a part of x; the residuals give five 
pencils of self-conjugate conics, (O0,0;0,0;) and four such as (0,0,0;D,). Each 
of these conics meets its homologue in the four base points and two points 
of A,, and therefore coincides with it. 

If O,, O; are adjacent, 0,0, is a double ray of the involution which is 
principal for J; and therefore not invariant. Hence it is OD,D,; the involu- 
tion on it is improper, for every point ~ O,; the d.p.’s D,, D, coincide at Q,. 

All the properties of J; can be studied by reducing at, toed saapy an ls 
between S, S’’ applied to 0,0,0,. 


19. Central I,; Arguesian transformation (90, 339, 340, 357, 376)- 


If the involution of rays of the pencil (O,) is identity, each is self- 
conjugate for 7,, and bears an involution of conjugate pairs PP’. Since PP’ 
always passes through O,, a general line contains no conjugate pair, but meets 
its homologue in three invariant points; hence »y=0, w=38; the invariant 
curve A, is of maximum degree, and there are no isolated invariant points. 

Now A, meets each ray 1 through 0, in the two d.p.’s D,, D, of the 
involution on it, and in no other ordinary point; hence A; passes simply 
through O,; and any pair P, P’ divides .D,D, harmonically. Also O, ~ the 
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other intersection Q of 1 with the P-conic jy which ~ O,, and 0,, Q also 
divide D,D, harmonically, and 7 the locus of Q is the first polar of O, with 
regard to A,. 

If 7 is the tangent to j at O,, then 0, = Q= Dj, and 1 also touches Noavlt 
l touches A, elsewhere, the involution is improper and D,, D, coincide at the 
point of contact, which ~ every point of J. These are the P-lines and simple 
F-points, each associated with itself, thus 0, ... O; are the intersections, other 
than O,, of j, As. 

Any conic through 0, ... 0; ~ another conic through 0, ... 05, also meeting 
the former in its two other intersections with A,, and therefore coinciding 
with it. This pencil of self-conjugate conics with the pencil of self-conj ugate 
lines (O,) generate the J;. 

We can construct P’ as the conjugate of P in the involution determined 
on OP by any two fixed conics of the pencil; the invariant points on OP are 
its points of contact with the two conics of the pencil that touch it. In this 
form, the J; is known as the Arguesian transformation. 

If the F-points are not in general position, the degree of the involution 
may be reduced. If 0,0,0, are distinct and collinear, their join drops away 
from j, A and (#), and the transformation, known as the triangular Arguesian, 
is quadratic. If O0,0,0, are collinear also, it becomes linear (341, 357). 

Since the central J;, in the general case, has an invariant curve of genus 1, 
it cannot be reduced to J, or J,, which can only have rational invariant curves. 
A T, applied to 0,0,0, or to 0,0, and a point of 4;, leads to another J; of the 
same type. 

Reduction is possible if A; has a dp. D. First suppose this distinct 
from O,; then two of the intersections of A;, 7 are at D, and twe F-points 
coincide there, say O, = 0; = D, being adjacent on a common tangent of J, (¢). 
Now apply a Z,, between S, 8”, to 0,0,0,; a line in S” becomes in succession 
a conic in S through O,, 02, O,,a conic in S through O,, 0; = Oz, Os, and a conic 
in S” through O,”, 0,", O;. Thus J; is reduced to J,’’, and we know that 
this can always be reduced to J;. 

If A, has two d.p.’s, at O, =O, and O, = O,, it breaks up into 0,0, and a 
conic; the reduction to J, can then be effected by one 72. 

If the d.p. of A, is at O,, each branch touches j, which also has a d.p., and 
breaks up into the two tangents to A,. All the intersections of 7, A; are 
at O,, and all the simple F’-points are adjacent to O,, two on each of the two 
branches of (#), which touch j and osculate fixed conics. 

This J, is reduced to I, by a T, applied to O,, an adjacent point of j and 
any point of A,. : 


20. Description of T, 3?3' (78, 80, 340, 344). 
Of the two quartic characteristics, one is 7, 1°61, and the other is the 


semi-symmetric 7’, 33. 
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Let H =(0,0,0;)? 0,0;05. By inspection, the P-curves are: 

(i) the three lines j,, Js, Je, Joming pairs of 0,0,0,. These partition the 
group of double F-points, and each selects the point through which it does 
not pass; the group is of negative determination. These P-lines ~ three 
simple F-points 0,', O,', Os of H ‘associated with O,, O2, O; respectively. 

(ii) the three conics j;, jo, Js through 0,0,0, and two of 00,0; these 
partition the group of simple F-points, which is also of negative determina- 
tion, and ~ three double F-points O,’, O.’, O;' of H’, associated with O,, O05, Os 
respectively. 

This exhausts the total degree 3 (4—1)=9 of J, and there are no more 
P-elements, H’ = (0,'0,'0,')* 0,/0,/O,', and the characteristic is self-conjugate. 

The ¢, which ~ O,'0,' breaks up into j,, js, which are both conics through 
0,0,0,. If the double F-points in each plane are taken as triangles of 
reference, the equations of 7, can be put in the form 


LT wl a> by Ga, 6b, Ge OG 

eM Meee Maine Saat iis eI RM EO wi OF) 
equivalent. to. #9749 22 — sje a eh ne yas 
where j= nye + bzx + cay, etc., 

Let, lapel 
AG Bain 
in the determinant of the coefficients. 

This shows how 7’, can be resolved into two 7’,’s in standard form between 
SS Seana ws 2 ae 


a ” ” iE as 3 WHE HOP 
EUR Sep RS at : 
“ZY z 


and the simple /’-points are ( ) etc., where A. is the co-factor of a, 


2 
together with a linear transformation between S”’, 8’””. 

If the six F-points in S, and O,’, O,’, O;,’ in 8’, are given, 7’, has two 
degrees of freedom, for j,, J, 7; each contains an arbitrary multiplier. It is 
shown in 344 that it is determined by any set of ten F-points. 

From the homologue of the line 0,0,, a P-conic and P-line are dropped, 
leaving as proper homologue the line 0,’Q,’ joining the associated F-points. 
In the same way, 0,0, ~ the conic O,'0,'0,'0,'0,’.. The net of conics through 
0,0,0;, ~ the net of conics through 0,’0,'0,'; each net contains the three 
P-conics, and also three pencils of degenerate conics, the fixed part being a 
P-line, and the corresponding pencil of the other net having an F-point as 
additional base point. 

The pencil of conics through 0,0,0;0, ~ the pencil of conics through the 
four associated F-points. The two nets of cubics through all six F-points also 
correspond. 

The normal resolution of 7, consists of one step only; a 7, applied to 
0,0,0, transforms (¢,) into a family of conics through the homologues of 
O,, O;, O.; and T, is resolved into two 7,’s (p. 56). 
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21. Constructions. 


A simple space construction is adapted from 383 (see also 114). It can 
also be regarded as a generalization of the construction for 7, of p. 41, § 14. 

Let 1, l,, 1,’, 1.’ be four skew lines on a cubic surface f;; then points P, P’ 
of S, 8’ correspond if the transversals X, X’ drawn from P, P’ to meet l,, J, 
and 1,’, J,’ respectively meet in a point X of f,. 

The degree of 7, is the number of pairs P, P’ of which P lies on a given 
line J of S, and P’ on a given line J’ of 8S’. Now A meets J, J, J, and lies on 
a quadric meeting f; in l,, /, and a curve hk, meeting each of 1,’, J,’ twice; and 
X’ lies on a quadric through 1,’, /,’, meeting k, twice on each of 1’, J,’ and in 
four other points, which are the possible positions of XY; hence n= 4. 

Let O,, O, be the traces on S of J,, J,, and O,’, O,' the traces on 9’ of 
l,’, l,’. The double F-points of S are O,, O, and the trace on S of the one 
line of f, that meets /,, J, but not U’ or J,’; the simple F’-points are the 
homologue of O,'0,' and the traces of the two lines of f; that meet ,, J, and 
one but not both of 1,’, 1,’. 

If the planes are superposed, the transformation is not involutory. Now 
P=P’ if P lies on f;, and there is an invariant cubic A,, which breaks 
up into a conic and line or three lines for special positions of S with regard 
to f;. Since » = 3, the class is 1, and the transformation is of the maximum 
degree for its class (p. 82). 

A space construction of a special case is given in 78. Let 8, S’ meet 
in J, and let three points O,, O,, O;; Oy’, 02’, O,’ be given in each. Then 
P ~ P’ if the two pencils of conics (0,0,0;P), (O,'0,'0;’P’) cut out the same 
involution on J. The double F-points in S are O,, O,, O;, and the simple 
F-points are the intersections of / with O,'0,’, 0,'0,’, 0,'0,'.. Thus all six 
simple F-points are collinear. See also rz1°1. 

A special case in one plane of some interest arises if each F-point coincides 
with its associate. Then 0,0, ~ itself, and the intersections of 0,0,, O0,0,, 
0,0, are invariant points. Also 0,0, ~~ 0,0, in 7, and in 7,", and their 
intersection and the two similar points are also invariant. Since six is the 
maximum number of invariant points, there 1s no invariant curve and the 


class is 4 (p. 78). 


22. Involutory case; I, 33! (50). 

If this 7’, is involutory, the double F-points of H, H’ coincide and also 
the simple /-points; and each of O,, Os, O; is associated with one of 
O,, O;, Os. We can therefore take 0,=0.', a=1... 6. . 

Apply to 0,0,0; a T, between S, S’’; this reduces J, to a linear involu- 
tion J,” in 8”. Let D”, A,” be its invariant point and line. By f., these 
~ the invariant system of J,, consisting of an isolated invariant point D of 
second kind and an invariant conic A,= 0,0,0;. Hence the class of J, is 1. 

By 7,, the lines and homaloids of I, ~ conics through 0,''0,'"0,"" and 
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conics through 0,'0,'’0,’" respectively ; hence these trios correspond in J,”, 
and the six points lie on a conic, which ~ a line through 0,0;0,. Hence the 
three simple F-points of I, are collinear. 

Also the lines joining the pairs 0,'0,”, 0,05, 0O,'O", homologues 
in 1,/’, meet in D’’; hence 0;0,, 0,05, 0,0; meet in D, and the three joins of 
associated F-points of J, are concurrent. 

By Z,, the point of 7, adjacent to O, ~ the intersection of O,/’O,’’ with 
0./'03'"; these are homologues in J,’’, and meet on A,’”’; hence A, touches j, 
at O, (p. 90). 

The pencil of lines (D’), self-conjugate for J,”, gives rise to a pencil of 
conics (0,0,0,D), self-conjugate ‘for I, In the same way, the pencils of 
conics (0,'’0,''05;''0,'") and so on, self-conjugate for [,”, give for J, three 
other pencils of self-conjugate conics such as (0,0,0;0,). These are the 
families that arise from the F-points 0,0,0;, which lie on their corresponding 
P-curves. 

If we apply 7, to 0,0,0, instead of 0,0,0;, we reduce I, to a general 
quadratic inversion, with an invariant conic, and the properties of J, can also 
be deduced from this. 

Since w= 2, v=1, every line J meets its homologue q, in two invariant 
and two involutory points. The locus of the pair, as / turns about a centre X, 
is the cubic isologue 

OQ, = 0,0,0;0,0;0,DX X’. 

From 0 ,, which has an additional branch through O,, the P-conic 
ji = 0,0,0;0;0, 1s dropped, leaving the self-conjugate line 0,0,D. The d.p.’s 
of the involution of points on this are D and its intersection, other than 0,, 
with A,. 

From Q),, the P-line j,= 0,0; is dropped, leaving a conic with a d.p. at 
O,, breaking up into 0,0,D, 0,0;05. 

If X lies on the self-conjugate line O0,0,D, this is part of the isologue, 
and the residual is a conic of the pencil 0,0,0;0,; and 1p consists of the 
three lines 0,0,D, 0,0;D, 0,0,D. 


23. Symmetric T;, 6? (73, 109, 278, 380). ®t 

Of the four symmetric types, the simplest is 7,, and next comes 7, 6°. 
This can be defined as the relation between points P, P’ which subtend 
projective pencils at two sets of five given points O,...0, and 0,'...0,' of 
S, S' respectively. 

If P is given, P’ is the one intersection, other than O,', 0,’, O,’, of the two 
conics defined by the cross-ratios 


Ei O05 000.3 = 2) OOO. (0,0; Os Og) = _P40;0,0503). 
One or both of these are indeterminate if P coincides with one of the given 
points, say O,; then the locus of P’ is the conic ji given by 


P' {0;'0;'0,'Os') = Op (0,050; 0; 
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The only other case of failure is when the two conics on which P’ lies 
coincide in j,’ = O,'... O;’; then. P has a determinate position O,. Hence 
O, ... O; are double F-points, and form H; and T is of degree 5. Similarly 

' He= (O70; Y. 

A line joining two F-points 0,0, ~ the line joining the associated points 
O.'Og'; there are 15 such lines. A conic through any four f'-points ~ a conic 
through the associated set; there are 15 such pencils of conics. The six pairs 
of F-points enter in the same way; any five pairs determine the 7, and the 
sixth pair. 

If three F-points, 0,0,0, say, lie on a line J, the homaloid $; breaks up 
into / and ¢,=(0,0,0,)?(0,0,0;) and T, degenerates into the 7, of the last 
paragraph. If all six lie on a conic qg, then ¢, breaks up into g and a cubic 
through O,... 03, which is not a homaloid; the transformation fails entirely. 

In general, referred to 0,0,0;, 0,'0.'0,', the equations of 7, are 

LEY Cee =), xs Uhe 1 2) fa: 

The point P and the conic P’0,'0,'0,'0,' are related in a quadratic 
correlation between S, 8’; and 7, is generated by two such, just as 7, is 
generated by two linear correlations. 


The 7, is normally reduced to a 7’, 3°3', and is therefore compounded of 
three T,’s. 


24. Involutory case; I, 6° (73, 260). 


If this 7; is involutory, the F-points coincide, and we have to determine 
their association in 0, 1, 2 or 3 pairs, the others being self-associated. 

Tf all are self-associated, the transformation is identity; hence there is at 
least one associated pair, say 0, = 0,’, O, = Oy’. 

(i) Let there be one self-associated point O, and therefore another O, say. 
Apply a T, between S, S”” to O0,0,0,; then J, is reduced to J,” with F-points 
Oe OMORS 

Now im J,;, 0,0, ~ 0,07 therefore in I,, 0,°0,' ~ 0,'0,”, and 0,” is 
gelf-associated for J,'’, which is not central. Hence O,’’, 0,’ are also self- 
associated for J,’’ and therefore O,, O, for Z;, which has not a second pair of 
associated F-points. 

Now the lines 0,0,, 0;0;, 0,0, are self-conjugate for J;, and therefore 
04/04", O3'05"", O3'0,"" for I,’’; and O,”’ is one of the four isolated variant 
points of second kind of J,’’.. Each direction at O,’’ gives rise, by 7), to 
a point of 0,0, invariant for J,, which thus has an invariant line A, = 0,0,, 
and also three isolated invariant points D,, D,, D, of second kind. Therefore 
this I, is of class 2. 

Now the sides of the quadrangle 0,0,0;0, are all self-conjugate for 15% 
hence its diagonal points are the invariant points D,, D,, D,. The other d.p.’s 
of the involution of points on the sides are the intersections with 4. 
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(ii) We have seen that there cannot be just two associated pairs of 
F-points, but there may be three. Let 0,2 0,40 = OF 0s=0 2 
A T, applied to 0,0,0, reduces J, to an I,’ with F-system 


O20 02 OF OF; 
O:0;:~-0;0;2 shenée 1 Ly Sa OK i ae 
WS Tite 
OO: load 0:0); ORL, lend Gs p) 


and J,’’ is central; its invariant system is A,’ = 0,'’0,'"0,"0;"0.". 

Now 0,0, is self-conjugate for I,; hence O,” is invariant for TI,’ and lies 
on A,’”. Thus J, has an invariant curve A, = 0,0,0,0,0;0,, and is of class 1. 
The H-line at a general point of A’ passes through O,”; at 0,”, O,’", being 
F-points of I,’’, these H-lines coincide with the tangent to A”, and do not 
give rise to isolated invariant points of J,; but O,’’ is not an ¥-point Ofitaas 
and the direction of the H-line gives one isolated point D of J;, lying on CG 
and, by a similar argument, on 0,0, and O;0, also. The six ’-points lie on 
three concurrent lines. 

A metrical specialization of J, is given in 22, 348, 407. Let O, be the 
orthocentre of the triangle 0,0,0;, and O;0, the circular points; let O,, O,, 
O,, O, be self-associated, and 0,0, an associated pair. The line O,0, is self- 
conjugate; conjugate points on it are harmonic with respect to its imter- 
sections with 0,0; and O;0; which is the line at , and are equidistant 
from 0,03. 

The circle PO,0,0,0, ~ the circle P’O0,0,0,0,, and these meet O,0,, which 
is perpendicular to the common chord 0,0;, in points equidistant from 0,0, ; 
and the circles are the reflexions of each other in that chord. Hence van den 
Berg’s construction: reflect the three circles through P and two vertices of 
a triangle in the corresponding sides; the three reflexions have a common 
point P’, conjugate of P in an J,. 

The homaloids are bicircular quintics; the fifth intersection of each with 
the line at 00 is invariant, and the asymptote is parallel to the corresponding 
line. 

If the whole figure is inverted with regard to O,, the inverses of P, P’ are 
conjugate in the metrical J, of p. 52. . 


iin Jf 
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25. Example of space constructions; T, 1/43'; 3124+ (383). 


In the space constructions for 7, and 7, (pp. 41, 119), we have a surface 
Ju and two configurations C, 0” lying on it, such that C together with a general 
point P of S determines a line X, and CO’, P’ another line X’; then P, P’ are 
homologues if A, X’ meet in a point X of f. In the constructions of 7’, or 7, 
by skew projection, we have C=O", X=N’, and f need not be considered ; but 
these constructions fail if the planes are superposed. In the second con- 
struction of 7’,, conics replace 2, X’. 

Now C, C’ may each consist of a single curve on f with one apparent d.p., 
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or of a pair of curves with one apparent intersection, such that the sum of 
the multiplicities on f,, of the two branches is ~—1. In the above examples, 
C, C’ are alike and with symmetric relations of incidence; this leads to 
self-conjugate characteristics. The following is 4 construction for the first 
characteristic that is not self-conjugate. 

Let f be cubic, C two skew lines 1,, ,, and C’ a twisted cubic &,’ meeting 
1, once and not J,. We shall show that this leads to 7, with H = 154?3 and 
A’ = 37124, 

As P describes a line J in S, the locus of X is the quadric fx=l1,l, 
meeting f; in /,, J, and a k, which is the locus of X; and Jr meets k,’ in six 
points, one on J, and five on k,, As P’ describes a line l’ in S’, then 2’, 
meeting 1’ once and k;’ twice, describes an f,/ = k’,?, meeting k, in 16 points, of 
which 10 are on k;’; and the 6 others are the positions of X for which P lies 
on / and P’ on 1’: the degree of 7’ is 6. 

To find the #-systems, consider how the construction may fail. First, \ is 
indeterminate if P is the trace O, of J, on S. Then the locus of X is a conic 
meeting /, twice, k,’ thrice, and f,/ in two other points; the locus of P’ 
is a conic and O, is a double F-point of H. 

If P=O, the trace of l,, the conic locus of X meets 1, twice, hk,’ twice, and 
J’ in four other points; O, is a 4-fold F-point. 

Next, X is indeterminate if \ lies on fy. Of the five lines of f; meeting 
l, and /,, two are chords of k,’ and three meet k,’ once. If X is one of the first 
pair, it =’, and P’ is determinate; P is not an F-point. But if \ meets k,’ 
once, ’ describes a quadric, and P’ a conic; this gives three more double 
F-points of H. 

Thirdly, P’ is indeterminate if X’ lies on S’, joining two of the inter- 
sections O,'0,'0,' of k,’, S’, and giving three simple F-points of H. 

Similarly, 7-! fails first if P’ = O,'; then 2’ lies on a quadric cone through 
ks’, meeting k, in 8 points, 5 on k,’ and 3 others; the locus of P is cubic. 
Thus O,, 02, O; are triple F-points of H’. 

It fails next if X’ is one of the six chords of k,’ lying on f,; two of these 
meet J, and J,, and do not give F-points; three meet /, only, and give P lines 
in S; and one meets neither /, nor J, and gives a P-conic. We have three 
simple and one double F-point of H’. 

The third case of failure of 7’, and the last simple F-point of H’, arise 
when P lies on 0,0,. 

Thus the characteristics of 7’ and 7 are 

n=6; 1443; 39174. 


26. Symmetric T, 7°; Geiser’s involution (30, 50, 68, 103, 132, 275, 346, 364). 
The next symmetric transformation is of degree 8, and has seven triple 
F-points, O,... 0, in 8, and O,’...0, im 8’. Then 0,’ ~ the P-cubic 
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j, = 020,...0,; the line J,’ = 0,'0,’ ~ the conic gip=0;...0;, and the 
equations of 7’, are 
lig. : Ley : ps = de jads : Osi je ds : Go itee 


If any three #-points le. on a line, or any six on a conic, 7, degenerates. 
For example, if 0,0,0; are the diagonal points of the quadrangle 0,0,0,0,, 
the six sides break-away from (¢s), and 7, becomes T, (239, 375). 

This 7’, can be involutory in only one way, with each F-point self- 
associated (30). It is then one of the four standard types to which all plane 
Cremona involutions can be reduced. 

This J, first arose as the relation between the two free intersections 
of cubics of a net () with seven base points O,...0,. The involution so 
determined can have no F-points but these. If P is adjacent to O,, all the 
cubics of the pencil (0, ... 0, PP’) touch at O,, and one member is the deter- 
minate cubic j, = 0,0,...0;, which is the locus of P’ as P— 0, in all 
directions. Hence each O is a triple F-point, and n?-1=7.3?, n=8; we 
have an J, 7°, each F-point associated with itself. 

We can also determine the nature of J from the principle of correspondence. 
The degree is the number of points P of a given line / whose homologues P’ 
lie on another given line /’. Now I is determined by the two pencils selected 
from the net by two arbitrary additional base points X, Y. Any point P of J 
determines one cubic of the pencil (O,... O;X); this determines three points 
P’ of I’, three cubics of the pencil (O,...0,Y) and nine points of J. This 
9, 9 correspondence of points of / has 18 coincidences ; these include the three 
intersections of 1 with the one cubic (O,...0,X Y) common to both pencils, 
each counted three times, and the point (J, l’) once; leaving 8 for the degree 
of f. If? passes through O,, the correspondence is 6, 6, and from the twelve 
coincidences we remove 3 x 2 +1, leaving five intersections other than O, of 1 
with its homologue ¢;; hence 0, is triple on (¢) (p. 96 of 385). 

The net (©) contains 21 degenerate members lagqae; the two components 
are conjugate, and their intersections are d.p.’s of an © and lie on the 
Jacobian of the net, A; =(O, ... O;). This is the invariant curve of J,, and 
there are no isolated invariant points; for the cubics of the pencil through 
an invariant point D touch one another there, and one of them has a d.p.; 
hence D hes on A. 

Every line meets its homologue in six points of A and one pair of 
conjugates: the class of J, is 1. 

The isologues are obtained by dropping A from a net of 9-ics through 
(O,... O;)®; they are therefore the original net of cubics (QO). Each of these 
has a centre X on it, such that the involution of conjugate points on Q is 
cut out by the pencil of lines (X). There are four d.p.’s of this involution, 
points of contact of the four tangents from X to ©; these are the free inter- 
sections of 0, A. 


vi] SPECIAL PLANE TRANSFORMATIONS 125 


An I, of this type arises as the relation between the two intersections of 
a line and its homologue in a general 7, ; for the pair are the free intersections 
of the cubics of the isologue net of 7, whose base points are the three 
#-points and four invariant points of 7. Conversely, any I, 7° can be so 
regarded ; the line / joining any pair PP’, conjugate for Z,, and the conic 
q = 0,0,0; PP’ can be shown to correspond in a 7;. For, since the class of J, 
is 1, any J contains only one pair PP’, and determines one q; and any 
q=0,0,0; meets its homologue k,=(0,0,0,)?(O,...0;)? in six pots at 
O,0,0;, six other points of A and one conjugate pair PP’, and therefore 
determines /, Thus /, q are in a1, 1 relation, for which (qg) is a homaloidal 
net and O,0,0, an F-trio. 


27. Degenerations of I, 7? (30, 50, 346, 364). 


If three F-points le on a line, this breaks away from (¢,), leaving a 
homaloidal net (¢;) = 4°3%. If six lie on a conic, since this meets any line 
twice, it breaks away twice from (¢,), leaving (¢,) = 1°61. These and their 
combinations give, as degenerations of [, 7%, all the characteristics with seven 
or fewer F’-points: 


No. Base points collinear and on a conic | Degree F-system 

1 567 7 (1234)? (567)? 
2 | 567, 347 6 (12)8 (3456)? 7 | 
3 | 567, 347, 127 5 (123456)? 

4 | 567, 347, 246 5 18 (235)? (467) 
5 | 567, 347, 127, 246 4 (135)? (246)! 

6 | 567, 347, 246, 235 4 18 (234567)! 

7 567, 347, 127, 246, 235 3 1? (3456)! 

8 | 567, 347, 127, 246, 235, 136 . 2 | (145) 

9 234567 4 13 (234567) 
10 | 167 234567 3 1? (2345)! 

11 | 167, 145 234567 2 (123)! 

12 | 167, 145, 123 234567 1 


In (1), the line / = 0;0,0, breaks away from js, j, and j,. Any point P 
of J determines the same degenerate pencil of cubics, consisting of J and 
the pencil of conics (0,0,0;0,). By Geiser’s construction, P ~ all the points 
of 1, including P itself, and / is part of Ae «But, for £, the) line, is 
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self-corresponding, not invariant, and P ~ another definite point of J, its other 
intersection with the conic 0,0,0,0,P; and J, is not identical with Geiser’s 
construction for points of J, though the two agree for general points of S. 
The invariant curve of J, is A, = (0,0,0;0,)? (0;0,0;)'. 

Since (Q) contains a degenerate pencil, this J; can be generated by two 
pencils, of cubics and of conics, with four common base points. 

Similarly, (2) is generated by two pencils of conics with two common 
base points O,, O, (409). This is the simplest example where the two pencils 
necessarily have a singular curve, the line 0,0, (p- 94). The F-point 0, 
of I, which is not a base point is the intersection of the other components 
0,0,, 0;0, of the two conics having 0,0, as part, and O, ~ 0,0). 

If P is a base point of one pencil only, one conic is indeterminate, and de 
is any point of the other; hence 0;, 0,, O;, O, are double F-points. If P is 
a common base point, 0, say, the two conics touch here; this condition sets 
up a homography between the two pencils, and they generate a quartic, from 
which 0,0, drops away, leaving as locus of the other intersection the cubic 
P-curve which ~ O,. Hence O,, O, are triple F-points, and the homaloids are 


(fs) = (0,0,) (0,0,0;0.) 07. 


The isologues are cubic and A is of degree 4; the class is 1, as for the general 
Geiser involution. 

In (8), the point O, ceases to be an #-point and becomes invariant. It is 
triple on one of the cubics, and the other cubics of the pencil through O, 
osculate each other at O,, which absorbs both their free intersections and is 
an invariant point of J;. 

In (6), the six simple F-points are vertices of a complete quadrilateral ; 
and P’ is the intersection of the other tangents from P and 0, to the conic 
touching O,P and the four sides of the quadrilateral (p. 105). This and (7) 
are non-central J;’s (375, 376). 

The four last cases, with five points on a conic, are all central J,’s, each of 
the surviving simple F-points lying on the corresponding P-line joining it 
to O,. 


Pas | 


28. Example of class 2; I,, 4°5? (30, 275). 


The standard example of class 2 is of the semi-symmetric type R5 
(Table II) and of degree 11; it can be generated by two pencils, of conics 
gq =(O, ... O,) and of cubics k=(O, ... O,) with four common base points. 
By the formulae of p. 94, we find the homaloids 


(pu) =(O;..... 0.5 (0; ~.. 05). 
To determine the class, consider the coincidences of points of the two series 
cut out by (q), (#) on any line l. A point P of J determines one q, and one 
other intersection P’ of g,1; then P’ determines one & and two other inter- 
sections Q of k,l. If one of these = P, then P, P’ are free intersections of 
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q, k, and are conjugate for J,,. Nowa point Q determines & and two other 
intersections P’ of k, 1, each of which determines one q and one P. Hence 
there is a 2, 2 relation between P, Q, with four coincidences, falling into the 
two pairs of conjugates of J,, lying on /; the class is 2, and the degree of A 
is 7. 


29. Bertini’s I,, 8° (26, 30, 75, 275, 366). 


The last of the symmetric transformations is also, in its only involutory 
form, the last of the standard types to which all involutions can be reduced. 

This J,, 8° is determined by the web of sextics (f;) =(O, ... O3)?: for the net 
through any point P has another base point P’, related to P in involution. 

Let ak,+ bk, be the pencil of cubics through O, ... O; and let kp be the 
member through P. Then if fp is any one sextic of the net through P, this 
net is 

Sp + kp (ak; + bk), 


and all its members pass through the last intersection P’ of fp, kp. Thus J,, 
is generated by (&) and any of the pencils (f,) = (O, ... Ox)? (XX'). 

If P is adjacent to O,, the net has contact of one branch here, one member 
has a triple point and is the determinate sextic j, = 0,°(0, ... Os), which is 
the locus of P’, and the P-curve corresponding to O,. Hence 0, ... O, are 
6-fold F-points, and there are no others; we have 

W-1=8 x6 n=17. 

If P is the ninth base point D of (k), the net of sextics is (k,, k,)’, and all 
the free intersections are at D, which is invariant for J,,. The cubics and 
sextics are self-conjugate ; any additional d.p. of an /, is invariant, the locus 
is found to be A, =(0,... O,D)?; hence the class is 4. 

This transformation can be compounded of three of Geiser’s J's (74). It 
can also be obtained by projection from the space J, ag AT POU: p..320). 


CHAPTER VII 
RESOLUTION OF SINGULARITIES OF PLANE CURVES 


1. Some characteristics of a singularity (79). 

Cremona transformations afford one of the standard ways of dealing with 
the higher singular points of plane curves. The problem of singularity arises 
in relation both to a single point of a curve and also to the curve as a whole ; 
and closely related is the problem of a singular intersection of two curves, 
each of which may or may not be itself singular at the point. 

The properties of a singular point, after its multiplicity, which concern us 
are four: the effects on genus and class, the postulation and the equivalence. 
The first two are intrinsic to the curve itself, the class also involving the 
intersection with another curve, the first polar, determined by the given 
curve; the last two involve a family, or pair, of curves not wholly determined 
by the given curve, having the same singularity, the last phrase requiring 
definition, see below, p. 139. The reduction of genus is therefore the simplest 
of these characteristic numbers. 


2. Ordinary and extraordinary singularities. 

A singularity of a curve is a multiple point P of any kind. The chief 
geometrical property is that P absorbs more than one intersection of the 
curve with a general line through P. The chief analytical property is that 
near P there is no unique expansion of the form 


y = Saat" 
a=0 


The simplest of all singular points of a curve is a dp. with distinct 
tangents, and the next simplest are points of higher multiplicity with distinct 
tangents. These are called ordinary singularities of the curve. An eatra- 
ordinary or lagher singularity is a multiple point at which at least two 
tangents coincide. All simple points are ordinary; we do not consider 
inflexions, or other singularities of the curve regarded as an envelope. 

If we apply the method of Cremona transformations to resolve higher 
singularities, we must accept all ordinary multiple points as elements needing 
no further resolution. For if a transformation 7’ is applied to a general curve 
of degree yw, not specially related to the F- and P-system of 7’, it introduces 
a new set of singularities on the homologue ; each t-fold F-point of 7 in the 
second plane is a yt-fold point with distinct tangents, that is, an ordinary 
multiple point. Since these are liable to be introduced by 7’, they must be 
admitted as elementary, and our aim is to reduce all others to this type. 

We can go further if we use Riemann.instead of Cremona transformations, 
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birationally transforming the single curve and not the whole plane. Then 
every curve can be transformed into one having ordinary d.p.’s only (296, 
406). 

Geometrical constructions have been given for such curves of every 
possible-degree and genus (363). 


3. Statement of results (289, 291, 295). 


We shall prove that the following problems can be solved by applying 
a Cremona transformation of finite degree (11, 31). 

(i) To transform any singular point of an algebraic curve into a set 

of simple points. 

(ii) To resolve any singular point into an equivalent set of ordinary 

points. 

(iu) To transform any algebraic curve into one having ordinary multiple 

points only. 

(iv) To transform any linear family into one having ordinary base points 

only. 

Except where otherwise stated, we shall confine ourselves to the simplest 
Cremona transformation 7,, in its simplest form with all three #-points 
distinct, one coinciding with the point P which is being resolved and the 
other two in general positions. Any other transformations that may be used 
can be regarded as compounded of ordinary 7,’s. 

The problems (i) and (iii) deal only with the multiple components of P, 
and this is sufficient in discussing the genus p, on which a simple point has 
no effect. For example, they do not distinguish between an ordinary d.p. and 
a cusp of the first species; each reduces p by 1, and both can be transformed 
into simple points by one 7',. The only multiple component of the cusp is an 
ordinary d.p.; the difference lies in the disposition of the simple points 
that ~ P. 

As regards the single curve f, an ordinary point P, lying as it must on 
one linear branch, is not capable of further resolution; 7,’s apphed to it in 
succession produce an indefinite number of similar points. But as regards 
characteristics, such as class or equivalence, involving the intersection of f 
with another curve f,, owing to the possibility of contact, the point P, simple 
on each curve alone, may be a multiple intersection, and still call for 
resolution. We must go on applying 7;,’s till all the intersections are simple. 

7 Thus to define fully the equivalent set of P, and what we mean by fi 
having the same singularity as f, we must know which of the simple points 
which ~ P are essential to its nature, and therefore the same for f, as for /, 
and which are not essential, being variable with any parameters that may 
occur in f,. 

The definition must not be such as to oblige f, to be identical with f. 


H-G'T ? 
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This can always be avoided if the degree y, of f, is high enough, but it may 
impose a lower limit on “y. 

If P is simple on the original curve f, no question arises; f, is merely 
required to have P asa simple point also; it need not touch /, and its tangent 
at P contains an arbitrary parameter. A Z, applied to f, f, transforms P into 
two different simple points, one on f, fixed, and one on f,, variable with the 
parameter. Similarly for an ordinary point of any multiplicity. 


4. Transformation of an ordinary singularity. 


An ordinary multiple point disappears entirely on transformation, being 
changed into a set of simple points. Let P be i-fold on f; apply a 7, to O, = P 
and two general points O,, 0, as F-trio. Regarded as a point of the plane, 
P ~ the whole of the P-line j’ = 0,'0,'; regarded as a point of f, it ~ the 
intersections } P’ of f’, 7’, other than the F-points. These are a set of 7 points 
associated with the 7 tangents to fat P. Since P is ordinary, these tangents 
are distinct from each other; and they are also distinct from the P-lines 
PO,, PO,, since O,, O, are general. Hence &P’ are distinct from each other 
and from O,’, O,’, and are simple intersections of f’, j’, and simple points of f’. 
The singularity of P is entirely removed by the transformation. 


5. Accidental singularities. 


This removal of P has been at the cost of introducing new singularities at 
the three F-points in S’; we must show that these are ordinary. 


Since O,, O, are in general positions, no P-line in S has a multiple inter- 
section with f, other than P, and f, meets PO,, PO, in «— 7 general points 
and meets 0,0, in w general points. With these simple intersections are 
associated distinct tangents to f’ at O,’, O,’, O;’, and these are ordinary points 
of f’ of multiplicities ~—7, w—%, w respectively. They are not points 
which ~ P, but are «accidental singularities, arising from the 7,, quite in- 
dependently of the nature of the singularity at P, except that the multi- 
plicities of O,’, O,' involve 2. 

For example, if f is a pair of lines and P their intersection, it might seem 
impossible that 7, removes the d.p. But it does so, for P ~ two simple points, 
one on each component of f’; the intersection of these components is the 
accidental d.p. O,’, arising from 7, and not a homologue of P. 

Besides introducing accidental singularities, the transformation also raises 
the degree of the curve /. In certain cases, this may be avoided, by taking 
the other #-points of 7, at other multiple points of f, without thereby intro- 
ducing accidental higher singularities. But unless f has points of high enough 
multiplicity, and is therefore of low enough genus, any Cremona transformation 
raises the degree. 
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6. Neighbourhoods. 


Whatever the nature of P on f, or P’ on f’, the set of points =P’ con- 
stitutes the first neighbourhood of P on f; and any point is also regarded as 
belonging to this neighbourhood which ~ P” by a series of 7,’s regular at P’ 
and its homologues. Similarly P* is a point of f in the ath neighbourhood of 
P, if it~ P by a series of 7,’s, for a of which the homologue of P* is an 
F-point, and for all the rest an ordinary point. Then a is called the rank of 
the neighbourhood. 

Thus by applying 7,’s to each of the different points P’, or their homo- 
logues, in succession, we obtain a set of points in the first neighbourhood 
of each ; the aggregate of all these sets constitutes the second neighbourhood 
of P on f; and so on. 

When P is an ordinary 7-fold point, we have seen that 7, removes it 
entirely. When P is of higher nature, we still say that 7, removes an 
ordinary 7-fold point, leaving a set of simpler points }P’; and that the 
singularity P is equivalent to an ordinary i-fold point together with all the 
singularities of f in the first neighbourhood of P, and possibly certain simple 
points of that neighbourhood to be specified below, p. 139. Hence it is also 
equivalent to all the singularities of f in the ath neighbourhood of P, together 
with certain simple points, and also a set of ordinary points of the same 
multiplicities as those points of f in the first a—1 neighbourhoods of P 
to which the 77's of the series are applied. 

This defines the equivalent set of P as regards its multiple points, and 
therefore as regards the effect of P on the genus of f. 


7. Effect of T, on numerical characteristics. 


This definition can be justified by showing that the values for P of the 
reduction R, of genus, of the postulation P and of the equivalence £, are 
greater than their values R,’, P’, H’ for the set =P’ by their values for 
an ordinary 7-fold point, namely 

4i(¢—1), 4¢(@+1), @ respectively. 

There are many definitions of genus, and from any of them it follows that 
p is invariant under any birational transformation, and is therefore the same 
for f’ as for f. When the degree wu of f is given, the maximum of p is 
4(u-1)(4—2). This is reduced by Ry due to P; let &, be the reduction 
due to all the other singularities of f: 


p =p=$(u—1)(¢—2)—- Ry - fo. 
The degree of f’ is up’ = 24 —1; its genus p’ is reduced, from the maximum 
4 (w’ — 1)(w’ — 2) for this degree, by the accidental singularities 0,', O,', Os’, 
of multiplicities w—7%, w—7, u, by the set }P’ which reduces it by R,’, and by 
9-2 
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the homologues of the other singularities of f, which are unaltered in nature 
by 7, and reduce p’ by R,: 
p’=k(w' -1)(w' -2)-2.4 (4-1) (w—-t- 1) —$ (HU —-1) — Ry’ — Be 
The consideration of P and E implies a linear family of curves having the 
same singularity at P as f. This phrase is not yet fully defined, but for the 
present we only assume it to give definite values to P, # for general members 
of the family. Let P,, H, be the postulation and equivalence of all the other 
base elements of the family; these are unaltered by Z,. Expressing that the 
numbers of degrees of freedom, and of free intersections, are unaltered by 
transformation, we have 
i (u+1)(u+2)-P-P, 
=$(u' + 1)(u’+2)—2.3(u—1)(w—-t+1)—-du (ut 1)—-P’—- Pr, 
w—-H- B= p?-2(w—-tP—-w-— Hh’ - £. 
Hence . 
R,-R,' =410-1), P-P=3(04+1), #F-H =”. 
Thus these numerical characteristics are all reduced, unless 7 = 1, when 
R, is unchanged. 


More generally, if H, #’ are the equivalences of P, {P’ on any two curves 
for which P is of multiplicities 7, 7, respectively, a similar argument shows 


Ef =1%1,. 


8. Transformation of a higher singularity. 
Let P(0, 0, 1) be ¢-fold on 
Su = ay + gy He Ege 
The tangents at O are the factors of u;, say I (aaz+b.y). Apply the 7,, 
a=1 
Bryiemane: y's’: ay’, 

which is slightly more convenient than the standard form. We drop 2’ and 
obtain the homologue f’y = (0,'0,')"~0,'#, where py’ = 24 — 7, and 

Le ale yi ee yt ai ae 


Thus P ~ the set of points }P’, 2’ =u;’=0. If Pis ordinary, the factors of IT 
are all different, and there are 7 distinct points P’. 


If P is not ordinary, the tangents to f are not all distinct; let s of them 
coincide with 1=a#+ by. Then 


U; = Pus, 


and the point P’, (b, — a, 0), associated with J by T., absorbs s intersections of 
J’, j'. Tt may or may not be multiple on f’. Let this multiplicity be 2’; then 


1, ea Seis le 
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If x’ > 1, other conditions must be satisfied ; J’ has the form 


fa UH a yf, ae, 
and therefore Us Use ry wes ene a 
have as factors J raised to the power “ 2’,7’—1,... 1. respectively. Of these, 
only the condition on wu; is satisfied by virtue of the coincidence of tangents 
at P. 

If i+’ >, then f breaks up, and has /*+’-# as a factor, as it would if 
P, P’ were distinct multiple points lying on J. 

The total number of intersections of f’, 7’ at all the points =P’ is 3s =7; 
but s 27’. Hence 

VE SA 
that is,72 the sum of the multiplicities of all the points of f in the first 
neighbourhood of P. 

Apply the same theorem to all the points P’ and their later homologues ; 
by summation we have 7 2 the sum of the multiplicities of f at all its points 
in any one neighbourhood of P. 

It follows that each P* which ~ P is of multiplicity 7“ <7; and further, 
7 =7 only if P* is the only point of the neighbourhood of P to which it 
belongs, and each earlier neighbourhood also consists of a single 7-fold point. 


9. Example: cusp of first species. 


The simplest example of a higher singularity is a cusp of first species ; 

then 72=2, u=0, 

fae? Pt+ hus t ... + Up. 
In 8’, the fact reappears in that two intersections of /’, 7’ coincide at P’; the 
cusp at P imposes conditions both of incidence and contact on f’ at a point 
of the first neighbourhood of P. 

Hence P’ must be regarded as a point of the equivalent set, and a second 
T, applied to it. Then f” passes simply through the point P” of intersection 
of the P-line 7” which ~ P’, with the line j,/’ = P’0O,"" which ~ j’ by the 
second T,. The tangent to f” at P” is in a general direction, depending 
effectively on the coefficients of u;, to which the cusp presents no condition. 

The point P” also belongs to the equivalent set, for when P’ and the 
second 7’, are fixed, P” is a fixed and not a general point of j’’.. The condition 
of contact has disappeared, but f”’ still satisfies a condition of incidence here. 

To resolve P completely, we apply a third 7, to P”, then f’”” meets 7’” in 
a general point P’’”’ and passes there in a general direction; the last trace of 
the singularity at P disappears. 

Thus P is transformed into a simple point of f’ by one 7,; but to 
resolve it completely, transforming it into a general point at which the 
homologue of f is not restricted, we need the 7; compounded of three 7;’s. 

In the 7, compounded of the first two 7,’s, P is a double F-point of 
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partial contact, and, regarded as a point of S and not merely of f, its curve 
homologue in 8” consists of the two P-lines j”’, j;", meeting in P’’, which 
however is not an F-point of 7-1; the curve homologue of P in iS” byl 
consists of the three P-lines j’”, jo”, jy”, which ~ P”, 9’, j:’ by the third 7). 

The fact that P is a cusp and not an ordinary d.p. of f in S, reappears in 
S’, in that f’ touches the P-line 7’ at the simple point P’; and in S”, in that 
f” passes through the d.p. P” of the P-system (j”, j,"). Both P’ and P” are 
double intersections of the curve homologues of f, P; but P’” is a simple 
intersection. 

Thus the components of the cusp P, essential to its nature, are an ordinary 
dp. and a simple point of simple contact with the P-line in its first 
neighbourhood ; or an ordinary d.p. and two simple points, one in its first 
neighbourhood and one in its second, being multiple intersections of the 
curve homologues of f, P. The relation of these points to the P-systems 
is essential to the nature of the singularity; but for this, the description 
would also apply if, instead of the cusp, f had an ordinary d.p. at P, one 
branch osculating a fixed curve; only then the fixed tangent in S’ would not 
be j’, and the fixed point in S’”” would not he on 9,”. 

If f, is another curve having a cusp of first species at P, with a different 
tangent /,, its equivalent set has the same description, but it is not obtained 
by the same transformation. The first 7’, can be the same for both; but f,’ 
touches 7’ at a point P,’ different from P’, and the second 7;’s of the resolving 
series must be different. They can only be the same if P,’ = P’; then J, = 1, 
and f,, f have the same repeated tangent. But now /,’ touches f’ at P’, and 
ji’ meets f” at the fixed point P’’; and the third 7,’s can also be the same. 
The fact that P’ is common to f,, f causes P’”’ to be common also; for this 
reason P’’ is called a satellite of P’ (Vol. u, p. 350 of 124). The same JZ, 
removes the same equivalent set from f,, f and transforms P into two different 
simple points of f\’”’, f’”. 

Thus we distinguish between curves having at P a singularity of the 
same nature as f, that is, a cusp of first species with a general tangent, and 
curves having the same singularity, that 1s, a cusp with the same tangent. 
This distinction 1s important, for we shall now show that in the latter case 
the curves form a linear family, and in the former case they do not. 

In either case, f; is a member of the linear family of curves having a 
d.p. at P: 


fr S 2-204 + 2 F 0, +... + Oy, 


for which », is a perfect square, l,? say. The condition for this is quadratic in 
the coefficients of f;; the family of all curves having a cusp at P is not linear; 
conversely, there is not in general a cusp on any other member of the linear 
family cf + cf; determined by f, f,. 

But if we require either that every member of this pencil shall have 
a cusp, or that all curves having the same singularity as f shall form a linear 
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family, cl? + ¢,1,2 must be a perfect square for all values of ¢/c,; then 1, =], 
and the cuspidal tangent is fixed. 

For a cusp with a given tangent, Rp = 1, P=5, E=6, and we verify that 
these are all the same as for the equivalent set 1°2', 

We have now analysed the cases:of the d.p., a = 2, first when P is ordinary, 
a’ =s=1, and next when Pisa simple cusp, «’ = 1, s= 2. There only remains 
the case 7’ =s=2. The condition for 7’ = 2 is that I is a factor of uz (p. 133); 
this makes P a tacnode or cusp of higher species instead of an ordinary cusp. 
If there are no further conditions, P is a tacnode, and the tangents at P’ are 
distinct from each other and from yj’, depending on the coefficients of u,; and 
P’ is an ordinary d.p. of f’, and is completely removed by another 7. The 
tacnode is composed of two adjacent ordinary d.p.’s. 


10. Nature of a higher singularity. 


In the general case, the nature of P depends, in the first instance, not 
only on the multiplicity 7, but also on the numbers s in the sets of its 
coincident tangents. If any of the points P’ is multiple on f’, the nature of 
P must also include the similar characteristics 7’, s’ for these points, and for 
any other multiple points P* that arise in later neighbourhoods, by T,’s 
applied to =P’ or their homologues. Besides these numerical characteristics, 
the nature of P depends on the grouping of the points P* in the successive 
neighbourhoods of their earlier homologues. 

We call P an explicit, and P* an implicit multiple point of f in S; then 
P« is explicit on a homologue f of f, in a plane S*. Each 7 is the actual 
multiplicity of an explicit singularity P* in some plane, and disappears in the 
next JT, applied to P*. Each s@ is a number of coincident tangents at some 
P+; it reappears in the next plane as a multiplicity of intersection of 
fer, je) at P*, and a further series of 7s must be applied to Ps*, 
whether this be multiple or simple on f°*”. 

Consider in detail the cases that can arise in the second plane 8’. 
Wicehaved = 62 7 cal. 

(i) Ifs=7’ =1, then P’ is a simple point on f’, which does not touch j’. 
It does not belong to the equivalent set and needs no further resolution. 

Gi) If s=7 and 7’ >1, then P’ is multiple on f’, but no branch of 
f’ touches 7’. The coincidence of tangents at P is ensured by the multiplicity 
of P’, and s is not a separate characteristic. P’ belongs to the equivalent set, 
and must be further resolved; it may be an ordinary or a higher singularity 
Of 

(iii) If s><’ and 7’ =1, then P’ is a simple point of f’ at which the 
linear branch has s-point contact with 7’. In the next plane, jf’ passes 
through the intersection P” of 7”, j,, and f”’ has (s — 1)-point contact with 
jy there. To P” and its homologues we apply s— 2 more T,’s. The homologue 
of j,’,in each S* thus reached, is the line j," = P*0*; the order of contact 
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is reduced at each stage, and in S* we have f® passing simply through PB 
the intersection of j®, j,", but not touching either, the tangent being in a 
general direction. The next 7, removes all trace of the singularity. P’... P* 
are s simple points of the equivalent set; and the last s—1 are satellites 
of P’, the position of each’ depending on that of P’ and on the choice of 
the 7,’s, and not on the other parameters contained in f. 

(iv) If s>7’>1, then P’ is a multiple point of the equivalent set, at 
which one or more branches of f’ touch j’. First let only one tangent coincide 
with 7’; then there is (s — 7’ + 1)-point contact. In 8” as before, f’” has one 
linear branch through P”, with (s — 7’)-point. contact with 7," and we obtain 
s—v simple points of the equivalent set, all satellites of P’. 

(v) If s>2’>1, and 7’ isa repeated tangent at P’, then P” is a multiple 
intersection of f’’, j’’ lying on j,"’, which must be analysed in the same way 
as P’, It and all its satellites are satellites of P’. 

The same cases may arise in later planes. In the 7, between S®7, S8, a 
new P-line jg®) =7) arises from P&; let the homologue of this in any later 
plane S* be 72”. Then in S”,... S*,..., besides the cases enumerated for S’, we 
may have an additional case, which does not occur in-S’ because there is 
only one curve 7g in that plane, but which arises in S” in case (111). This is 
a simple point of f* at a point of intersection of two different curves jg”). 

In the compound transformation 7* between S, S*, we have P as a com- 


plicated F-point, and the corresponding aggregate of P-curves is S je. On 
B=1 


account of the general choice of the P-lines of each T;, no jg has a multiple 
point which is free, that is, not an F-point of 7*; and all the free inter- 
sections of different curves jg are simple. 

The points of f that ~ P are its free intersections with Xj; those 
which are satellites fall at intersections of two P-curves, the rest lie on 
only one. 

When a simple point P* of the equivalent set first arises, in the first 
neighbourhood of a multiple point, it is a satellite or has satellites. In either 
case, if it absorbs s intersections of f, &7j,, there are s—1 satellites in the 
series of simple points beginning with P*. } 

We carry on the resolution as long as there are any multiple intersections 
of f, Xj, other than F-points, whether these are multiple points of either, 
or points of contact. Finally, when P is completely resolved, every inter- 
section is simple, where one linear branch of f meets one of a jg without 
touching it. 

Thus the nature of the singularity of f at P, the equivalent set, and 
the set of multiple points implicit at P, are defined in terms of certain 
explicit multiple and simple points P* on curves f in other planes, arising 
from P and f by transformation; P* may itself be of higher nature, but that 
does not enter into the definition directly, which only uses the multiplicities 
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of &P*, the way in which they are grouped in neighbourhoods, and their 
multiplicities on the P-systems. For a full discussion and a graphical method 
of exhibiting the resolution, see Vol. 1, pp. 374-387 of 124. 

If f; has the same singularity as f, this requires that P is of the same 
nature not only on these two curves but also on all the pencil cf +¢,f;. In 
the first plane, the characteristic numbers 7, s must be constant for the 
pencil, and as for a cusp (p. 134) it follows that all the repeated tangents are 
fixed, and therefore, if the same 7, is applied to all the curves, the positions 
of the points of the equivalent sets in S’ are fixed and the second 7,’s can be 
the same also. Since 7), transforms a pencil into a pencil, the same holds at 
each P’, and at all the points of the equivalent set; and the singularity 
is resolved for all the curves of the pencil by the same transformation. 

If, at any P*, there is a simple tangent to f® not coinciding with any 
je, this is variable in the pencil, and leads to different points in S*+. Any 
simple points that ~ P and do not belong to the equivalent set, are variable ; 
when the common singularity is completely resolved, the two homologues 
ff, fi® have no free common points that ~ P. 


11. Equivalent set finite (31). 

Before giving the final definitions, we must justify them in two ways, 
showing first that the equivalent set is finite, and then that it is independent 
of the arbitrary elements of the resolving 77's. 

First, the number of multiple points of the set is finite. For the reduction 
of genus of f due to P is finite, and that due to >P* on f™ can never be 
negative at any stage, and is reduced by each 7, applied to a multiple point. 
Thus a transformation of finite degree resolves P into a set of simple points 
> P* of f. Since f@ is the proper homologue of f, it has no common part with 
the P-system jg ; each P* absorbs a finite number s“ of intersections with 
one P-curve, and possibly one with a second P-curve; it is followed by s@ —1 
simple points of the equivalent set. 

Hence the whole set is finite, and P is completely resolved by a trans- 
formation of finite degree. 

If f is not proper, it consists of at most ~# components, and p 2 —(u — 1). 
The argument follows as before. 

If f is proper, we have an upper limit to the number, a say, of Lys 
required to reduce the multiplicity of P. For a is the number of t-told points 
in the. equivalent set, and a = the maximum number of 2-fold points that f, 


can have without breaking up; since 
p=, 


4(u—1)(w— 2)—a.40(0-1) 20, 


a(¢—1) 
Also a—1 is the greatest number of implicit 7-fold points that can be adjacent 
to P, necessarily one in each of the first a — 1 neighbourhoods (p. 133). 
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12. Uniqueness of the definition. 

In the series of 7,’s there are two kinds of arbitrary choice: first, of the 
other F-points O,, O, of each T,, and secondly, of the order in which the 
points of each neighbourhood are resolved. We have to show that neither 
affects the equivalent set. 

This is because a regular transformation does not affect multiplicity or 
contact. 

Consider two series V, W of 7.’s, each of which resolves P entirely. 
Regarded as a point of f, let P ~ the set of points {P’y of f’y, lying on the 
P-line j’y, by V,, the first Z, of V. Similarly W gives rise to >P'w, f’w, j'w3 
and these are the ordinary homologues of the other set of elements, in the 
compound transformation W,.V,~. Hence the multiplicities of P’j on lw 
and on jy, and in their intersection, and the numbers of coincident tangents 
to f’w, are all the same as for P’y; if one is a point of the equivalent set, so 
is the other. 

In that case, there is a later 7, of each series which resolves the point. 
Let V, be the set of 7,’s in V, after V,, up to and including the next to be 
applied to P’y or its homologue; and similarly W, of W. If the order of 
resolution of implicit points is different in the two series, V,, W, may contain 
different numbers of 7,’s. Then P’y, P’w are ordinary F-points without 
contact for V,, W, respectively. By considering W,. W,.V,—.V,-1, we see 
that the two sets of points 2P’ y, =P’’w, forming the first neighbourhoods of 
P'y on f’y and of P’yy on fw, and part of the second neighbourhood of P on 
f, fall into pairs of ordinary homologues for this transformation. 

The argument can be carried on to all later planes. If P*y is any point 
of the equivalent set, by the resolution V, this has a series of earlier homo- 
losuesaR ss... 8 PP piles Es and gives a division of the process 

Vie Vie gts. (Vee 
We can then determine a corresponding division of W, and a series of 
transformations in one of which P*y is the ordinary homologue of a point 
P*y of the other equivalent set, which is therefore of the same multiplicity 
as P*y, and grouped in the same way in the neighbourhoed of the same rank. 

It follows that the equivalent set is independent of the particular series 
of T,’s used to resolve P. 

It also follows that we can replace 7, by any other transformation 7, 
which has P as an ordinary F-point, and whose P-curves through P are in 
general directions; for the two sets =P’ of points of f adjacent to P, made 
expheit by 7), 7, respectively, are ordinary homologues in 7. 7,~, and their 
natures are the same. 


13. Final definition of resolution. 


A singular point P of a curve is resolved by a series of 71s applied to 
P and to each multiple intersection P* in any later plane S*, of the homologue 
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f with the set of P-curves 3j@ which ~ P in the transformation set up 
between S and S*, other than intersections which fall at F-points. 

The equivalent set of P is a set of ordinary points of the same multiplicities 
as all the points P* to which the 7,’s of the resolving series are applied. 

A point P* which is multiple on 3j® is a satellite of the nearest of its 
earlier homologues which is simple on 54". 

The nature of the singularity involves the number and multiplicities of 
the points of the equivalent set, and the way in which they are grouped, in 
successive neighbourhoods and sets of satellites. 

A singularity of the same nature as that of f@ at P* is implicit (or latent) 
on f at P. 

Another curve f, has the same singularity at P as f, if P is of the same 
nature on each, and can be resolved by the same transformation. Then the 
general curve of the pencil ¢f+ ¢,f; also has the same singularity. 

Since any series of 7;’s can be compounded into a single transformation, 
we can now solve all the problems of p. 129. 

For the first we need only resolve P and the implicit multiple points; for 
the second, only such of these as are higher singularities. For the third we must 
apply the second process to each of the explicit higher singularities of f in 
turn; their number is finite. The ordinary singularities of f, and the accidental 
singularities introduced, which are all ordinary, remain so under the subsequent 
transformations ; and the final homologue of f has ordinary singularities only. 

The fourth is solved by resolving the higher singularities of the degenerate 
curve formed of two general members of the family (jf); this set of points 
includes all base points of contact. The transformation changes (f) into 
another linear family all of whose base points are ordinary; these include the 
accidental singularities. 


14. Transformation of first polars. 


From the preceding work we see that the postulation, equivalence and 
reduction of genus are the same for P as for the equivalent set. The reduction 
of class R, requires different treatment; for the class of f is not invariant 
under Cremona transformation. It is defined as the number of lines that can 
be drawn from a general point X to touch f properly, the lines joinmg X to 
the multiple points of f being improper tangents. It is also the number of 
variable intersections of f and the first polar fx of X with regard to f, the 
fixed intersections falling at the multiple points. Thus R, is the equivalence 
of P in the intersection of f, fx. 

In a general 7, applied to P, the number of variable intersections of the 
two curves is invariant, but the homologues f’, (/x)’ are no longer a curve 
and one of its first polars; lines through X do not ~ lines through a point 
X’ unless X, X’ are associated F-points of the 7). 

Now /x is the locus of the polar groups, with regard to X as pole, of the 
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groups of intersections of f with the rays / through X. If X, X’ are associated 
F-points, then / ~ a ray l/ through X’, and 7, sets up a homography between 
1, l’, in which X ~ the intersection Q’ of l’ with the P-line j’ which ~ X in 
T,. The group of intersections of J, f ~ those of J’, f’ other than X’, and the 
polar group of the former with regard to X ~ that of the latter with regard 
to Q’. It is only if X’=Q’, and lies on 9’, that the polar group of X’ coincides 
with the homologue of that of X ; and in this case the addition of the set of 
intersections of J’, f’ coinciding with X’ has no effect on the variable points 
of the polar group; the first polar curves fx, f’x are homologues by 7}. 

Then X also lies on its associated P-line, and 7, is special, two F-points 
being adjacent at each of X, X’. 

If P (0, 0, 1) is 2-fold on f, 


f= > Aepu*y®z’, whereat+B+y=n,a+ BZ2. 
a, B=0 
The first polar ae n, 2 is 
fen tga ogttg) i= 2a (E+G +E) ewe 


and P is (—1)-fold on fx. 
If the 7, with P as F-point is general, take it in the form 


DANY Se Ts Zs ay, 


The homologues of the two curves are 


his = Sh (a’2’, y' 2’, ax'y') = Saas glety y'BrY g/atB-t 
(fx) S29 fx (a'2', y'2’, 'y’) = Edag eS +f 7 4 v) glory y/Bty Z/at8~%, 


But the first polar of E (&’, n’, €’) with regard to f’ is 

: 0 

fue (E gota get ogo) E 
ase 3 =) e alle ye n’ , (a pe ) “| piety y'Bty gfatP~t 

and cannot be identified with ( fx)’ for any choice of the coordinates of X, X’, 
not even if they are associated F-points, with say = =) =¢' =0. 

If the 7, is special, with X (1, 0, 0) as an F-point of contact with z as 
fixed tangent, we can take 

DAs Bice eee aa ee 

and the associated F-point is X’ (1, 0, 0) with 2’ as fixed tangent. Now 


0 
joes a = Laagax yh 27, 


fe 2 f(a'd, y's! y') 3 Larggec'ey’Bt2y g/at et 
(fx) = 2" fc (a'd!, ye, y) = Saggaa!= y'B4272'48%, 


j= a = (ex) 
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Now the accidental singularity X’ of f’ is not ordinary, all the n—i 
tangents coinciding with z’. This does not affect the process of resolution of 
P, or the nature of the equivalent set, but it prevents the resolution of the 
singularity of f as a whole, with which we are not’at present concerned. 


15. Reduction in class. 


By the last theorem of § 7, since the reduction in class R, is the equivalence 

of P on f, fx, 

R,- Hp =i (4-1), 
where Hp is the equivalence of P’ on f’, (fx) =/'x'; this difference being 
the value of R, for the ordinary 7-fold point removed. But Ep may not be 
the reduction in class due to P’, on account of the special position of X’, 
lying on 7’. 

Now if Y’ is a general point near X’, then the reduction in class R,’ due 
to =P’ is the equivalence of =P’ on f’, fy’; and >£p — R,’ is the number of 
proper tangents, drawn from Y’ to f’, that > 7’ as Y’ > X’. Since f’ meets 
P’Y’ in?’ points at P’; and meets 7’ in s points, the difference is 

= (s—1’) =t— Sy’. 
Hence Re=t1(t-1)+(@— 50) + RY. 
Apply this result to each of the points P’. If R,”’ is the total reduction 
in class due to all the points of the second neighbourhood of P, 
R.=t1—-1)+ @— BW’) + Be’ WD) +E — Se") + KR 
=i(¢—1) +20 @ -1) 47-20" + R.”, 
the sums extending to all the points of f in the first and second neighbour- 
hoods of P respectively. 

We can go on from plane to plane. When P is completely resolved, in the 
last plane we have a certain number JV say of simple points, where MW is the 
number of distinct branches of f at P; and for each of these, 7 =1, R,*=0. 
Hence R= Si(¢t—1) 4+ 1-H, 
the sum extending to all the points of the equivalent set. 

Thus as regards reduction of genus and class, the singularity P is equivalent 
to 24¢(¢—1) d.p.’s, of which i—W are cusps of first species, and the rest are 
ordinary. 


16. Sum of two singularities. 

In the space theory, we need to consider the singularity P that arises, by 
free coalescence, when an %,-fold point Q, > an 7,-fold point Q,, both being of 
any nature; as, for example, when Q), Q. are points of two multiple curves 
. of a sutface, and f is its section by a plane which moves so that Q1, Qo —> an 
intersection P of the curves, of the simplest possible type. We call P the sum 
of Q, and Q,. 


If Q,, Q, are ordinary d.p.’s, P is a tacnode B,, equivalent to two successive 
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d.p.s. If Q, is a cusp B,, and Q, an ordinary d.p., then P is a B,, equivalent 
to a cusp in the first neighbourhood of a dp. In each of these cases, the 
equivalent set of P is the sum of the elements of the equivalent sets of 
Q:, Q2, properly rearranged. The total reduction of class and of genus are 
unaltered. ; 

If both Q, and Q, are simple cusps, P is a B,; its equivalent set consists 
of three successive d.p.’s, with an increase of multiplicity at one point and 
a decrease at others, compared with the sum of the component sets. The 
total reduction of class is unaltered, that of genus is increased. 

Just before the limit, apply 7,’s, first to Q,, and then to the homologue 
Q.’ of Q,. In S’, we have the cusp Q,’ which > the one point Q,,’ of f’ in the 
first neighbourhood of @,, where f’ touches the P-line j,’. In the second 7’, 
Q,’ ~ a point Q.,"" of contact of f’, 7.”, and Qu’ ~ a point Q,,” of contact of 
f” with j,", which is a conic meeting 7,"" only at a finite distance from One 
and Qn’, at the F-points of the second 7,. As Q,—Q,, 80 j:’ tends to pass 
through Q,’, and j,"" tends to break up into a pair of lines, one of which is 7,”, 
and Q,,’" lies on the part of the conic 7," near j.’’; and neither 7," nor 7,” 
meets f’’ again near Qi)”. 

Before the limit, f’” has two nearly parallel tangents which do not meet 
each other or the curve again near the points of contact. We cannot compare 
it to any linear branch whose curvature does not become infinite. It behaves 
like the part of a hyperbola near the vertices, when the axis 0, which 
acquires a d.p. in the limit. 

In general, let 7, 2 2,. If there is no restriction on the manner of approach, 
P is 2,-fold, and at least 2, of the tangents coincide in*the direction in which 
Q,—> Q,. This may cease to hold if at either Q, or Q, there is a fixed tangent, 
and the direction of approach is not allowed to coincide with it, as in the 
last case, when two points simple on f’’ coalesce in a d-p., which is not their 
sum, for the manner of approach is not free, but restricted. 

If Q, is ordinary, in S’ the only condition on f’ is the singularity Q,’; the 
equivalent set of P is obtained by prefixing an ordinary 7,-fold point to that 
of Q,, and P consists of Q, in the first neighbourhood of Q,. 

If Q, is extraordinary, and has in its first neighbourhood another 2,-fold 
point Q,’, this is the only point of f’ that ~ Q,, and it is not a point of 
contact with j,’. Then the point P,’ in the first neighbourhood of P is ¢,-fold, 
and is the sum of Qn’ and Q,’, for their coalescence is free. Thus if 7, = Vos 
P has at least as many 7,-fold components as Q, and Q, together. We shall now 
show that it may have one but not two more. When we have removed all 
the 7,-fold components from Q, and Q,, we have a set of points = Q,, on ji, each 
of multiplicity <1, and together absorbing just 7, intersections of f, j,; these 
coalesce with a set >Qx on js, and j,, 7, have no other intersections with vz 
and none with each other, near any of these points, and coalesce in the limit 
without acquiring any. 
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Let Qn on j, be the point of either set which absorbs the highest number 
a of intersections with j, or j,. The approach of a point Q., of the other set 
may raise the multiplicity, but not beyond a, and it only reaches a if Q,, also 
absorbs a intersections with j,. The approach of a point of the same set 
cannot raise the multiplicity, for it approaches along 7,, which is the only 
fixed tangent at either point. If there arises an ¢,-fold point P,, then a=1,, 
and each of Q,, Qn absorbs all the 7, intersections of f with Jy Jz, and is the 
only point of f in this neighbourhood of Q,, Q, respectively. 

Now the increase of multiplicity at P, relieves the conditions on the 
components of P in any later plane, and none of these can be of higher 
multiplicity than that of Q, or Q., which <7,. Hence P has no other 2,-fold 
component after P,. 

Thus the number of 7,-fold components of P is either the sum of those for 
@, and Q,, or exceeds it by just 1; and this excess occurs only if Q, has 
adjacent to it, after a series of 7,-fold points, a single point of multiplicity 
<1, and similarly at Q,. 

A proof of this result by the methods of infinitesimal geometry is given in 
66; it is also shown that free coalescence does not affect the total reduction 
of class, though it may increase that of genus. 


17. Twisted curve (207, 308, 406). 


The singularities of a twisted curve & are its multiple points of any kind. 
For the purpose of resolving any one singularity, we can take as element 
an ordinary d.p. as above; but for the purpose of reducing k as a whole, 
we need not admit any kind of singularity as elementary, for we can always 
transform k into a curve quite free from multiple points. 

We project & into a plane curve, and then transform it by a plane Cremona 
transformation 7 into a curve having ordinary multiple points only. This 
can always be regarded as the projection of a twisted curve without singularity. 
Both the projections and also the plane 7’ can be brought about by Cremona 
space transformations of the monoidal type (p. 313). Then the space trans- 
formation, compounded of these three, changes & into a twisted curve free 
from multiple points. 


CHAPTER VIII 
NOETHER’S THEOREM 


1. Statement of the theorem (61, 72, 285, 335, 405): 

The central point of the whole plane theory is Noether’s theorem : 

Every Cremona plane transformation can be resolved into quadratic trans- 
Sormations. 

This is proved by showing that every homaloidal net can be transformed 
into a net of lines by a series of 7's applied to suitable trios of F-points. 
The transformation V compounded of the series of T,’s may not be exactly 
identical with the given transformation T,,; but since both 7,, and V trans- 
form (¢,) into lines, 7’,.V~ transforms lines into lines, and is therefore of 
degree 1, say 

MRR Vacs ERY Bs SM Mees MOE TS 
The linear transformation 7, can be compounded with the last 7, of the 
series forming V, merely changing it into another 7,, and the series thus 
modified is identical with 7,. In this chapter, all transformations of (¢,) 
into a net of lines will be considered as the same. 


2. Reducing trios (279, 286, 335, 342). 


If n> 1, there are at least three F-points. If a 7, can be applied to the 
trio O,, O., O; of multiplicities %, 2, 7;, the degree of the homologue of (¢,,) is 
n’ =2n —-14,—1,—%3, 

so that n’ <n provided 
Boag bg NE eee eee ap SREreAe 8 (1) 

A trio of F-points which satisfies (1) will be called a reducing trio if 
it defines a proper 7',. Now three points can fail to define a 7, in two ways. 
First, they may be collinear, when the 7, degenerates into a T,; this is 
excluded when (1) holds, for the line 0,0,0, would meet $, in more than 
n points, which is impossible since (¢,) is proper. Hence if O,, O,, O, are 
distinct, they form a proper triangle. If O, is adjacent to O,, and O, is 
distinct, the directions O,0,, 0,0; are different, and the trio defines a proper 
T, with one F-point of contact and one simple F-point. If they are all three 
adjacent lying on a linear branch, this has finite curvature, and again T, is 
proper, with one F’-point of osculation. 

The other case of failure, which is the only one possible when (1) holds, 
is when O,, O; are both adjacent to O,, but do not lie on the same linear 
branch, being either in different directions, or in the same direction but on 
a cuspidal branch. Then a curve through the three points necessarily has 
a d.p., and cannot be a proper conic, and T,, breaks down (290, 354). 

Whenever a reducing trio exists, a T, applied to it reduces n. If no 
obstacle arises, we can repeat the process, and finally reduce the degree to 1. 
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Then (gn) is transformed into a net of lines by a series of 7,’s, into which T,, 
is resolved, 

By Noether’s inequality, the top trio 0,0,0, always satisfies (1), and we 
can replace O, or O, by any of the major F-points (p. 75). These cannot be 
collinear with O,, as explained above. Thus if any major F-point is distinct 
from O,, or if any two are adjacent to O, on one linear branch, we have 
a reducing trio. 

Thus the exceptional case, when no reducing trio exists, occurs only when 
all the major points are adjacent to O,, and any branch which contains more 
than one of them is of order > 1. For all the major points, 27 > 7, (p. 76); 

B 


for the set of #-points adjacent to O, in different directions, 27 € i, (p. 133). 
Hence the major points cannot all lie in different directions, and some or all 
of them lie together on a cuspidal branch. No major point O,, after O,, 
can have two major points Og, O, adjacent to it in different directions; for 
we should have 

la Zig+t,>27, %1+4.>N. 

When this exceptional case occurs, to resolve the transformation we have 
to begin with a T, which does not lower n. For example, the degree of the 
homaloidal net 

Chips (a Y)"| + Gay" + cy” 
cannot be lowered by any Cremona transformation of degree <n (354 
and p. 113). 

We can avoid this, and always lower n at each stage, if, instead of T,, we 
use as auxiliary transformation the more general type 7,, which includes 7, 
as its simplest case. We must prove separately that every 7, can be resolved 
into 7,’s; then we finally have T,, resolved into a series of T's, each of which 
may raise or lower n, or leave it unaltered; and these 7,’s are compounded 
by groups into a series of T's, each of which lowers the degree. 

We shall first give an algebraic and a geometric method for the resolution 
of 7,; then the proof of Noether’s theorem based on it; and lastly an alter- 
native method of resolving 7, directly into 7;’s. 

The treatment of 7, is easier than the general case, because all its 
F-points are simple except O,, which is (n—1)-fold. We have 7 =4, and all 
the simple F-points are major. As in the general case, no two of these are 
collinear with O,, whether the three are distinct or adjacent, and if any 
F-point of T; is distinct from O,, there is a reducing trio. 


3. Algebraic resolution of T; (58). 
First we shall show that, by a proper choice of the frames of reference, 
the equations of any 7’, can be put in the form 


TX mals ZUn—-1 af Un 


, , 
L=2 y= = ) 
Ae p 2Un—2 + Un—1 


where u, v are functions of «, y only. 


Io 
HeCeT 
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Take (0, 0, 1) at the multiple F-point O,; the general homaloid has 
the form = 2Un 1 + Un 
Now 7, has a P-curve jy_; = 0," (p. 98). Let it be 
J =2Un at Un} 
this, together with any life through O,, forms a degenerate ¢. We can 
therefore take as base homaloids 
Pi=2x), Pr=Y), $3 =2ZUnat Un. 
Then DEN Re = Di Dees: 
which, with a particular choice of the factor of proportionality, leads at once 
to the equations in the form stated. 
Let the functions Up1, Un—s, Vn, and also the combination A of degree 


2n — 2, 
A = UnUn—2 — UnaYnas 
be resolved into their linear factors, say 


“a =u? a... ue’. ete. 


n—1 n-1 “n—-1 m—-1 ? 


Then the relation between z’ and z can be built up in five stages: 


(1) vy) Par 
2 8) 73 n-2 n—2 ? 
(Ue 2 cas aan eG (n — 2 T,’s) 
n—-1 n—1 n-1 
= Ae AC 
CD eer eee (1) 
ve + zy 
an Ae eh 
(Ul) 2, = gy ++» —ecay Zee (n — 2) 
0) 
n—1 n—1 
: A Ke 
(iv) a= Go oss wee) 2? (n — 2) 


‘n—1 (i | 
(1) Oe) 
(v) g=apP... ER (un +4). (n— 2) 


n—1 


n—-2 n-2 


4. Number of T,’s required. 
This gives the resolution of 7, into a series of 7',’s, in number 4n — 7. 
The method must be modified if any of the FUNCEIONS  p2355 Vasey Una 
vanish identically; the number of transformations can then be reduced. For 
example, if all the tangents to () at O, are fixed, v,_,=0; then we can take 


y yn) 
a= n—1 n—1 
ie (n=2) ® 
n n 
1 a 
an vA a ue 4, 
Z n—-1 n n 
2 (n—1) 2 
On 
(1) (n-2 
pe u . : 
a yo yr) 


requiring 2n — 8 steps; and 2n —3 < 4n—7 ifn 23. 
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The full number 4n — 7 cannot be necessary in any case. If there exists 
a reducing trio, one 7’, reduces the degree, and then by the proof just given, 
at most 4(m —1)—7 more are required, making 4n—10 in all. And in the 
only case when there is no reducing trio, O, and Os are adjacent to O, on two 
distinct branches or one cuspidal branch, there are two fixed tangents at O,, 
distinct or coincident; then up, vn» have two common factors, say wu = 9, 
u® =v, and if n2 4, the last two T,’s of stage (v) reduce to T'’s, leaving 
4n —9 T.’s, This is therefore an upper limit for the number of 7,’s required. 

If n=3, we have 2n —3 =4n —9, and the number required by either 
method may be as high as 3. In the only case in which there is no reducing 
trio, O, is a cusp on (q;), and. all the simple F-points are adjacent to it; 
j consists of the cuspidal tangent taken twice, and 


0, =0, 2 = Up. 


In the cubic case of the example on pp. 113, 145: 


, ; ree Ui pera 
iO PORT Ce ies a P 
If we put as above 
LE, Yoo — x? ye 
= y , 1 y 5 “ye rae ) 
then 
yYot+re «(y2,+ 2") LL ; 
Pag ee iin sty thes 


Thus the best limits we can give for the least number of 7;,’s re- 
quired are 
1=4n—7, 4n—-9, 


for aaa, Woe 


5. Geometrical interpretation. 

The geometrical meaning of the various steps in the above method is as 
follows. 

Stage (i). The first 7, has as F-trio, O, an adjacent point A, of 9, and 
a distinct point A, also lying on j. If the Tz is general, neither A, nor A, 1s 
an F-point of (@), and 7, transforms (#) into a homaloidal net of (n + 1)-ic 
monoids, whose P-curve is of degree n. But 7, lowers by 1 the degree of the 
proper homologue of j, which is part of the new P-curve (p. 17), which now 
consists of two rays through O, and a proper component of degree n—2. 
This indicates two fixed tangents at the vertex for the reverse transformation. 
Also (#) acquires, as a simple F-point distinct from O,, the F-point A,’ of 
T, in the new plane, associated with A,, and also a new F-point A,’ adjacent 
40) Of. 

The process is repeated, the F-points A,, A, of P, always being taken on 
the proper part of j; this is possible as long as 1t passes through O,, that 1s, 


10-2 
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as long as its degree 2 2. We continue till the proper part of is reduced to 
a line X, not passing through O,, when A, no longer exists. 

Stage (ii). Now % meets (¢) in a set of two or more F-points of (dp) 
distinct from O,. We use O, and two of these as F-trio of the next T,; this 
step reduces x by 1, and \ disappears from j, which now consists wholly of 
rays. All the tangents to ($) at O, are now fixed, since they ~ the fixed 
intersections of X, (), and there is a set of F-points O, adjacent to O;; 

Stage (iii). The net has also a set of n—2 F-points distinct from O,, 
arising from the points A,’ of stage (i). The F-trio of the next T, consists 
of one of these, O, and an F-point O, adjacent to O,. This reduces by 1 the 
degree of (#) and the number of points A,’. All the tangents at O, are still 
fixed. This is repeated as long as any points A,’ remain. 

Stage (iv). We now choose a definite homaloid ¢;, not having 7 as a part, 
and break it up, just as 7 was broken up by the first stage, by a series of T's, 
the F-trio consisting of O,, an adjacent F-point O, and a distinct point P, 
both O, and P belonging to the proper part of ¢;. This does not alter the 
degree of ($), and its tangents at O, remain fixed; and ¢, breaks up into 
a set of rays and a proper part of lower degree, which can be reduced to 
a line J not passing through O,. The nature and degree of j are unaltered. 

Stage (v). Now J meets j in a set of F-points distinct from O,; we use 
one of these with O,, A,’ as F-trio of the next T,. This reduces: by 1 the 
degree of (#); its tangents at O, are still fixed, and @, still contains a line not 
passing through O,, the homologue of / in-7,. 

We repeat the process till the degree of (¢) is reduced to 1, when the 
resolution of 7; is complete. 

In all the stages except possibly the second, the auxiliary transformations 
are not general, but have two #-points adjacent. _ 

We can now see why the series is shortened, some of the 7's becoming 
T,’s, when certain of the functions have common factors. 

Stage (1) is shortened if v,_2, Un, have a common factor, which must 
be a factor of A also; for 7 is partly broken up at the outset. This also 
shortens (111), which serves to eliminate the extraneous F-points A,’ intro- 
duced by (1). , 

Stage (ii1) is again shortened if v,_,, A have a common factor. If this is 
not a factor of vp», it is one of u,; then (#) has a distinct F-point, given by 
Z = Un, = Uy = 0, which serves as A, for some step of (a). 

Stage (iv) is shortened if u,, A have a common factor, which must 
be a factor of u, or of Y,_,. In the former case, f; 1s partly broken up at the 
outset. In the latter, (p), j have a common fixed tangent, and one of the 
points O, serves as A, for some step of (i). Then (v) is also shortened, which 
serves to eliminate the A,’. 

In the case v,_, = 0, considered above, j 1s a set of rays at the outset, and 
the whole of stages (1), (ii), (iii) drop out, 
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6. Geometrical resolution of T, (355). 


The geometrical method consists in finding a set of four 7.’s, which 
together lower the degree. If any F-point is distinct from O,, then these and 
any third F-point form a reducing trio (p. 144); we need therefore only 
consider the case when all the simple F-points are adjacent to O,. We shall 
show that the first 7, raises the degree from n to n + 1, and scatters some of 
the #-points; the second scatters them still further, leaving the degree un- 
altered; the third brings the degree back to n and the fourth reduces it 
ton—1. 

Apply a T, to O, and two general points A,, A,; let O,’, A,’, A,’ be the 
associated F-points of T, in the next plane. Then ($n) ~(¢'ni), of degree 
n+ 1, on which O,' is n-fold; A,’, A,’ are distinct simple F-points of (¢’) in 
general positions, which will be used at the fourth stage to reduce n. The 
2n—2 simple F-points O,... Om. of (dn), adjacent to O,, ~ simple F-points 
Q,' ...O'm—4 of (’), at or adjacent to one or more distinct points of A,’ A,’, 
and all distinct from A,’, A,’ and O,’. 

Since n > 2, there are at least four of these. The sum of their multi- 
plicities is 2n — 2 >(n +1) — 2, so they cannot all be intersections of A,’ A,’ 
with $’; at least one, O,’ say, is not a point of A,’A,.’, but is adjacent to 
a point O,’ of that line, the direction O,’O0,' being different from O,’A,'A,’, 
and also different from O,’0,’. 

Apply a second 7, to O,’, O,' and a general point A,’. The transformed 
net (’”) is still of degree n +1; on it O,” is n-fold and O,” simple; A,” does 
not lie on it. O,’ ~ a simple F-point 0,” on O,'’A,”, distinct from O,". Now 
A,’, A,’ ~ two simple F-points A,’, A,”, collinear with O,’’, which do not le 
on the sides of the proper triangle 0,'’0,''0,”. 

A third 7, applied to 0,'0,0,” transforms ($''n4:) into (gn’’”) of degree n, 
on which O,'” is (n—1)-fold and A,’”, A,’’’ are distinct simple F-points. 
A fourth 7, applied to O,'"4,'""A,’” reduces the degree of the net to n —1. 

Thus a set of four 7,’s reduces n by 1, and 4 (n — 2) T,’s reduce it to 2. 
All the auxiliary 7,’s are general, with all three F-points distinct. 

If n=2, the given transformation is a single T,, but it may not be 
of general type. If two of its F-points are adjacent and one distinct, it 
is compounded of 2 general 7’,’s, or if all three F-points are adjacent, of 4; 
it never requires more than 4 (p. 37). 

If n 2 8, then 4 (n — 2) T,’s reduce n to 2; at the end of this process, O; 
is distinct from any other F-point, but O2, O; may be adjacent; the 7, to 
which 7’, is reduced is compounded of two general 7's. Hence any vi rots 
degree n 2 3 can be resolved into at most 4n — 6 general T’,’s, or 4n — 4 if the 
limit is to hold for n= 2 also. 
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7. Proof of Noether’s theorem (58, 128). 


Let (dn) be a homaloidal net of any kind, of degree n; we have to find 
a T, that reduces its degree. 

Let w be an integer such that 2< 4 <48+41, where 6 is the number of 
major F-points (p. 75). Since 8 2 2, this is always possible. We shall prove 
that the F-system O,“O, ... O.,-, defines a proper 7, of degree w. If this 
exists, it transforms (f,) into a net of degree n’, equal to the number of free 
intersections of dn, dy: 

n' =n—th(u—1)— = %, the sum extending to the 24 — 2 points, 


(24-2) 
=nu—(n—27)(w—-1)— & (—7)—-(2Qu—-2)7 
(2p. — 2) 
tea SNRs, 5 
(24-2) 


This sum has at least two terms, each 2 4; hence 
n Sn—(w—-1)<n. 

Let w have its maximum value, $8 +1 or $(@+4+ 1), according as 8 is even 
or odd. Then seals is either the same as, or just one term short of > which 
extends to all i major points. For this value of p, 

> (a—T) => (t.—7T)—(0 or % — 7). 
(24-2) B 


But ig 227, &(te— 7) >n— Br (p. 76). 
B 
Hence > (t—7) >n— 4, 
24-2 
n' < Ar. 


Now the #’-system proposed for 7; defines a net of monoids (¢,), however 
the points may coincide; but it might fail to determine a transformation 
if every member of (¢,) is forced to break up. If this is so, let ¢, be the 
variable part of ¢,. The fixed part ¢,-, cannot pass more than » — v times 
through O,; hence ¢, passes at least v — 1 times, and is either a monoid or 
a set of rays through 0,. 

If ¢, is proper, »v < 4; it cannot be a single ray, for then (d,) would be 
a pencil, and not a net; hence it isa monoid, variable within a net, which has 


for base 0," 0O,, where the y points O, are some but not all of the base 
y) 


( 
points of (f,), in number y = 2v — 2 < Qu — 2. 
Then the number of free intersections of ¢,, dp 18 
n’ =nv—i4(v—1)— S4 


; (y) 
Sn Nag T) 
Yy) 


>n-— & (t—7T), 
(24. —2) 


since the latter sum has additional terms > 0; hence n’’ > n’, 
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But the free intersections of gv, $n are some or all of those of $,, dn; hence 
ee -n'. 
giving a contradiction: ¢, cannot be proper. 

If $, breaks up, since no part of it is fixed, it consists of two or more 
variable members of a fixed pencil (28) and can only be a set of py = 2 rays, 
each meeting ¢, in 2, points at O, and n—7, = 27 variable points. In this case, 
the number of free intersections of hy, Pn is vn” = 47. But we have seen that 
we can choose pw so that n’ < 47; then 

ni’ SS n', 
giving the same contradiction as before: ¢, cannot break up. 

Hence ¢, does not exist; (¢,) does not break up, but effectively defines 
a I; which reduces the degree of (¢,). Noether’s theorem follows in its full 
generality. 

Now 7; can be resolved into at most 4 — 4 general 7,’s. Let 7, require 


aT;s. Then 
>(u-lhen-l1; 
(a) 


and the number of general 7,,’s required to resolve 7’, is at most 


> (4u — 4) S 4n — 4 
as for 7';. (a) 


8. Alternative proof (2, 67, 279, 290). 

A T, applied to O, and two general points A,, A, converts ¢, into 

Opes = Oe (An An re, 

and converts O, into a P-line 7’ = A,’A,’. All the F-points of (¢) in the first 
neighbourhood of O, ~ F-points of (¢’) of the same multiplicities at points 
Q’ of j’ other than A,’, A,’. An F-point O, of a higher neighbourhood 
~ a point O,' adjacent to Q’, which is an F’-point of (¢’) of multiplicity 2 a. 
If O, lies on ‘a linear branch through O,, the direction Q’O,’ is different 
from Q’A,’A,’; if O, lies on a cuspidal branch, the directions are the same, so 
that O,’ is among the intersections of ¢’, 7’. 

Let = apply to all the major F-points of (¢) in any neighbourhood of 0,, 

(y) 


whose homologues lie on j’. Since 7’ meets ¢’ in 2n—1% points, of which 
2 (n —%,) lie at Ay’, Ay’, aa 

DS Se 

(y) ; 
Hence =, which by definition is part of =, cannot be the whole of it (p. 76), 

(y) (B) ; 

and ane existsaset > of major F-points not belonging to 2s and therefore 
(8-y) y). 
either distinct from O,, or adjacent to it in neighbourhoods higher than the 
first, each lying on a linear branch through the two major F-points which it 


immediately succeeds. 
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Thus if = has no point on a cuspidal branch through 0,, it has at least 
(8-y) 
one point either distinct from O,, or in its second neighbourhood on a linear 


branch, which contains another major point in the first neighbourhood of O, ; 
in either case there is a reducing trio. 


If all the points of = lie on cuspidal branches through O,, we shall show 
(6—y) 
how to transform this into the last case by a first series of 7',’s, which raises 


the degree, and then show that a second series of T',’s reduces the degree to 
less than its original value. 

Stage (i). Apply a special 7, with two adjacent F-points, O, and any point 
O, of > in the first AUIS ENDURE of O,, and the third A in general position. 

(y) 
Then Zz 
Pn PS, Pn = OCn = O°7 A! *g, 

where n’ =n+27—-%<n+7T, since % >T, 
and A’ is not a major point, since its multiplicity <r. 

Now > may consist of points adjacent to O, in directions other than 0,0,, 


of O, itself, and of points adjacent to O,. The first kind ~ points of the same 
nature for (¢’); for the first neighbourhood of O, ~ that of O,’, except for 
points near O,0,, which ~ points near O,'A’. But O, itself is replaced by the 
27-fold point O,’, adjacent to O,’ in a general direction, and with no other 


F-points of (¢’) successive to it. Points of = of the last kind reappear with 
(y) 


their multiplicities unaltered, each adjacent to O,’ in a neighbourhood of rank 
one lower than before. This can be proved from the definition of = by 


resolving the special 7’, into two with distinct F-points. Thus > is sce tea 


: (y) 
by the special 7, except for the nature of O,. ; 


Apply y T,’s in this way, at each step removing one of the y original 
points from 2 replacing it by a 27-fold F-point, adjacent to Oy” in a general 
direction, with no F-point successive to it. Then ($,) ~ (6% mn), where 

pig aR haha on 
on which 0,” is (n'”) — 27)-fold. 


Stage (11). Let Os" be a point of = for this net. Since it is not a point 
(B— 7) 
0.” of >, nor successive to any O,, it is distinct from 0,7. We can apply 


a T, to 0, 0,0 Os” ; this gives a net of degree 
ni) = — ap, 


on which O,°* is of multiplicity n+” —27; the adjacent point 0,°’+ is of 
multiplicity 27 — 7s < r, and does not belong to ©; and O3+" is not an F-point 
(8) 


of (p+), 
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Thus & has lost one point completely, and is otherwise of the same nature 
af 
as at the last step. Again = has a point distinct from O,'+” ; we can continue 
(B-y) 


as long as = contains any point. After y 7.’s of this second series, the degree 
Y 
of the net is 


nm?) =n —Sis=n + yr — Via— Lis 
i) oy, 


for each of the 2y terms 2,, is >t 2 7 + 4, since 27 is integral. 

The combined series of 2y T,’s reduces n by at least y; Noether’s theorem 
follows. 

It also follows that n is reduced to 2 by at most 2 (n—2) T,’s and to 1 by 
at most 2n — 3. But all the 7,’s of the series are special, having two but not 
three adjacent F-points. If we require a resolution into general T's, each of 
the 2y must be replaced by two, and the last 7, to which 7, is reduced may 
have to be replaced by four; the total number is then 4n — 4 as before. 


9. Rational resolution. 


The question of the rationality of the resolution of a transformation 
is discussed in 193—195. A transformation is said to be arithmetically 
birational, if all the coefficients in the standard form of the equations are 
integral. In the equivalent series of 7,’s, certain irrationalities may appear. 
If the components are all to be arithmetically birational, we must admit 
16 classes of transformation as elementary, instead of 7, only; of these, two 
are varieties of 7.7, one of R5, these three being of general degree; the 
degrees of the others vary from 2 to 61. 


lPen LU 


CREMONA SPACE TRANSFORMATIONS 


CHAPTER IX 


OUTLINE OF THE GENERAL SPACE THEORY 


1. Comparison with the plane (61, 76, 85-87, 117, 287, 385). 

The theory of Cremona plane transformations is simple and complete. 
Any particular transformation is determined by one of its two homaloidal 
families of curves, whose degrees are equal, and this is determined by its 
F-system, which in turn is determined in all its main features by its 
characteristic, which merely enumerates a set of points and their multi- 
plicities. If contact occurs, it can for most purposes be regarded as a 
particular case of the more general configuration without contact. The 
characteristics afford a satisfactory classification of the whole group of plane 
transformations, whose study is reduced, by Noether’s theorem, to that of the 
simplest single transformation T,. 

In space, there is nothing simple to answer to a characteristic, except 
for very special cases (p. 318). A transformation is still determined by a 
homaloidal family, or by an F-system; but the two degrees are different, and 
the #-elements, instead of being all points, may be points or curves, and may 
be incident with each other in any way. The chief complication is that 
contact cannot in general be regarded as a limit, and for each F-element we 
must know not only the multiplicity, but also the order of contact, and the 
fixed element with which contact occurs (p. 173). The two plane equations 
of condition are replaced by formulae, ponderous in the simplest cases, which 
grow the less useful as they are the more general (p. 225). The incidence 
relations of the #- and P-elements are of great variety (p. 276); Clebsch’s 
theorem has several partial extensions to space. It is still true that the two 
F-systems have the same total number of elements, properly reckoned. 

It follows that there is no simple classification, beyond that given by the 
two degrees. Such other criteria as have been proposed do not throw much 
light upon the structure of the group of all Cremona space transformations. 

A greater difficulty is the lack of any analogue of Noether’s theorem. 
There must exist some base set of space transformations of which all others 
can be compounded; but we know practically nothing about it, except that 
it is an infinite set. More study of particular examples is needed before the 
underlying principles of a general theory can emerge; and at this stage we 
must develop methods for the simpler cases. 
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By means of auxiliary transformations, we could avoid the more com- 
plicated #-elements, and eliminate contact; but only at the expense of raising 
the degrees; and the theory of resolution is itself very complicated. In order 
to study the transformations of lower degrees, which we naturally attack 
first, we must be able to deal with contact directly (Chapter x11). 


2. Homaloidal webs. 


The definition of a Oremona space transformation is exactly parallel to 
that in the plane. It is a 1, 1 relation between the points P, P’ of two 
spaces S, S’ supposed to exist quite independently unless otherwise stated. 

The immediate expression and consequences of the definition are also 
parallel to those of Chapter 1. Let a, y, z, w be the homogeneous coordinates 
of P in S, and a’, ’, 2’, w’ of P’ in 8’; then we must have a set of equations 


Cae ham Oe OnE Os Pan vinsiedt away. ras (1) 
equivalent to the reverse set 
een ee NC Dee D e Da Gy ye vases was 8 awaciesiss (2) 


where the ¢ are homogeneous functions of a, y, z, w of degree n say, which is 
the degree of the direct transformation, and the ¢’ are homogeneous functions 
of a’, y’, 2’, w’ of degree n’ say, which is the degree of the reverse transforma- 
tion; and in general, n’#n. This is the first great divergence of the space 
theory from the plane; a space transformation 7, has two degrees, which 
we show by the double suffix. 

If the @ were unrestricted, equations (1) would define a Riemann trans- 
formation, which is 1, 1 between the points of a pair of homologous surfaces, 
but n’, 1 between all the points of S, 8’. 

In order that (1) may be rationally reversible, and have the unique 
solution (2), we must specialize the web (@), that is, the oo ® family of surfaces 
whose general member is c,d, + Cod. + C3; + Cshs, Corresponding to a general 
plane qa’ + cy’ +.¢2’ + cw’ in 8’. The family must be homaloidal, that is, it 
possesses the three characteristic properties of postulation, equivalence and 
genus: 

(1) it is linear and o?; 

(ji) three general members have one and only one free intersection, that 
is, variable with the parameters ¢, ... ¢,; 

(iii) all its members are rational. 

These three properties are essential, since (¢) ~ the web of planes of 8’ ; 
they are all invariant under Cremona transformation. 

Cayley and some other writers call all rational surfaces homaloids 
(p. 341 of 315), but we do not use the term so widely (p. 3). For example, 
the family of rational quartic surfaces having a given double twisted cubic 
is co*; but its members are not homaloids, for they have no free point of 
intersection, and we cannot select a homaloidal web from among them. 
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The web (#) acquires its homaloidal properties by virtue of containing the 
base points and curves common to all its members; these are called 
fundamental elements (F-elements), and together form the first F-system H 
of T,-n’; the base of ($’) is the second F-system H’. The multiple F-elements 
of H reduce the genus of ¢ to 0, and together with the simple elements, 
reduce (#) to a web, and absorb all but one of the free intersections of three 
general members. 

The particular surfaces ¢,, ..., 64, which ~ the planes of reference in Ss, 
are called base homaloids in S. The transformation is determined in all 
essentials when one homaloidal web is given, defined by its F-system: we 
arbitrarily select four linearly independent members as base homaloids, and 
write down equations (1). This selection is equivalent to an arbitrary choice 
of the frame of reference in S’ ; any other base homaloids that might be chosen 
are linear functions of the first set, and their substitutions would effect a 
substitution of linear functions for a’, y’, 2’, w’, equivalent to a change in 
this frame of reference. 


3. Homaloidal twisted curves (192). 

The total intersection, of two general members ¢, W of the web (9), 
breaks up into a set of F-curves » and a residual ¢ which varies with the 
parameters of ¢, yw. It is the latter only which ~ the intersection in S’ of 
the two planes which ~ ¢, w, that is, a general line /’. The intersection of /’ 
with a third general plane ~ the variable intersection of c with a third 
general homaloid y ; hence there is only one free intersection of ¢, x, all the 
rest are F’-points, either fixed or varying on o. 

Let m be the total degree of the F-curves w, any multiple curve or curve 
of contact being reckoned as often as it counts in the intersection of ¢, w. 
Then the degree of ¢ is n?—m. This is the number of intersections of ¢ with 
a general plane p; they are all variable with the parameters of ¢, w, p, and 
they ~ the intersections of U’ with f’ the homologue of p. Since I’ is a 
general line, these are all variable, and their number is n’ the degree of the 
second homaloidal web: 

n' =n? — Mm, m=n?—n'; Ss 
and similarly rn=n?—mM, m =n? —n, 
giving the degree of the reverse transformation in terms of the first web, and 
the total degree of the F-curves in terms of the two degrees of T,_». These 
relations take the place of the plane equality n’ =n, which does not hold in 
general for space. 

Since m, m’ 2 0, we have limits for the second degree of T,_,' when the 
first 1s given : 

Jnen' Sn 
Thus ifn =1, then n’=1; if n=2, then n’ =2, 3 or 4; ifn =8, then n’ can 
have any value from 2 to 9, and so on. Examples are given in Chapter xIVv. 


1x] OUTLINE OF THE GENERAL SPACE THEORY 157 


If w consists of several multiple curves without contact, such as w,’, we 
replace m by 20m; then 


<?m = n?—n’, and can vary from 0 to n? — /n. 


The same conditions that restrict (#) to be a homaloidal web also restrict 
the family of twisted curves (c) to be 24 and rational, for they ~ the family 
of all lines of S’. This is called a homaloidal family of twisted curves; it is 
such that all the intersections of two general members are fixed or lie on 
fixed curves; but if the two lie together on a general ¢, they have one and 
only one free intersection. 

The homaloidal family of curves (c) can be taken instead of the web of 
surfaces (f) to determine T',_,. 

The net of curves (c) lying on a general ¢ is analogous to a homaloidal 
net of plane curves, being also a transformation of the lines of a plane. For 
a special homaloid ¢), the net may have no free intersection. For example, 
if @) has a d.p. at a simple F’-point O, this is double on every ¢ lying on dy, 
but simple on a general c; it absorbs two intersections of ¢, wv, x but only 
one of three general homaloids. That is, O absorbs the one free intersection 
of do, W, xX, and of any two curves c lying on ¢y. 

Then ¢, has no free intersection with a general c, and its homologue does 
not meet a general line, and is a curve or point, not a plane; ¢, is an 
exceptional surface for 7’, of the kind called principal (p. 161). 


4. Homologues. 


A general element of S is transformed by T into an element of the same 
nature: a point into a point, a surface into a surface, represented by one 
equation between the coordinates, and a curve into a curve, represented by 
two or more equations. 

By (2), a general surface in S, say, f, (2, y, 2, w), of degree pw, ~ the 
surface f, (dr, 2, bs, 1) or say f'y (x, y’, 2’, w’), of degree p'=n'p. It 
contains the whole of H’ taken pw times; that is, an F-element. 7-fold 
of (¢’) is »i-fold on f’. If f contains certain F-elements, we shall see that 
the result of substitution breaks up into principal surfaces, corresponding to 
these F-elements, and a residual surface f’, of degree <n’, which is the 
proper homologue of /, and ~ all its general points. For example, if fis ¢, 
then f’ reduces to a plane. 

A general curve k of degree m ~ a curve k’ of degree nm; for k meets > 
in nm points, all variable with the parameters of }; hence the homologue 
meets a general plane in nm points, and this is the degree of k’. If k passes 
through any F-points, we shall see that the transformed curve breaks up into 
a set of exceptional curves called principal, and a residual kh’ of degree < nm, 
which is the proper homologue of &. For example, if & is c, then k’ reduces 
to a line. 


158 CREMONA SPACE TRANSFORMATIONS [cH. 


The degree of.k’ can be simply verified when & is the total intersection of 
two surfaces f,, f,, where ww=m. These ~ f'n,, f'n, Containing p, v times 
respectively the F-curves ’ of total degree n*—n. In the intersection of 
finus f'n'v therefore, w’ counts as a curve of degree wv (n’?—n), and the degree 
of the residual k’ is n’w.n'v — p(n? — n) = mm. 

A given surface or curve can be studied by means of a homologue of 
lower degree, if we can find a Cremona transformation with such of its 
F-elements lying on the given variety, and of such multiplicities, that enough 
principal elements drop away from the homologue. Most of the space trans- 
formations in the earlier literature occur for this purpose (p. 393). 


5. Postulation and equivalence. 


As in the plane, each F-element has three numbers, answering to the 
three characteristic properties of the homaloidal web: the postulation P, 
equivalence # and reduction & in the genus of ¢. 

For a simple isolated point, P= H=1, R=0; for multiple points and 
points of contact, these numbers are higher, and #> P (Chapter x1). For 
F-curves, P and E£ depend not only on the nature of the element, but also on 
the degree of the family. 

These numbers refer to the element as imposed on the surface of degree n 
free from other restrictions. If () already has F-elements with which the 
new element is incident, both P and # are reduced, and they may be so, even 
if there is no incidence with previous elements. 

In the plane, if 4,+227+41, the homaloid breaks up, and the degree is 
lowered. In space, the only consequence is that ($) acquires O,O, as an F-line, 
as a necessary consequence of the two multiple F-points. If 74,+7%>n+41, 
not only does (p) acquire O,0, as a multiple line, but also the conditions 
presented to (p) by O,, O, cease to be independent, and the postulation of 
the pair becomes less than the sum of the postulations of the two points 
separately. Also the equivalence is entirely altered by the appearance of the 
F-line. 

For example, let a quartic family (¢,), which already has a triple F-point 
O,, acquire a second distinct triple point O,. The postulation of the first is 
found in Chapter x1 to be 10, but of the two it is 19. For (¢,) necessarily 
acquires yet another F-element, the double line w,=0,0,. Now for a double 
line on a quartic family P=13; but for the system O,, O,, w,, the sum of the 
separate postulations, 10+ 10+ 13 = 83, is reduced by 7 for each incidence 
of w, at a triple point, and the total is 833 —2.7 = 19. 

In calculating P and # for a single element, we assume that n is high 
enough, compared with the multiplicity and degree of the F-element, to 
present the most general case. Otherwise ¢, may either break up, or contain 
other F-elements as a necessary consequence of its passage through those 
considered (327 and pp. 216, 220). 
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Thus the total numbers for the whole of H are not the sums of those 
for its elements taken separately but are reduced by the incidences of the 
elements. 

The number of linearly independent terms in ‘the general n-ic in four 
variables is 


("Saas Des mts) 


and three such surfaces have n* free intersections. The general homaloidal 
web has four linearly independent terms and one free intersection. Hence, 


for the whole of H, 
VEN 


3 


We can show, just as on p. 5, that P has exactly this value, so that a homa- 
loidal web is exactly determined by its F-system, and the conditions of 
postulation and genus follow from the condition of equivalence (61). A 
different proof is given in 146, by considering the net (c) of curves of inter- 
section of one surface ¢ of the family with the remaining members. It is first 
shown that @¢ is rational; then any 1,1 plane representation of ¢ converts 
(c) into a plane family satisfying the condition of equivalence, whose known 
properties (145) lead to the required result. 
Further properties are given in 147—149. For example, the reduction in 
the genus of c due to any F-point is H—P+R; and if ¢,, ... ¢, are four 
-general homaloids, the genus of a general plane section of $,¢.+ $:¢, 
exceeds twice the genus of a general plane section of @ by n’—1. 


(“R°)-4 K=7n3 —1, 


6. Types of F-elements (13). 


The F-elements which compose H and H’ may be either points or curves, 
either simple or of given multiplicity; and @ may be required either to 
contain the element, or to have contact of a given order with a given surface 
at the point or along the curve, or to have several sheets passing through 
the element, with separate conditions of contact for the different sheets. 

Even then, H is not fully defined until we are given the incidences of the 
F-elements with each other; and at a point of contact we must know the 
relation of each branch of an F-curve, which passes there, to the fixed 
surfaces touched by @. 

The highest multiplicity possible for an F-element is n—1. For if 
O (0, 0, 0, 1) were an n-fold F-point, (¢) would all be cones with O as fixed 
vertex, the coordinate w would disappear from equations (1), which could not 
be reversed. If three of the cones had one free intersection P, they would 
have all the points of OP in common. 

If there is an (n—1)-fold F-point, 7 is called monoidal. This type of 
space transformation is the most natural extension to space of the plane 7';, 
and has many important properties (p. 306). 
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It has been shown (28) that the homaloids cannot have any points of 
multiplicity >2 except at F-points. But it does not follow that they all 
have exactly the same multiple points. An 7-fold point may vary, for different 
members of the web, always lying on an (i—1)-fold F-curve of contact (97, 
324, 325). For example (97, 158 Z,), the cubic web 

C2 (ww + 2°) + Cow (yz + w) +. Zw (C,2 + CW) 

consists of cones with a common nodal edge z=w=0, along which they 
touch the two fixed planes z, w, the vertex being the variable intersection 
of this edge with c.@+c,y. A cubic surface with a double line does not in 
general touch any surface of lower degree along it; if it is constrained to 
touch a fixed pair of planes, it can be shown that a triple point must occur 
at some point of the double line, and the cubic must be a cone as a necessary 
consequence of the conditions of contact, but the vertex is not thereby fixed 
(p. 249). 

In general, the (i—1)-fold curve w, with contact of all the sheets of ¢, w, 
counts (7 - 1)?+ (¢— 1) =i (¢—1) times in the total intersection ¢,2 of , . 
Now at O, which is 7-fold on ¢, and (7— 1)-fold on w, the tangent cone of 
consists of 7—1 planes, through ¢ the tangent line to w; that of ¢ is a proper 
cone of degree 2, with ¢ as an (1—1)-fold edge. The two cones meet in ¢ 
counted 7(i—1) times, and have no other common generator. Hence c,» has 
¢(¢—1) branches through O, all coinciding with w, and the variable inter- 
section Cy, of ¢, x does not pass through O, and has no condition presented 
to it by O, which is not an isolated F-point. The z-fold point, which every 
vw has at some point of w, is incidental to the contact conditions, in the 
same way that a certain number of pinch-points are incidental to a double 
curve (p. 254). 

If H consisted of ordinary simple points only, the total P and E would 


both = the number of F-points. But if n>1, then lea —4<n?-1, 


P<E. For a quadric family, P=6, H=7; but six simple F-points would 
leave two free intersections; and seven would not leave a web, and any three 
quadrics through the seven fixed points would also a through an eighth, 
and would have no free intersection. 

For any other type of F-point, P< H. For a simple point of simple 
contact, P= 3, H =4, and accordingly there is a quadric transformation T._, 
(p. 292), for which H consists of a point of contact and three simple points. 

Since m+m' =n(n—1)4+7n' (n'—1), 
we cannol have m=m/'=0, and every transformation has an F-curve in one 
space or the other (p. 261). 

The simplest transformation with no isolated F-point in one space is T,_ 
(p. 287), whose second F’-system consists of one double and three ihe 
lines. The simplest with no isolated #-point in either space is 7'_; (p. 294) 
for which each of H, H’ consists of a simple sextic curve. 
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7. The principal system. 


The transformation breaks down for an F-point O, where 2, y, z, w are 
such as to cause q,,...¢, all to vanish at once. Equations (1) cease to be 
significant, and (2) cease to be independent, but reduce to two or one inde- 
pendent equation, instead of three, and represent a curve or surface corre- 
sponding to O, instead of a point. The elements of S' that ~ F-elements of 
are called principal, and together form the second P-system; similarly there 
is a first P-system in S, corresponding to H’. These are discussed in 
Chapter xi11; for other terminologies see p. 14. 

As in the plane, the break-down of the uniqueness of 7 for the F-points 
answers to the algebraic fact that the reverse equations (2), giving P’ 
uniquely in terms of P, are not in all respects equivalent to (1) but only 
after the rejection of the common factor G’ of degree nn’—1, that appears 
when we substitute in ¢,,...¢, from (2) and obtain an identity. At points 
where G’=0, the reversal is not unique. We can write down G’, without 
investigating the correspondence of its separate components with elements 
of H, most symmetrically as the factor which separates itself from the result 
of substitution in a general ¢, leaving a general plane: 


4 
G = = Cagaldi, bo, bs, bs) | (av! + coy’ + 652’ + ¢,w’), 
a=] 


which is an integral function of «’, y’, 2’, w’, of degree nn’ — 1, independent of 
C,.-.C,. Similarly, 


G = S Ca pa (p,, po, ps, fs) / (C2 am Coy + C32 aF C,W). 
=u 


As in the plane, we can get the equation of the first set of P-surfaces as 
the Jacobian 


_| Od. Ody 
jf = ap? 0? Oe 
Ob 
ow ~~ ow 


This is of degree 4n—4, different from that of G, and represents the 
same sheets but with different multiplicities. It will be shown on p. 281, 
that the multiplicity of any P-surface j in J is equal to the number of 
conditions presented to ¢’ by each incidence of one of its branches with the 
F-element which ~ j; and its multiplicity in G is equal to the number of 
intersections of c’, x’ absorbed by the incidence. 

If J=G, then 

4(n—l)=nn'-1, n(4—n'/)=3, 

only satisfied if f= also: 

We can show that an isolated i-fold F-point is (47 — 2)-fold on J, and an 
i-fold F-curve is (4¢ —1)-fold on J. 


II 
HCT 
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Let O (0, 0, 0; 1) be an ?-fold F-point; then 
b = wu; + Ww Us + oe 
The leading terms in any column of J are 


Ot 2 1 OUs OU; : ca 
Uf Nook Mees iia i) ee Laan so w” Tl Us; 
ShscOre ay? oe » 
but the determinant formed by these =0, since u; is homogeneous ine, Y, 2, 
Lae Os OU; Ou; 
and Uy Sus +y oy ten. 
degree 47 — 2 at least, and J = azz 
If O is a point of an 7-fold curve o, and v=y=0 is the tangent to w at O, 


Hence the lowest terms in 2, y, z in J are of 


then u; = (a, y), being a set of planes through the tangent line, and oe 0. 


The terms of J of degree 47 — 2 in a, y, z vanish identically, and J =o: 
In the same way, if O is a simple F-point of contact, with z as fixed 
tangent plane, 
De Es ae 
we find that J = 0+, one sheet of the tangent cone to J at O being the fixed 
tangent plane to (@). 


8. Correspondence between J’ and H. 


If j.’ is a factor of J’ or G’, of degree a, it gives a surface meeting a general 
line in a variable points. The homologue is therefore an F-element incident a 
times with a general c, where a > 0. 

If this is an F-point O, it is an a-fold base point of (c). The total inter- 
section of ¢, wy in the neighbourhood of O consists of a branches of ¢, with or 
without some branches of F-curves w. If O is wholly isolated, not lying on o, 
since it les on ¢, y and on their total intersection, it lies on every c, and 
a>0; or O may be a point of w, of such higher multiplicity or order of 
contact than the general points of the branches of through it, that the 
total intersection of ¢, yw at O is not exhausted by the F-curves. 

Any point O which is a base point of (c) is calledvan isolated F-point, 
whether it les on @ or not, in the sense of not being adjacent to 2 points of 
the same nature. A general point O, of w is not a base point of (c), though 
it may lie on particular positions of c; and it is one of an o continuous 
series of points of @ all of the same nature. If an isolated F-point lies on a, 
it 1s a special and not a general point of the curve. 

Since a general point O, of lies on every @ but not on every ¢, the 
homologue meets every plane but not every line and is a P-curve x’, not 
a surface. The degree of «’ is the number of its intersections with a plane, 
equal to the number of times a general ¢ is incident at O,. In general, this 


number is the multiplicity of on (); but for certain exceptional F’-curves 
this does not hold (p. 270). 
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Thus F-points are of two kinds: 

(i) isolated F-points, base points of (c), which ~ P-surfaces of J’; 

(11) points of F-curves, which are not base points of (c), and which 
~ P-curves. 

For example, if O is an ordinary d.p. of a simple F-curve o, it is a point 
of contact of (@), and through it pass two branches of the total intersection 
of $, . Both of these are branches of @, a general c does not pass through O 
which is of the second kind. 

But if O is a triple point of , the three branches not all touching one 
plane, it is necessarily a d.p. of (f); four branches of the. total intersection 
of ¢, w pass here, three being branches of » and one of c. Hence O is a base 
point of ¢, and an isolated F-point, and O ~ a P-surface, which is a plane 
since a= 1. 

There is a similar distinction between F-curves. Let w have a inter- 
sections with a general ¢ at points O, variable on , and £ intersections at 
fixed points O, which are therefore isolated F-points lying on w. The homo- 
logue of the whole set of points O, O, meets every line in a + 8 points, and is 
a surface or set of surfaces of degree a+. Of these, P-surfaces of total 
degree 8 ~ the isolated points O alone, and the residual P-surface j,’ of 
degree a ~ all the general points O, of w. As we have seen, any one point 
O, ~ a P-curve x’, and 7,’ is the locus of «’ as O, describes o. 

This assumes a> 0; then it follows that «’ does vary with O,. If a=0, 
the surface 7’ does not exist, or rather it reduces to a single curve «’, which 
may be regarded as a surface of degree 0, which remains fixed as O, describes o. 
Then every point O,’ of x’ ~ every point O, of w, and O,' is an F-point of H’, 
and «’ is an F-curve of the same nature as w; both w and «’ are at the same 
time F-curves and P-curves; for an example see p. 273. 

Thus we have two species of F-curves: 

(i) F-curves which meet (c) in variable points, and which ~ P-surfaces 
Obes 

(ii) F-curves which meet (c) in isolated F-points only, and which 
~ F-curves of second species of H’. 

For example, if a quartic family has an F-line , and a triple point 0, 
lying on it, the residual intersection of ¢, p has eight branches through O, 
and two meeting w, in variable points. If none of these are other #-curves, 
they are all branches of c, and O, ~ a P-surface j.’ and o, ~ jo. But if (dy) 
has a double F-point O, on @,, the residual has three branches through 0, 
and no variable intersection with w,, which is now of second species: and 
~ a P-line. 

Thus we have F-points of two kinds and F-curves of two species. An 
F-point which is not isolated is usually not to be regarded as a separate 
F-element, but only as part of an F-curve. Thus /’-elements are of three 
kinds, isolated F-points, and F-curves of first and second species. 
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9. Types of P-elements. 

Conversely, we have three kinds of P-elements, homologues of the three 
kinds of F-elements. All the P-surfaces j’ of S’ are given by the different 
factors of J’ or G’, and are of two kinds according as they ~ isolated 
F-points O or whole F-curves @ of first species. Since a general plane p does 
not contain O, and meets a curve wm of degree m in m points, if 7’ 1s of first 
kind, and ~ O, it meets (¢’) in F-curves only; if y’ is of second kind, and 
~ @m, it meets each ¢’ in m variable curves x’, which ~ the m points of 
intersection of p,m. Since it ~ an F-point, each x’ is by itself a P-element, 
part of the P-surface 7’. 

But the sheets of J’ may not exhaust the P-system, which may also 
include F-curves of second species, which ~ F-curves of H, also of second 
species. These are discussed on p. 270. 

These P-surfaces and curves drop away from the homologue of any surface 
f, or curve k», in 8S, which contains the corresponding F-curve or point. Thus 
if f contains an F’-curve o of first species, and & contains a point O of w, then 
a P-surface 7’ is dropped from f’, and a P-curve x’, lying on j’, is dropped 
from k’. One of the wm intersections of f, k is the point O, which ~ x’, 
belonging to both the dropped parts, and O does not ~ any intersection of 
f', k’. Thus, in equating the numbers of any two homologous sets of elements, 
we must first set aside any F-elements that belong to either set. 

If a plane p contains an isolated F-point, or an F-curve of first species, the 
corresponding homaloid ¢’ breaks up, and one sheet is a P-surface. Unless 
p isa P-plane, ¢’ has one and only one sheet which is not a P-surface, but is 
the proper homologue of p. Conversely, if a $’ breaks up, all the sheets, 
except possibly one, are P-surfaces; and all P-surfaces which ~ F-points or 
plane F-curves occur as sheets of degenerate homaloids. 

The effect of T upon an F-point O is to spread it out into o? or o} 
P-points. Let an ordinary point P > O by a definite path; as long as P is 
distinct from O, it ~ a definite point P’, which > a definite point Q’ as 
P-—>0O. There are oo paths of approach of P to O, and o positions of Q”, all 
P-points which ~ O. . 

In the simplest cases, the position of Q’ depends only on the tangent at O 
to the path of P, its coordinates are rational functions of the two parameters 
defining this direction, and its locus is a rational P-surface j’. But it may be 
that sets of co directions round O give the same Q’, whose coordinates are 
rational functions of a single parameter, and whose locus is a rational 
P-curve x’. If there is contact of (f) at O, it may be that every line through 
O ~ a curve approaching one of a finite set of points in 8’, and it is only 
certain higher curves through 0, satisfying some of the same contact 
conditions as c, whose homologues approach the general points of the 
P-element. For an example, see p: 292. 


If O ~ a surface j’, a surface f through O has a proper homologue f’ from 
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which j’ has been dropped. The patch of f nearO ~ a part of f’ near 7’, that 
is, the strip of f’ along its curve of intersection with 7’; and this curve ~ the 
set of points of f adjacent to O, lying on the tangent plane or cone to f at O. 

If O ~a curve x’, then f’ contains x’, and the patch of f near O ~ the 
strip of f’ along «’. If x«’ is multiple on /’ this strip may consist of strips of 
all the sheets of f’ or of some only; then the strips of the other sheets of i be 
along «’ ~ patches of f near other points such as O which also ~ x’ and lie 
on f, and O is a point of an F-line of second species. 


10. Transformation of adjoints (18). 


The adjoint family of order a, of a given linear family with ordinary base 

points P and curves hk, 

(Su) = =P" Dkr, 
is the family, if it exists, of degree v = u — 4a, 

(g.) = SP She, 
where the sums extend to the base points of (f,) of multiplicity o > 2a and 
base curves of multiplicity t>a. Simple and double points and simple 
curves of the base present no conditions to any adjoint, and the base elements 
of next lowest multiplicities drop out in succession as we form the higher 
adjoints. 

We shall prove that adjunction is invariant under a Cremona transforma- 
tion Z',_,, m the sense that the proper homologue of (g,), supplemented if 
necessary by a set of P-surfaces of 7, is adjoint of order a to the proper 
homologue of (f,). 

We assume that there are no base elements of contact of (f,) and no 
F-elements of contact of T; for such, the definition of adjunction must be so 
extended that the transformation property holds. For example, if (f,) has a 
tacnode P, in a 7,_. with P as isolated F-point, f ~ a surface f’ having a 
double line «’ answering to the double tangent plane ¢ to fat P (p. 362). If (g) 
is adjoint of first order to f, then (g) ~ (g’), which is adjoint to f’, and therefore 
passes through x’, and g passes once through P and touches ¢ there. The 
multiplicity of P on g is governed not by its explicit multiplicity on f, but by 
that of the implicit multiple line. In the same way, if f has a o-fold point P 
of higher singularity, and adjacent to it an implicit infinitesimal t-fold 
curve k, where o 27, then on the adjoint of order a the multiplicity of & is 
+ —aand that of P is the greater of o- 2a, t—a, that is, c— 2a ifaso-—rT 
and r—aifa2o-—vr. For an example, see p. 294. 

Let the base elements of (g,) consist of a set O,, @, of F-elements of T 
and another set P,, &,. These are all base elements of (/,); let it also have 
other base elements O,, @:, P2, kz, where O,, , include all the other 
F-elements of T as base elements of (f,,) of multiplicity 2 0. 


Then g,>2a,7,>4, 050,520, 0ET,S4. 
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Let f’w, g’v be the proper homologues; then the results of substitution 

from the equations of 7 in f,, gy are 
Fans 220 ot Pro =f eNi3S 
Oy OEY ot Mee) Piciae ia tie ye) ae 

Now the second Jacobian of 7’ is 

J aie) SO eee = ITj*o jo (pp. 161, 281). 

Thus we can form a family of degree 4a (n’ —1) + vn’ = wn’ — 4a, 

Tog y 220m alters Blom bers =f TILT TT, 
which is adjoint to (fun). 

But adjunction is not altered by dropping a common factor from the 
family and its adjoints; since 242 0,,a27,, we can drop Ij? 7”, and find 
that the family 9’, Lea Le is adjoint of order a to (f’w). 

If « =4a, and there is no o > 2a and no 7 >a, it is convenient to say that 
the adjoint of order a exists and consists of 0° surfaces of degree 0 subject 
to no conditions. The zero system exists in the sense of offering no contra- 
diction; and in this case the transformed family has an adjoint of order a 
composed of P-surfaces of 7. Thus (f,) with no base elements has a zero 
adjoint system of order 1. If we transform by a 7’,_, (p. 187), we obtain the 
family f = O'@,4, whose first adjoint system J,)=O7w® exists, while the 
second would be (/f,’) = w”, which is self-contradictory and does not exist. 


11. F-elements of highest multiplicity (18). 


A homaloidal web (¢,) has no adjoint systems of any order, for they 
would still be adjoint when (¢,) is transformed into a family of planes, which 
has no adjoints at all. Hence for every value of a S 4n, the F-elements that 
would survive on the adjoint present impossible conditions to a general 
surface of degree n — 4a. 

Let a be the quotient and § the remainder in n+4. The adjoint of 
lowest degree is fg of order a and degree 8. This is prevented from existing 
by the #’-curves of multiplicity « 2 a +1 and F-points of multiplicity 7 2 20+ 1. 
These are therefore at least either 

(i) an aggregate w, of curves, of total degree m, of multiplicities 2 1 on Tes 
and therefore of multiplicities 2a+1 on (); or 

(ii) a point of multiplicity 2 @+1 on fg and 2 2a+8+1 on (¢); or 

(1) a set of points of multiplicities 8, 8—1,...1 on fg, in suitable 
numbers and positions to prevent fg existing, and therefore a suitable set of 
points of multiplicities 2a+ 8,... 2a+1 on (4). . 

None of these must be such as to prevent (#) existing. In case (i), if » 
lies on a surface of degree = 8 S38, the condition iZ2a+1 is necessary but 
not sufficient, and either 12 a+ 2, or there exist other F-elements that also 
present conditions to fg. 
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Now @,,**? cannot exhaust the intersection of ¢, wy, for there is a free 
intersection of degree n’ 2 /n; hence 


(a+1Pmsn?—VJ/n 
4a+ 8B 
a+l 
Hence there are for m at most the 16 values 0, 1,... 15, and this gives a 


possible basis for the classification of transformations. For the lower values 
of n, the limit for m is much lower; for example, 

if n=4, a=1, 4ms16-2, MC 3, 

if n=8, a=2, Ims64—-—V8, ms6. 

Again, every quadrisecant of w,, meets ¢ in at least 4(a+1)>n points, 
and lies on it, and is an F-line. Hence o,, has only a finite number of 
quadrisecants: if w, is plane, m <3; if wm lies on a quadric, m ¥ 6, for w,, 
meets every tangent plane in at most three points of each generator of the 
quadric. If w lies on a cubic f, the total intersection of f, with ¢ is of 
degree 3(4a+ 8) 2(a+1)m; hence in this case, m= 11. 

By such methods, limits have been found for the F-elements that must 
exist in the various cases (18). 


2 
m<( j = 15, since B< 4. 


12. Cremona’s theorem (85, 87). 


Cremona has shown how to obtain all the transformations 7',_, whose 
general homaloid is any given rational surface ¢,, of known degree. The first 
degree n of T is given by ¢, but the second is unknown between the limits 
/n and n? (p. 156). Since ¢ is rational, we assume that we have some 1, 1 
representation V, not necessarily a Cremona transformation, of ¢@ upon a 
plane p. Then Cremona’s theorem is that the set of space transformations 
Tn-n, having ¢ as a general member of the first homaloidal family, answers 
to a set of plane Cremona transformations of p, whose /’-systems satisfy 
certain conditions, and whose degree = a certain limit m, these conditions 
depending only on ¢ and on V. 

Thus when ¢, V are given, m is a known number. We can obtain all 
the plane transformations of degree =m (p. 64), and examine which of 
them satisfy the other conditions; from the set thus selected we can construct 
the set of space transformations required. 

The first homaloidal family (y) of 7 must have the same multiple elements 
as ¢, with the possible exception that if @ has an 7-fold point O lying on an 
(i —1)-fold curve @, then (yf), instead of having O as an «-fold F-point and 
as an ordinary multiple curve, may have w as an (¢— 1)-fold curve of contact, 
with a variable i-fold point on it in place of O, which in this case is not an 
isolated F-point (p. 160). Then we may have to examine the two possibilities 


separately. 
The multiple F-elements of (W) being thus fixed, it is the choice of the 
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simple F-elements that determines each different transformation 7. Unless 
there are enough multiple elements to reduce this choice within reasonable 
limits, and to keep m low, the method becomes unwieldy. 

The total intersection c,2 of ¢, Y consists of 

(i) the known multiple #’-curves of 7, 

(1) the unknown simple F-curves of 7, 

(iii) the variable residual c,, also unknown. 


The last is subject to certain conditions of incidence, which reduce it to a net. 
Since ¢ is a general homaloid, and not a P-surface, the net (c,’) on $ has 
one and only one free intersection. 

The unknown parts of (c,2), consisting of (ii) and (a1), form a net of 
degree =n’, with one free intersection, which is subject to certain known 
conditions of incidence with multiple elements of ¢, as well as to certain 
unknown conditions. By V, the image in p of this net is a plane net (k») of 
definite degree m say, and each k,, consists of a fixed part km_,, image of (11), 
and a variable part k,, image of (111); and (k,) is a net with one free inter- 
section, that is, a homaloidal net, determining a plane Cremona transformation 
W of p, of degree »m. Thus W is one of the finite set of plane trans- 
formations of degree = m; and it can be any one of them which is such that 
its homaloidal family (K,), supplemented, if ~< m, by a suitable fixed curve 
or set of curves of degree m— yp, gives a (k,,) satisfying the known conditions 
of incidence, at the images of the multiple points of ¢, and at the base points 
of the plane representation V. Thus we determine all the possible forms 
of W. 

For each of these, (k,,) 1s a known net, consisting of a known homaloidal 
net (k,) and a fixed part k,_,. Its image on ¢, by V~, consists of a net (cy), 
determined by a known base, and a fixed set of curves o, either images of 
Km—p, OF arising from additional incidences of (k,,) at base points of V, beyond 
those required by the known conditions. Thus we determine (ii), and the 
unknown base points of (111). These are all simple elements of ¢, and if any 
of them is reckoned more than once, it is an element of contact of (W). These 
simple elements, together with the known multiple F-elements, form an 
F-system H; and the family of surfaces (a) containing H is homaloidal : it 
is a web, for it cuts out a net on ¢, which is a general member; and it has 
one free intersection, for ¢ has one free intersection with any two other 
general members. Thus every W determines one 7’; different W’s may 
determine 7’s of the same type, with their F-systems differently related to 
the base of V. 


13. Quadric transformations. 


As the simplest example, let ¢ be a quadric, and V projection from an 
F-point O of ¢. The base points in p are A,, As, the traces of the two 
generators 1, 1, of @ through O. The total intersection of ¢, is c, =O, and 
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its image in p is k,=A,A,. All the plane homaloidal nets (k,) with u <3 
can serve. If X, is a general fixed point of p and O, its image on ¢, the 
possibilities are : 


In P ; On ¢ 

Homaloid Fixed curve Homaloidal curve F-curve 
ky ko =A 14 2 (Q= O @ 
kg= AyAoX, ky y= 0; LO 
k= A,X, X, k=A, ¢3 = 00,02 @, 
ky = XX, X, i ky= A,Ay g= 07010203 
ki3= APA, XX, KX; B= 01,0203 1,=0 
k3= A, A,X12X.X3 ¢4= 00,202,032 


Now a fixed simple point on ¢ is an ordinary F-point of 7, and a d.p. is an 
F-point of contact. Hence there are three types of quadric homaloidal webs, 
the #-systems being 

(i) aconic and a simple point, fn (Palo), 

(i1) a line and three simple points, Tee (peso), 

(1) a point of contact and three simple points, 7,_, (p. 292), 
the degree of the reverse transformation being 4—m, where m is the degree 
of the F-curve. 


14. General cubic transformations. 


Next, let ¢ be a general cubic surface. Take three skew lines Ay, re, A; on 
it, and three points A,, A,, d;in p. We can map ¢ on p so that if a point X 
of p is the image of a point O on ¢, then the lines XA,, XA,, XA; of the 
three pencils (A,), (A.), (As) are related to the planes Od,, Ore, OA; of the 
pencils (A), (Az), (As) by three homographies. 

Then A, is the image of a base line /, on @, intersection of the planes 
related to A,A,, A,A,in the second and third homographies ; 1t meets Ay, Az, 
but not A,. Similarly for A,, A;. The other base lines J,, J;, 1, on ¢ are the 
three that meet all of 4, A», Az; every point of J, has for image the same 
point A, of p, lying on the three lines related to Arla, Aols, Agl, Thus there 
are six base points A in p, in general positions, and six base lines / on @, 
skew to each other, and five meeting each axis. The axes themselves are not 
base lines; if O > a point Q of dy, it approaches it along the tangent plane 
to @ at Q, which contains d,, and the plane of the first pencil is determinate. 

The image of a curve ¢, in ¢ meeting J, in y. points is a curve ky in p 
with y, branches through O,, where 34 =m+X7y.. The intersection of ¢, ~ 
is a c, meeting each / three times; its image is a ky = >A. 

We examine all the plane homaloidal nets 

y= = An > X 5; 
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if there exists a proper or degenerate k,_,= 


of s-point contact. 


CREMONA SPACE TRANSFORMATIONS 


[cH. 


>A,3~, the index being 0 
if i,>3, then kyky is a ky = =A*, and (k,) determines a homaloidal web 
containing #. There are 40 such cases, and the same space T3 1 occurs 
repeatedly, with its F-system in different relations to the base lines. 

If k, passes 8 +8 times through Aq, then J, counted s times is part of Cy; 
and is an F-line of s-point contact. A base point X, of multiplicity s on Keys 
represents a fixed point O of multiplicity s on ¢, which is an isolated F’-point 


We find seven distinct space transformations, of which details are given in 
85, 87, 217, 384, 385. The following table gives examples of how they can arise. 


No. in 
a one, Table VI 
Homaloid Fixed curve ges oe F-curve 
ky kg=(A,A,A434 4A5A6)? C3 @g, genus 3 2 t 
hy AA,X ky = (A, Ao)? (4344454) Gee 0 @5> 6 
hs= AA, A3AyX? ke=(A,A9A3A4)?(A5A6)? | >= 0? @4, » O 23 
hig= AA A3A4A5A GX? kg =(A1A0A3444; AG)? = 03 O35 ” 0 51 
kg= Aj (AgA344A5)? Ag Xi Xo k3= ApA3A4A5A 6" (Ga 0,05 3; l, 12 | 
ko = A,°A>s* (A34,4 5A 6° X,X,X3 = 010203 ie (contact), ly 28 
ky= (A, 4,4)! (AyA54 6) XX5 t= 0,20, 4, le, 13 4] 


15. Singular cubic transformations (85, 159). 


So far it has been assumed that ¢ is not singular. If (¢;) has a double 
F-point O, we can use the simpler plane representation by projection from O 
on to p. The image of the total intersection of ¢, w, with four branches 
through O, is a plane quintic through the traces on p of the six lines of 


¢@ through 0. 


We have to distinguish the cases of conic node, binode, and nodal line, and 
the numbers of each. The total, number of distinct cubic transformations is 
75, of which 42 can be derived from the other 33 by composition; they are 
tabulated on p. 447. The simplest example is the Arguesian transformation 
(p. 322), a particular involutory case of no. 3. 

Cremona’s method has also been applied to certain quartic and quintic 
surfaces, and a few types of general degree, including monoids (21, 85, 283, 316 


and p. 306). 


16. Extension of the method. 


The same method may be applied to determine those transformations 
Tw for which @¢ is a special and not a general member of the homaloidal 
web. Now (qf) is a rational family, from which ¢ can be obtained by imposing 
three conditions. Since a is rational, and ¢ is proper and of the same degree, 
¢ can have no additional singularity that would affect the genus; but it may 


have additional d.p.’s. 


a 
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If a d.p. O of $y is not an F-point of (ap), it lies on the Jacobian of (yr) 
and is a P-point. It presents three conditions, and there can be only one such 
point on ¢. A dp. at an ordinary simple F-point again presents three 
conditions ; at a point of a simple F-curve, two ; and at an F-point of contact, 
only one. Thus there may be as many as three of the last kind on ¢. 

Thus it may be that a rational surface },, which has too many singular 
elements to be a general member of a homaloidal family, may yet be a special 
homaloid of T,,_,,. For example, the quartic 

oy = wu; + yz, UwW=ant+ by + cz, 
has two ordinary double lines, J,, z=w=0; l,,7=u,=0; the tacnode A, 
and unodes A,, A,, with u,, w, w as repeated tangent planes respectively ; 
and the ordinary d.p. A,. These singular elements define a net, not a 


web, and so cannot all belong to an F-system; but ¢, is a member of the 
homaloidal family 


(hs) = wu? + Coa yz + c,0WU, (e — y) + xyz (4 — Y), 
which has the three F-elements of contact l,, l,, _A,, which are double on ps. 

By applying Cremona’s method, with each assumption in turn, we obtain 
all the forms of 7,_,, which have ¢, as a proper homaloid, whether general 
or special. 

A space transformation 7',,», where n,; >n, may have a special homaloid 
which breaks up into a P-surface jn,» and a residual ¢, which T converts 
into a plane. Then both the degrees n,, n’ of 7 are unknown; with ¢ we 
must associate the unknown surface j, and it is the multiple curves of ¢j that 
are F-curves of 7; the F-system need not all lie on ¢, and the method does 
not apply. 

If V, W are two transformations, of any degree, which convert $ into two 
planes p,, po, then T= WV is a space transformation which converts p, 
into p,; conversely if V is known, and 7 is any transformation which converts 
p, into a plane, then W=T7'V also converts ¢ into a plane. The problem, 
unsolved at present, of finding all transformations W, of degree 2 n, which 
convert ¢ into a plane, is equivalent to finding one of them, and also all space 
transformations which convert one plane into another; examples of these are 
given on p. 313. 


17. Loria’s method (217). 


A more direct method than Cremona’s does not use an auxiliary trans- 
formation, but it requires a closer study of the given surface. We find all the 
simple curves of low enough degree lying on ¢,, consider in turn every set of 
them which, with the multiple curves, gives an intersection of degree between 
n —/n and 0, and find whether, with the multiple points and any set of simple 
points, ordinary or of contact, it can form an F-system. This has been done 
for a non-singular cubic surface, and for a type of singular quartic (6). 
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18. Genus of a transformation (216). 


Since a homaloid and a plane in S ~ a plane and a homaloid in 8’, the 
two plane sections are homologues and have the same genus p, which is called 
the genus of T. This is a common characteristic of 7, T~, and of all the 
transformations for which a given homaloid ¢ is a general member of either 
family. 

If p=0, then ¢, is a monoid, either ruled with an (n — 1)-fold directrix, 
or a Steiner quartic, with three double lines meeting in a triple point (319). 
Transformations of genus 0 are of four types: 

ths ily f ipraty Lia, 
described on pp. 182, 292, 293, 316. 

The general T._; (p. 287) is a particular case of T,_,, but T,_, is not, 
unless the F-conic breaks up into two lines, one of which is regarded as the 
(n —1)-fold directrix. The three types with equal degrees, 7,5, Ts4, Tn-n; 
can be involutory (259). 

There are 32 irreducible types of genus 1 (21, 283). There exist trans- 
formations of all genera; for example, in the three types of general degree 
given on p. 327 we have 


gn al, p=n—-2; dmyn=o, p=n; dr=hil?, p=i(n—1—-1). 


19. Contact conditions as limits. 


Contact in space cannot in general be treated as a limiting case, arising 
from the coalescence of distinct elements, as in the plane. The true analogy 
for a point of contact of surfaces is not with a point of contact of plane 
curves, but with a common double point, for an F-point of contact of (¢) is 
a common double point of (c). 

If two distinct simple F-points > a third O in different dirseican then 
in the limit O is a point of contact of ($). Without any further condition, 
another intersection of ¢$, W, y, variable before the limit, also > O and 
becomes fixed, thus increasing the equivalence, without increasing the 
posiulation, of the point of contact compared with the set of three distinct 
points. This follows from the corresponding property of the family of plane 
curves, images of (c) in any 1, 1 plane representation of (#) (p. 228). 

With curves of contact, this difficulty does not arise, but there is another. 
In general, ¢ does not contain a continuous series of curves of the same 
nature as the curve of contact, and a second curve cannot — the first in the 
same way as one point can — another, passing through a continuous series of 
intermediate points of ¢ (224). 

For example, if two quadrics touch along a generator, we can lmagine 
them to intersect in two distinct generators of the same system, which then 
coalesce ; because there are oo intermediate generators with which the second 
can coincide in turn as it — the first. But if two general cubic surfaces 
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intersect in two distinct lines, which then coalesce, the surfaces are modified 
as the second line — the first, and in the limit are no longer general cubics, 
but each is specialized in that two of its 27 lines coincide. But two general 
cubics, whose 27 lines are all distinct, can be in contact along one of them ; 
and this case cannot arise as a limit (p. 250). 

It is not a definite condition to require that a family of n-ic surfaces shall 
have contact along a given curve. Such a definition of the family would be 
circular, since each surface would be defined as touching another as yet 
undefined member of the family. If is an F-curve of contact, we must 
be given a series of fixed tangent planes to (#) at the points of o, forming 
a developable f; and to avoid the vicious circle, f must be defined quite apart 
from (f). Thus (¢) must be required to touch a given fixed surface f along o; 
the degree of f need not be n, and (¢) may or may not prove to include f as 
a member. The postulation and equivalence of the contact condition depend 
on the degree and nature of f as well as of o. 


20. Spaces superposed. 


Let the spaces S, 8’ be superposed. This introduces a new element of 
variety, for a transformation T of given type, arising from the possible 
relations of the #- and P-systems of S, S’. 

Every point P = P,’ may now be regarded as belonging either to S or to 
S’ and has two homologues, P’ in T, and P,in T—. The three points are in 
general distinct. 

All the properties dealt with so far continue to hold; the special matters 
of interest that arise in addition are 


(i) invariant, involutory and cyclic points, curves and surfaces, 

(ii) self-corresponding curves and surfaces, 

(iii) the associated complex of lines joining homologous points, 

(iv) constructions for special transformations. 

No general theory exists; examples of the methods available are given in 


the detailed discussion of 7,_, on p. 201, and in connection with some other 
transformations on pp. 302, 311, 322. 


21. Invariant system (122°1). 

There are always certain invariant points D which coincide with their 
homologues, D = D’ = D,. There may be such points, forming an invariant 
locus, either a, curve 6,, or a surface A,, or both. This reduces the number of 
isolated invariant points, which depends not only on the degrees of the 
invariant loci, but also on their incidences with H. 

The homologue of 6 is itself, meeting any plane in v points; hence 6 meets 
any ¢ in v points other than F-points, and in vn — y F-points; the sum of the 
multiplicities of the F-points on branches of 6 1s v(m — 1). Also the homo- 
logue of A is itself, meeting any line in m points; hence A meets cy; 1n 
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w points other than F-points, which are its free intersections with @¢, v- 
Hence the equivalence on A, ¢, y of the F-elements that lie on A 1s 
p(n? — 1). 
The coordinates of D satisfy 
Bry 32: w=? ha: bs oda, 
and D lies on the six surfaces such as 
LP, Wp =O Le Oe Umi O, 


S 


By ibe sae 
di, fo, Ps, Pa | 
which expresses that P, P’, A,, A; are coplanar, and belongs to the family 
whose general member is 
b> My - Gy Oy iy = AOg x, say, 


&s, N2 >» Ca > 0, 
a“, y 5 ae W 
fi, de; ds, p, 


locus of points P coplanar with P’ and two general points X,(&, m, &, @) 
and X, (&, 2, &, 4). This contains the invariant system, the /-system and 
the line 1/= X,X,. The invariant surface A of degree w can be separated ; 
the residual ©, of degree n+ 1 — 4, is the locus of a point P such that PP’ 
meets J, and is called the first isologic surface of l. It contains 1, 6 and all of 
H that does not lie on A, any F-element which is ¢-fold on (¢) and 7,-fold on 
A being (¢—7%,)-fold on Q. Similarly the locus of P’ is the second wsologic 
surface of l. 

If p is any plane through J, it meets A© in / and the locus of points P of p 
such that P’ also les on p and therefore P on the homaloid ¢ that ~ p. 
This locus is the section of ¢ by p, and breaks up into the section of A and 
a residual curve k,_,, which with / makes up the section of Q by p. 

If X, is any third point, the intersection of Ox, x,, Ox, x, is the locus of P 
when PP’ meets both X,X, and X,X,. If P, P’ are distinct, PP’ either lies 
in the plane p = X,X,X;, or passes through X,. The intersection therefore 
consists of 8, kn_,, the F-curves on (©) and a residual 0, locus of P when PP’ 
passes through X,, called the first isologic curve of X,. It passes through X,, 
the isolated #-points on (Q.) and the isolated invariant points. Similarly the 
locus of P’ is the second isologic curve o' of X,. 

Thus AQ is the product of the pencil of planes (p)=/ and the projective 
pencil of their homologues (#); and Ado is the product of the star of lines 
through X, and the projective net of their homologues (c). Hence o touches 
GN ate y as 

The isologic surfaces of all the lines in the plane p form a net (Q),, whose 
base consists of 
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(i) the F-elements at which A has lower multiplicities than (¢) ; 


(41) the invariant curve $; 


(uu) a plane k,_, which, with the section of A, makes up the section by p 
of its homologue ¢; 


(iv) the isolated invariant points D. 


The number of D’s is therefore the difference between (n + 1—)? and the 
equivalence on (Q), of the other base elements. This can be calculated by the 
methods of Chapter x1, when we know the incidences of the base curves with 
each other. 

Now p meets Ox, x, in ky, and the variable line X,X,; and Ox, x,» 
Ox, x, have k»_, and X, in common, and no other point of p; and_X, lies on o 
and not on any base curve. Hence § meets & in the v points in which it 
meets p, and any w,, which is 7g-fold on QO meets & in m points through each 
of which & has zg coplanar branches. This demands a correction to the general 
equivalence formula (p. 226). 

In the simplest case, all the invariant points are isolated, and there is no 
invariant locus A or 6. Then © is of degree n+1, and contains all the 
F-curves, whose total degree, in the intersection of two 0’s, is the same as in 
that of two ¢’s, namely n?—n’. The degree of o is therefore 

(n+1)?—(n?—n’)—n=n4+n' +1. 

It meets p in X, and in n+’ points P, which are such that PP’ lies in p 
and contains X,. Similarly for the second isologic curve. We can then find 
the number of D’s by considering the correspondence between planes joining 
any fixed line J of p to corresponding points P, P’ of o, 0’. A plane JP meets 
oinn+n’ +1 points P, which determine as many points P’ and planes JP’ ; 
in the same way, one plane /P’ determines n + n’ + 1 planes /P. Hence there 
are 2(n+n’+1) pairs PP’ lying on the same plane through J. If P, P’ 
coincide, we have an invariant point; if they are distinct, the plane contains 
PP’X,, and coincides with p =/X,, which contains, as we have seen, n +n’ 
pairs. Hence the number of invariant points is n +n’ +2, in the simplest 
case when they are all isolated (417). 


22. Invariant directions (112). 


In the star of rays (D), a homography is set up by 7, such that if any 
curve & touches a ray, then k’, which also passes through D, touches the 
associated ray. This relation is linear, for rays lying in a plane are associated 
with rays touching a ¢’ at D, and lying in its tangent plane, which is definite 
since @’ is not singular at D, which does not lie on J. The self-corresponding 
rays of this homography are in the invariant directions at D. 

a Thus D can be of three kinds, according as the invariant system of the 
homography consists of 
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(i) three distinct rays, 

(ii) a plane and one distinct ray, or 

(iii) the whole star ; 
in the last case, the homography is identity, and every curve through D 
touches its homologue there. 

If the homography is improper, a general plane of the star (D) answers to 
a plane which either passes through a fixed line or is itself fixed; and the 
planes of (D) ~ a net of homaloids ¢’ all touching a fixed line or plane; 
either one or 00! of them have a d.p. at D, and D lies on J’, and is a P-point 
of 8’, which coincides with its homologue, and is therefore an F-point of S. 

Conversely, if an ordinary F-point O is invariant, it lies on the corre- 
sponding P-surface j’. Let O be a simple point of 7’, and not an F-point 
of S’. The points of j’ are associated with the rays of the star (O) (p. 164) and 
in particular, O is associated with a definite ray, which is the only invariant 
direction at O. No sheet of A, and at most one branch of 6, can pass through 
O in general. 

Next, let D be a general point of an ordinary /-curve o, not an F-point 
of 8’, and a simple point of its corresponding P-curve x’. Each point Q’ of «’ 
is associated with a particular plane p through the tangent line to at D, 
such that p~a @¢’ having a dp. at Q’, and the rays through D in p are 
associated with the generators of q’ the quadric tangent cone to ¢’ at Q’ 
(pp. 268, 280). If Q’ = D, then p, q’ have definite positions, and their common 
rays are the only directions at D that can be invariant. Thus at most one 
sheet of A or two branches of 6 can pass through D in general. 

If D(0, 0, 0, 1) is not an F-point of S or 8’, there are at least three 
invariant directions, not coplanar. Take these as lines of reference; then the 
homography has the form 

BA yo 2el= ae “by vos, 
and the base homaloids are 
5 acu Eek) Pa = OY 10 ™ ea Shs C2" sae! Oy 0 ee 
The condition for a point of second kind is that two of.a, b, ¢ are equal, and 
for a point of third kind, a=b=c. 
The tangent plane to © is 


t=(1—a) (7152 — 9261) @ + a- b) (48 — &&) Dae (1 - c) (Em. — Em) 4, 
and Q has a d.p. at D provided X,X, passes through D. If D is of second 
kind, two of a, b,c are equal, and ¢ contains the intersection of the plane 
DX,X, with the plane of invariant rays. If D is of third kind, then t= DX,X,. 

Also D is an invariant point of contact if two of a, b,e¢=1; it is then of 
second kind, and ¢ is the plane of invariant rays. It is a double invariant 
point if a= 6 =c=1, and is then of third kind. In the same way we define 
a multiple invariant point, as a multiple base point of (Q) which is not 
fundamental. 
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If D is a general point of an invariant surface A, we can write (p. 85) 
dp, = LPn a Si Ay, Cop KS W bn a AW, 


and the proper isologic surface is 


e 


“ 0 = ish ? Ny > & ? 0, 
&, ? Neo y) G 2 0, 
aes UP UD) 
VO Wo, Ws, Wy 


Every direction in the tangent plane w of A is invariant, and D is of second 
kind; let y=z=0 be the isolated invariant ray, which is the H-line of D, 
We have 
Pra =U +.., AZSaewe + ..., 
= Oe or = (ayy2 Y @, y, 2, wl", Ayes dwe +... 
The homography is 
Gey zm La) eee, 
and the leading term in Q is 


= Bhi (m ‘€ =U) &) Carona 

Thus © does not pass through D unless either X,X, meets the H-line, or 
else a, = 0 and D is of third kind, and is a base point of (2), equivalent to an 
adjacent isolated invariant point of first kind. If every point of A is of third 
kind, it is equivalent to two adjacent invariant surfaces, and another factor A 
is separated from ©. 

If D is a point of 6, in the simplest case 6 is a line, e=y=0 say; 
we have 


p, : be: hs: bs= BW t YX LWet YXo: Zhna + Ls + YXs: Whna + Ws + YN 
One of the invariant rays at Dis 6; let the other two be the lines of reference ; 
then 
Se a Ot 50) Na OU S 
te, Xr Vo = Y2V GY, 4 wl. 
The homography is 
L2Y 22 =he: by <2, 

and t=(1 — a) (mo&e— 72%) e+ 1 —b) (Gb —h&)y, 
and contains 6; and 0 has ad.p. at D provided X, X, meets the two invariant 
rays other than 6. 

Now D is of second kind if either 4. =1+4,, or ), =1#q, or a,=6,. If 
a, or b, = 1, the plane of invariant rays contains 6 and touches (Q); thus D is 
an invariant point of contact on 6, equivalent to an adjacent isolated invariant 
point of the first kind. If every point of 6 is of this nature, 6 is an invariant 
line of contact, equivalent to two adjacent invariant, lines. 

If a,=0,, the plane of invariant rays does not contain 6; it meets X,X, 
on t, which is not fixed. 


inte ae 
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If D is of third kind, a,=b,=1, and D is a double invariant point. 
If every point of 6 is of third kind, 6 is a double invariant line. 


23. Involutory system (186). 


There is always a certain system of involutory pairs of conjugate points 
K, K’, each of which is the homologue of the other in both 7 and 7; that 
is, K’ = K, without coinciding with K. A repetition of 7 carries K into itself 
again, and K is an invariant point of the compound transformation 7”, the 
nature of which gives a basis for the classification of the involutory pair. 
There may be 0 involutory points, whose locus is a curve, or a surface or 
the whole of space. In the last case, every point is one of a pair of conjugates, 
T is the same as J, and T? is identity: then 7 is a Cremona involution. 

The involutory system of 7 is the set of points invariant for T? but not 
for T. In the simplest case, the degrees of T? are n®, n’”?, it has no invariant 
locus, and n? + n+ 2 isolated invariant points. Then 7 also has no invariant 
locus, and n +n’ + 2 invariant points. The number of involutory pairs of T is 
therefore 

{re +n?4+2—(n4+n’ + 2)}= hn (n—1) + $n’ (r’—-1). 

The involutory system can be found directly from 7 without using 7”. 

Since the two homologues of K coincide, it satisfies 


$s (@, Yh % W): bo: bs: dix dy’ (@ ys % W): Gal sl: Gi! 


and K hes on all the surfaces such as ¢$,¢,’ — ¢4¢,’, or more generally, 


& MAUS oi ees Salt 

& >» Ne, oe > 0, 

di, go, Gs, Bs 

ly, de, bs, di’ 

the locus of P when FP’ P, X, X, are coplanar. This contains the invariant and 
involutory systems. The variable part, after setting aside any fixed surfaces, 
is the M-surface of X,X., and is the locus of P when P’P, meets X,X., and 
is the product of the two projective pencils (), (¢’), homologues in 7 and T— 
of the pencil of planes through X,X,. The involutory system can be obtained 
from the base of the net of M-surfaces of all the lines of a plane p, for 
example, if p= A,A,A,, from the base determined by 


d, ps = hidy hops > hie 5 hs by’ = dibs 


after selting aside the two F-systems, the invariant system and the curve 


b= o=0. 
Even for the simplest transformation, the involutory system is capable of 
a great variety of forms, For an example, see p. 205. 
The invariant points and involutory pairs are cycles of indices 1, 2 
respectively (p. 42). A few cases of cycles of higher index have been con- 
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sidered. If the index is 0, the cycle may become a self-corresponding curve 
or surface ; other self-corresponding loci arise from oo cyclic groups of finite 
index, such as the invariant and involutory loci. 

If J is a self-corresponding line, its homologue c,’ breaks up into J and 
a set of P-curves of S’, and 1 contains F-points of H whose homologues are of 
total degree n —1, and F-points of H’ whose homologues are of total degree 
n’—1. The general points of 1 ~ each other, and 7 establishes a 1, 1 relation 
between them, that is, a homography. If this contains one involutory pair, it 
is an involution and / is an involutory line. Its two double points are invariant 
for T, and if J contains three invariant points, the homography is identity, 
and / is an invariant line. 


24. The associated complex. 


The 1 *set of lines J, joining each point P of space to its homologue P’, is 
the associated complex of T. The same complex is associated with 7, the 
ray J arising from P when the complex is associated with 7, and from P’ 
when it is associated with T'— (306). 

Now P’ is an intersection of / and its homologue c,’ in 7, and P is 
an intersection of J and its homologue cy in 7—. If J contains more than 
m such pairs, an involutory pair counting as two, it meets c,’ in more than 
n points, and c,’ breaks up into J and a set of P-curves; / is a self- 
corresponding line. 

The complex may reduce to a congruence; then each ray contains 0 ? pairs 
of homologues, and is therefore a self-corresponding line. In the simplest 
case, it is a star (O); then T is called central (or perspective), and T is 
monoidal (p. 309). 

If the rays all meet two given lines, the congruence is bilinear, and T is 
called skew (408). 

Thus the two forms of linear involution are one central (harmonic homo- 
logy), and the other skew. 

Most of the special constructions for transformations in one space use 
surfaces or curves containing both P and P’, and, in particular, use the associ- 
ated complex. When this is given, we must be able to determine the pair of 
homologues on each ray, for example, by its intersection with the related 
members of two families of planes in 1,1 relation to the complex of lines 
(260). Instead of planes, we may be given surfaces of higher degree, provided 
~ we can isolate one intersection of each with its associated line; or we may be 
given a correlation, and then P’ is the intersection of the ray of the complex 
through P with the plane related to P (249). 

If the given complex reduces to a congruence, we must be able to deter- 
mine the homography on each ray, by assigning three pairs; any of these 
may consist of an F-point and one of its homologues, if all the rays meet 
a given F-element and we are given the corresponding P-surface ; or a pair 


12-2 


a 
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may coincide at an invariant point on the ray if we are given an invariant 
surface or curve met by all the rays. 


25. Involutions (367). 


An involution is the same as its reverse, and its two degrees are equal ; 
we denote it by Z,_,. It relates all the points of S in conjugate pairs. The 
best known examples are reflexion in a plane and inversion with regard 
to a sphere, which are metrically special cases of J;_, and J, (p. 208). 

The two F-systems coincide, and the two P-systems. If there is an 
invariant locus and an F-point O on it, then O.is a common J-point of H, H’, 
and its two corresponding P-elements coincide and contain O and any 
invariant point adjacent to.O. Thus if O lies on A, either O is an isolated 
F-point whose P-surface j touches A, or O is a point of an F-curve w, and A 
contains the whole of w and touches the corresponding P-surface along o ; 
and A cannot meet w ina general point. The two isologic surfaces of any line 
coincide, and () touches at O any sheets of 7 that do not touch A. 

If three pencils, or a pencil and a net, or a web, of surfaces are such that 
three general members have just two free intersections, these are thereby 
related in a Cremona involution, for which the surfaces are self-corresponding. 
For example, Geiser’s [;_, is generated by quadrics through six fixed points 
(p. 323). In general, there may be a great variety of singular points, curves 
and surfaces of the generating families, and no concise treatment is possible 
(301, 347, 374). 

In particular, a 2, 1 relation 7 between two spaces defines in the double 
space S a web of surfaces, answering to the planes of the simple space, with 
just two free intersections, and the relation between these is the Cremona 
involution associated with T (105, 361, 368, 370). 

It is probably not true that every J,_, can be obtained in this way; this 
would imply that we could always map the conjugate pairs of Z,_, on the 
points of another space, and J,_, would be rational. In the plane, every 
involution, whether 1, 1 or not, is rational; this is not true in space, but so 
far the only irrational involutions that have been constructed are not 1, 1, and 
the rationality of all Cremona involutions remains an open question (p. 94). 

If the associated complex of In_» is given, we must be able to determine 
the conjugate pair or pairs on each ray ; for example, by its intersections with 
a related quadric. 

Involutions have been investigated whose complexes have special forms : 

linear (99, 245, 248), special linear (247, 321); 

quadratic (253, 320), tetrahedral (250, 412), Hirstian (322), rays meet 
a conic (323); 

cubic (257); 

rays meet a twisted cubic (47); 

set of tangents (266, 326). 
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If the complex reduces to a congruence, each ray is self-conjugate (136). 
Since any point of intersection of two self-conjugate lines is either invariant 
or fundamental, the congruence is of first degree, and consists of either (104, 
246) : 

Gy rays of a star; J is central, and monoidal; the simplest example is 
the Arguesian involution (229 and p. 322); 


(ii) chords of a cubic curve; for examples, see pp. 304, 328, 325 ; 


(iii) rays meeting a line J and a curve of degree m meeting / in m—1 
points. If m=1, the congruence is bilinear, and J is skew; for example, 
the J;_; of p. 322. 


CHAPTER X 


THE QUADRO-QUADRIC TRANSFORMATION 
I. SPACES DISTINCT 


1. Quadratic transformations in plane and space (8, 209, 282, 299, 343). 


In the plane, the quadratic transformation 1, whose reverse is also 
quadratic, is the simplest, the most used in applications, and is chiefly 
important as the one from which all other plane Cremona transformations 
can be compounded. In space, there also exists a transformation 7, which 
is quadratic both ways. It is, in some connections but not in all, the simplest, 
and the most often applied. It is one of the space transformations which we 
must regard as elementary, along with others, such as the bilinear and 
monoidal types, because they are used in standard methods of resolving higher 
singularities of surfaces. But there is as yet no general space theory of 
composition, and certainly all Cremona space transformations cannot be built 
up from 7,_., or from any finite set of transformations (p. 385). 

T,-» is not the only space analogue of the plane 7,; in many ways, the 
bilinear 7,_, (p. 294), or one of its particular cases, is a more natural 
extension. 

Consider a family of quadrics ($) defined by the conditions of passing 
through a fixed conic w and a fixed point O not lying in the plane of a. 
Since a conic, which does not lie wholly on a quadric, meets it in four points - 
only, if @ is subjected to the five conditions of passing through five points 
of w, it contains the whole curve; » therefore presents five linear conditions 
to (p), and O presents one condition. Thus for the proposed F-system, the 
postulation P=6. Now the general homogeneous quadratic function in four 
variables has ten arbitrary coefficients and therefore nine degrees of freedom. 
After six conditions are satisfied, there remain three degrees of freedom: then 
(#) is linear in the four surviving coefficients, and is 0%, that is, a web. 

Now two quadrics ¢, yy of the web intersect in a twisted quartic k,. Since 
they both pass through o, this k, breaks up into » and a residual c, of 
degree 2, which meets in the two points in which it meets the plane of o. 
Since O is a common point of ¢, Wy, not lying on o, it lies on c. A third 
quadric x of the family has in common with ¢@ and w the whole of » and the 
four points of intersection of c, 7; two of these are the points of intersection 
of c, w. Now three general quadrics intersect in eight points; in the case of 
$, W, x, all but two are absorbed by o, and its equivalence is H=6. Of the 
remaining points, one is O, and the other is the free intersection of $, Wr, x. 
Hence for the whole F’-system, #=7, and any three members of (¢) have one 
and only one variable point of intersection. 
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These two properties show that () is homaloidal, and O, w form its 
F-system H. 

Thus there exists a transformation which converts the web of quadrics (>) 
into the planes of S’, and the family of conics (c) into the lines of 8’. Since 
¢ meets any plane in two variable ‘points, the corresponding line meets any 
surface of the second homaloidal web (¢’) in two points; the degree of ’ and 
of the reverse transformation is also 2. 


2. Uniqueness of T,_,. 


We shall show next that this is the only possible form of H, if the direct 
and reverse transformations are both quadratic. 

As we have just seen, since (#) is quadric, H must have P=6, H=7. 
And since (¢’) is quadric, the variable part c of k, is of degree 2, and k, 
breaks up into ¢ and a fixed part also of degree 2, and w is either a conic or 
a pair of skew lines. 

If is a pair of skew lines /,, J,, then /, meets its total residual /,, c in two 
points, as we shall prove in the next paragraph. Since J, does not meet it, 
c meets it twice, and also meets /, twice; the four intersections of c, lie two 
on J, and two on /,, and there is no free intersection. All the eight common 
points of ¢, 4, x are absorbed by /,, /,, and # is too high. 

Thus cannot be a pair of skew lines, and must be a conic, either proper 
or breaking up into a pair of intersecting lines. This has P=5, #=6, and 
H has another element for which P= #=1, which can only be a simple 
point O. Thus H consists of two elements not in general incident with one 
another, the conic w and the point O. 


3. Intersection of a line with its residual. 


Let kh, break up into J, k,. An intersection of J, k, is a d.p. of ky, and 
therefore a point of contact of ¢, ww; we have to show that there are two 
points of contact on J. 

Let 1 be z=w=0; the general quadric through / is 


} = Zhi tWhet, wy), 


where 2,;, %,2°are linear functions of «, y only. The tangent plane to ¢ at 
the point (2, y, 0, 0) of J is 


t= 2,1, + W%U,2, 
if in this #, y are treated as constants and z, w as current coordinates. Let 
the corresponding tangent plane to y be ; 
21,1 + W204, 2. 
The points of contact of $, w, where these tangent planes coincide, are 
given by 
U1, 1/1, 1 = Us, 9/1, 2 


that is, Uy ,1U;,2 — U4, 2%1,1 = 0, 
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which is quadratic in #/y, and gives the two points of contact of ¢, w lying 
on J, which are the two intersections of /, k,. ; 

This holds whether &, breaks up or not. 

The same method can be applied to surfaces of any degree (p. 213). 


4. Equations of the transformation. 

Take O for the vertex A,(0, 0, 0, 1) of the tetrahedron of reference, and 
take the plane of for w. Let q be the cone vertex O standing on »; then 
gis a homogeneous quadratic function of 2, y, 2, and the equations of » are 
w=q=0. The conditions imposed on ¢ by » reduce it to a sum of multiples 
of w, g, and the condition imposed by O removes the term in w*. Hence the 
form of the general ¢ is 

hb = W (Ce + Coy + C2) + C4Q. 

We also obtain ¢ if we can find four linearly independent quadrics through 
H, multiply by arbitrary constants and add. The % family to which this 
leads must be the same as (¢). Now the simplest quadrics through w and O 
are those which break up into the plane of » and any plane through O; this 
gives three independent quadrics, and a fourth simple quadric, linearly 
independent of these, is the cone g. Hence if 

g=tw, g=YyW, b3=2U, d=, 
we have the family in the equivalent form 
0) =¢.+ Cops + Cas + Crhy. 

To obtain the equations of 7, ,, we must set 2’, y’, 2’, w’ proportional to 
any four independent ¢’s as base homaloids. Taking the four just found, we 
have the equations in their simplest form, 

Boy oe Om Oe YR ee nl ee ee ee ee (1). 

In order to reverse these, we have 


. . = hers Laas (¢ 
EY SZ hy ee 


“we 
age BS eon 
qe 
w a’ q a 7 q’ 4 
ce ow e wa? aw’ 
ta 


where q’ is the same function of 2’, y’, 2’ that g is of x, y, z. Therefore the 
equations of the reverse transformation 7’, , are 


EPO bee BA OPO ITE ol ROL EEE I. SeBrssciceage angen (2). 
These are of exactly the same form as those of 7',_,; hence ($’) is of the same 
nature as (¢) and H”’ consists of a conic w’, w'=q' =0 and a simple point 
O' (0, 0, 0, 1). 
5. .F- and P-systems. 
The equations (1) determine a unique point P’ (2’, y’, 2’, w’) corresponding 
to P (a, y, 2, w), for all positions of P except those which make di: pz: bs: he 
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indeterminate. This only happens when all four ¢’s vanish at once, and P is 
a point common to them all, that is, an F-point, either O or a point of o. 
If P= 0, then w=1, e=y=z=0. The equations (2) give 
0:0:0:L=aly’:y'w':2’w’ : 4, 
which reduce to the single equation w’ = 0, and are satisfied by any point Q’ 
of this plane, and by no other point. 

Now in general Q’ is not an F-point, for the reverse transformation does 
not break down, and Q’ ~ the definite point O. But Q’ is a P-point in S’ 
because it ~ an F-point in S. The whole plane w’, locus of Q’, is the P-element 
which ~ O. 

Let p=ax + by+ cz 
be any plane through O. This ~ the quadric 

w’ (ax + by’ + cz’), 
which breaks up into two planes, one the P-plane w’, and the other the plane 
p through O’ which has the same equation in S’ that p has in S. Since every 
point of w’ ~ O only, it is p’ which is the proper homologue of p, and is the 
locus of a point which ~ a general point of p. 

A general line / through O, 
Bey e= Fon iC, 

is the intersection of two planes through O, and the locus of (&, », & w); then 
1 has for its proper homologue the line through O’, 

yp omens C, 
locus of the homologue of a general point of J; but the single point O of / 
still ~ the whole plane w’. 

Next, let P= Q, an F-point lying on w. Then w=0, and 4, y, 2 satisfy 
g=0. Now (1) are again indeterminate, and (2) reduce to the two equations 
DY re ar eZ, 
since g’ =0 for any value of w’. These represent a certain generator «’ = O'Q’ 
of the cone q’, where Q’ is the point having the same coordinates in S’ 
that Q has in S; and P’ may be any point of «’. The P-element which 
~ the F-point Q is in this case the line «’, and its locus, the cone q’, is the 

P-surface which ~ the whole F-curve o. 

Thus the whole P-system G’ in S’, which ~ H, consists of the P-plane w’ 
which ~ O, and the P-cone q’ which ~ w. Similarly in S we have @ con- 
sisting of the P-surfaces w, g, which ~ O’, w’ respectively. 


6. Examples of transformation of elementary properties. 


In transforming the properties of any element into those of its homologue, 
we must remember that it is the number of variable elements in any set in S, 
depending effectively upon arbitrary parameters, that is the same as for the 


186 CREMONA SPACE TRANSFORMATIONS [cH. 


corresponding set in S’; either set can have #-elements in addition. For 
example : 


A general plane in S A general ¢’ in S’ 
does not pass through O, meets w’ in the F-curve ’ only, 
contains two points Q of ‘®, contains two generators «’ of 7; 
meets w in a line, has a simple sheet through 0’, 
meets every « once. passes once through each point Q’ 
of o’. 
A general line The variable intersection c’ of $’, W’ 
does not pass through O, meets w’ in F-points only, 
does not meet o, meets qg’ in F-points only, 
meets w once, passes once through O’, 
meets g twice, in points of two contains two points Q’ of a’. 
generators x. 
A general quadric The homologue of a quadric 
meets each « twice, passes twice through a’, 
and meets w four times. and itsremaining intersection with 
7 consists of four generators x’. 


7. Transformation of the neighbourhood of an F-point. 


Consider further the correspondence between the single point O of S and 
the whole plane w’ of S’. An ordinary point P near O ~ a definite point P’ 
near some point of the plane w’. As P—O along some definite path, 

_P’ — a definite point Q’ of w’, the intersection of w’ with one branch of the 
curve which ~ the path of P. The different points of w’ ~ the same point O 
approached along different paths. 

Let P > O along the line 

bei Ciy 22 se Noe 
we can take P to be (£e, ne, fe, 1), where e—> 0. Then P’ moves on the line 
Wo yee Ge 9 oC 
and P’ > Q’ (&, », § 0), the intersection of 1’, w’. Hence the points (Q’) are 
associated in a 1, 1 relation with the rays (/) of the ea and we may say 
that Q’ ~ the point adjacent to O on l. 

In the same way, we can study the correspondence between the F-conic w 
and the P-cone q’. Consider any definite point Q of w. As triangle of 
reference in w take A,=Q, another point A, of w, and the pole A, of the 
chord A,A, with respect to w. Then for the time being we can assume 
qg=«xy—2, and the tangent to w at Q is y=w=0. 

Let P > Q along a fixed line; we may take the coordinates of P to be 
(1, ne, fe, Ge) and proceed to the limit as e—0. The coordinates of P’ are 
proportional to 

ie Oe, 606, ne — Ce, 
that is,as long ase>0,to 6, Oe, SOc, n—&e. 
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As e—0,s0 P’ — the definite point Q’ (@, 0, 0, ) of the P-line x’ = 0'A,' 
which ~ Q. 

Now Q is independent of , and is the same for all paths of approach to Q 
which touch a given plane y/7 = w/@ through the tangent to w at Q, without 
touching w. The different points of «’ are associated with the different planes 
of the pencil whose axis is this tangent, or with the different rays of the 
pencil (Q) in the normal plane to w. 


8. Transformation of general elements. 
A general surface /, («, y, 2, w) ~ the surface 
fulaw’, yw, zw’, 9’), =f (a's y’, 2, w’) say, 
of degree 2u with w’, O’ as u-fold elements. 


If f passes through O, then f=0 when e=y=z=0, and every term has 

either a, y or z as a factor, 
F=@, Y, 20.2, y, 2, WYO; 
after substitution, every term has either w’w’, y’w’ or z’w’ as a factor, and 
jf becomes 
we ,y,2 haw, yw, zw’, 4, S wf oa Bay, 

which breaks up into two sheets; the P-plane w’ which ~ the single F-point 
O, and f’ of degree 24—1, the proper homologue of all the rest of f. This 
surface passes » times through O’, but only ~ — 1 times through o’; for w’f’ 
has yw sheets through ’, one of which is w’ and only w—1 are sheets of f’. 

Similarly, if O is 7-fold on f, 


S= (4, y, 202, y, 2, wy. 
The result of substitution is wf’, -;:, where 


vas = (2, y’, a Yalu’, yw", Zw", us 
the P-plane w’ is dropped 7% times, the proper homologue /f’ is of degree 
2u—%, and on it O’ is p-fold and ’ is (4 —1)-fold. 
If f passes through @ it has the form 
f= Ufuat Yu 
Now T,_, replaces w by q’ and q by wq’. After substitution, the P-cone q’ 
is a component, the whole of which ~ the F-conic; on it, O’ is double and 
w’ simple. The proper homologue f’ is of degree 24—2, and on it O' is 
(w — 2)-fold and ’ is (uw — 1)-fold. 
In the same way, if O is 7-fold and @ is 1,-fold on f, the factor dropped 1s 
w'tq’s; the proper homologue f” is of degree fy 2m —t— 2u 5 on it the 
multiplicity of O' is 7’ = —2%,, and that of o’ is 4’="—1—%. We have 
the symmetrical relations 
pop =t—-t =4-74, 
wtp att +2 (+0). 
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In particular,- for a homaloid, w= 2, 7=%,=1; after substitution, w’g’ is 
dropped, »’ = 1, 7’ =7' = 0, and the homologue is a general plane, not passing 
through either O’ or w’. For ¢,$1 + Cope + Cshs + Caps becomes 


G (ea + cay! + C32" + Cw’) 
where G’ =w’q’, which is the whole of the second P-system. 
If f has O as a simple point, with a general tangent plane, then 


2 
f= wt" (av + by +.0z) + (a, y, 20a, y, 2, wr, 
2 
and f = (aa + by’ +02)4u' (2, yy, Zh aw’, yw’, 2’, oy. 
Hence f’ meets w’ in ’ counted «—1 times and a residual line 
UY, w' =az' + by' + cz' =0. 
The points of f adjacent to O ~ the points of J’, which is associated with the 


tangent plane to f at O. 
If O is 7-fold on f, with u;(#, y, 2) as tangent cone, 


f= wu + (a, Y, 20 U, 2a 
and f=" ul +’ (2, y', oh awl, UR AG Nene, 
which meets w’ in w’ counted ~—7 times and a residual &,’, w’ =u,’ = 0, 
projective with the section of the tangent cone at O; and the points of 
k;, ~ the points of f adjacent to O. 

Next consider a general curve k,, of degree m. Its «1 general points 
are neither fundamental nor principal, and therefore ~ another 0? points, 
that is, a curve k’m of degree m’ say. The m’ intersections of k’ with a 
plane ~ the intersections of & with a ¢; hence m’=2m. Also & contains 
no F-points; but it contains m P-points of w and 2m of q; hence k’ has 
m branches through O’ and 2m intersections with ’, and these account for all 
its intersections with G’, so that k’ contains no P-points other than F-points. 

If & passes through O, it meets ¢ in 2m —1 variable points only, and k’ is 
of degree m’ =2m—1. Now k meets w in m points and q in 2m — 2 points 
other than O; hence k’ has m branches. through O and, meets o’ in 2m — 2 
points. This accounts for all the intersections of k’, qg’ and for all but one of 
k’, w’. The remaining intersection of hk’, w’ ~ the point of & adjacent to O, 
and is associated with the tangent to & at O. 

If, instead, k meets @ once, in Q say, it has 2m —1 other intersections 
with ¢, and m —1 with w, and 2m —1 with g. Then k’ is of degree m’ = 2m —1, 
with m—1 branches through O’, and 2m—1 intersections with w’. It does 
not meet w’ again, but has one other intersection, Q’ say, with q’, lying on the 
generator O'Q’, the whole of which ~ Q, and Q’ is associated with the plane 
containing the tangents at Q to w and k. 

In the same way, if & has a branches through O and 8 intersections with 
w, then k’ is of degree m’ = 2m —a—, and has a’ = m — B branches through 
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O’ and 8’ =2m — 2a — 8 intersections with w’; we have the symmetrical 
relations 

m—-m =a-—a’ =4(8B—£’), 

m+m =ata+B+’. 

Then k’ has a further intersections with w’, at the points associated with 
the a tangents to k at O; and @ further intersections with q’, lying on the 
generators which ~ the intersections of k, w, and at the points of these 
generators associated with the tangent planes to containing the tangents 
to k. 

Let k& be a general curve, passing near O but not through it, and let it 
move so that one of its points.P > O. Before the limit, ik ~ a k’sn which does 
not break up. Now & contains a point near O on each ray of a set lying near 
the plane p determined by the tangent line ¢ at O to the final position of h, 
and the tangent to the path of approach of P to O. 

Then k’,,, contains a point near to each point of the line /’ of w’ associated 
with p, which line is a definite member of the plane pencil whose vertex is 
the point associated with ¢. In the limit, it is /’ that breaks away from k'ym. 
If we are only given the final position of k, we cannot say which ray of this 
fixed pencil has broken away. 

If & passes near a point Q of w but not through it, & contains a point near 
Q in each plane through the tangent line to w at Q. Hence k’ contains a 
point-near each point of O’Q’. In the limit, it is the line 0’Q’ which breaks 
away, depending on Q only, and not on the path of approach. 

In the more general case, we can suppose k’ym_,-p to arise from a kon, 
homologue of a k,, not incident with H, by the breaking away of a+ 8 lines, 
of which a are unknown lines in w’, one through each of the points associated 
with the a tangents to k at O, and 8 are the known generators of g’ which 
~ the 8 intersections of k, a. 


9. The P-system determined directly. 


We have determined @ as the homologue of H’; but by consideration of 
the first space alone, without using the reverse transformation, we can also 
determine the various P-elements, from their property of meeting () in 
F-points only. 

If there is a P-line «,, it meets ¢ in two F-points, either two points of w 
or O and one point of w. Thus x either lies on w or is a generator of g. 
A P-curve km of degree m > 1 meets ¢ in 2m F-points, of which at most m — 1 
lie at O, since « is proper, and therefore at least m+ 1 lie on and in w. 
Hence « is a plane curve lying wholly in w; and conversely any curve Ky m 
w meets @ in 2m points of w and no other point; the whole plane w is 
a P-element; and the only P-surfaces are w and q. 

Having thus found G, we can find from it the nature of its homologue H’, 
again without direct reference to (¢’). 
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We have the following correspondences : 


The whole plane w ; An isolated point O' ; 
any plane meets w in a line; ‘any ’ has a tangent plane at O'; 
any line meets w once. any c’ passes once through O’. 
The whole cone q; ; A curve o’ ; 
a generator « of q; . a point Q’ of @’; 
any ¢ contains two «’s; any plane contains two points (AZ 
of w’, which is a conic; 
any plane contains one point of ’ passes once through each Q’ and 
each x; therefore simply through a’ ; 
any line meets two «’s. c’ meets w’ twice. 


Thus H’ consists of the simple isolated #-point O’ and simple F-conic ’. 

Finally, H’ being determined, the second homaloidal web is thereby 
determined: (¢’) is the family of quadrics through O’, »’; and all the 
properties of the reverse transformation follow from this. 


10. The Jacobian. 
Since a quadric with a d.p. is a cone, the Jacobian, or locus of d.p.’s of (), 
is the locus of vertices of cones belonging to the homaloidal web. 
Taking as before, 
P=aCwW, “b,= YU, b.=2W,, Org, 


we have 
= Ww, 0 ’ 0 » & = — 2w’q, 


O, ©, ww, 4 
Cf eeca) Siaak, 
On; OY 02 
and J consists of the P-plane counted twice and the P-cone counted once. 
In the same way, J’ is a multiple of w’q’. 

If @ is a proper cone, vertex Q, it stands on , and one generator passes 
through O; hence OQ meets w and Q lies on g. There is just one such cone 
vertex Q. But if the cone is a pair of planes, one is the plane w of w, and Q 
lies on w; the other is any plane of the pencil through OQ. There are two 
linearly independent ¢’s with a d.p. at Q; hence w is squared in J. Since J 
is quartic, it can have no other sheet than w*q. 

Consider the algebraic effect of requiring a homaloid, 

b= (QL + Gy + Cz)w + CQ, 
to pass through a general point of a P-surface. Let Q(& », € 0) be any point 
of w not lying on @; then q (&, 7, €)+0, and the condition that go passes 
through Q is $(&, », & 0)=0, which reduces to c,=0. Now this is in- 
dependent of &, », ¢, and is the same for all points such as Q; any @ which 
contains one of them satisfies the condition and contains them all, and breaks 
up into w and the arbitrary plane ¢,# + ey +¢,2 through O. 
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If Q(&, », § @) is any point of g not lying at O or on @, so that 
q (, n, f) =0, 6 + 0, 
the condition ‘that ¢ passes through Q becomes ¢,&+c.n +¢,¢=0. This 
is independent of @, and is the same for all positions of Q on the line 
CN) OE AW EO at & 
which is a generator « of g. Any ¢ which contains one position of Q satisfies 
the condition and contains the whole of «, but ¢ need not break up. 


ak The homaloidal curves. 


The homaloidal curves of T,_, are the  ‘ conics (c) in S which ~ the lines 
(U’) of S’. The family of all conics in S is «8, hence (c) is subject to four 
conditions; these are all conditions of incidence with H. Each of the two 
incidences of ¢ with imposes one condition; and the incidence with O 
imposes two, being equivalent to incidence with two lines through O. These 
four conditions exactly determine (c). 

An incidence of ¢ with an #-element corresponds to an incidence of J’ with 
a P-element, that is, with a sheet of J’; and here we have to count once the 
sheet q’, which ~ @, and twice the sheet w’, which ~ O, and which is squared 
in J’. The four intersections of J’ with J’ answer to the four conditions 
presented to c by H. 

Now J is the locus of d.p.’s of (c) as well as that of (¢). If c has a d.p. Q, 
it breaks up into a pair of lines through Q; only one can properly ~ 0’, and 
the other must ~ an F-point on J’, and is a P-line through @: hence Q 
lies on J. 

Conversely, a d.p. of ¢@ is a d.p. of the intersection ¢ of ¢ with every 
through that point; every point of J is a d.p. of 71 c's. 


12. Homography between the stars (0), (0’). 


A ray 1 of the star (O) ~ a ray /’ of (O’); the relation between the two 
stars is homographic, reducing to a’ :y’:2’=a#:y:z2 if the equations of T,_, 
are in their simplest form (1). The relation between homologous points on 
1, U’ is also a homography, in which O ~ the intersection of 1’, w’, and O' ~ the 
intersection of 1, w. Hence we can construct 7',,, if we are given the 
homography between the stars, and can tind three pairs of homologues on 
each pair of rays; as, for example, if we know w, w’ and the quadric ¢’ 
through O’ which ~ a given plane p, and which then determines o’ as its 
intersection with w’; or we may be given three planes and the corresponding 
quadrics, all passing through O’ and having the common conic a’. 

Again, the homography on /, J’ may be determined by a correlation 
between the points P of S and the planes p’ of S’, such that P’ is the inter- 
section of p’, l’ (8). Then if P describes a plane, p’ describes a star of planes, 
homographic with (P) and therefore with the star of lines (/’). The locus of 
P’ is therefore a quadric, and the transformation is 7',_». 
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13. First special form: F-conic degenerate. 

T,-, can be specialized in two ways. In the first, the F-conic breaks 
up into a pair of intersecting lines. If these are 1,, y=w=0 and /,, z=w=0, 
then g = yz, and the equations of transformation are 

ory: 2 5 =o ys Zw : YZ, 
CNG 22 ae ww VY War Wey es 
and the reverse transformation is specialized in the same way. 

This has all the properties of the general 7,_,, and special features arise 
when the two components of play different parts. 

Now J’ = — 2w’y’z’; the P-cone in S’ breaks up into two planes y’, 2’, 
which ~ 1,, 1, respectively. If any surface f,, passes through /, and not through 
: after transformation only one P-plane is dropped, and j’ is of degree 

=2u-—1. 

We have f= (y, whe, y, 2, wy, 
the result of substitution is yf’ where 

f =’, 20 a'u’, yu’, 2’, YZ, 
on which the multiplicities of 0’, 1,’, 1,’ are »—1, w—1, mw respectively. 

More generally, if f passes 7 times through O, 7, times through J, and 

i, times through J,, after substitution w’'y’z’® is dropped; f’ is of degree 
pw’ = 2p -t—- 4 — ha, 
and on it the multiplicities of 0’, 1,’, 1,’ are 
ey a Pe. 
a! = {o> th, 
de = hb —U— ty. 

The point A (1, 0, 0, 0), being a d.p. of w, is a point of contact of (¢), 
with w as fixed tangent plane. This is not an independent condition, but 
a necessary consequence of the passage of (¢) through w; and c does not pass 
through A, which is not an isolated F-point as defined on p. 162. 

The points A, A’ are centres of corresponding stars, in which 


bys cau == nice OG eande ye yl 2’: wl =n6: 00: nt 
are corresponding rays; and 7',_, sets up a homography on J, l’, given by 
ONY =10 lee 
in which A, A’ are corresponding points. 
14. Transformation of polars (67, 205). 


From this there follows a property used in resolving a singular point 
of a surface, namely that if f4 is the Bth polar of A, with mone to any 
surface f in a sufficiently general position with regard to A, then the homo- 


logue (f4)’ of f4 coincides with f’y, the oe polar of A’ with regard to f’. 
The proof is as follows. 
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If f is of degree yw, and on it O is i-fold and A is a-fold, a general ray | 
through A meets f in a points at A and ~—a general points SP. These 
~ #—a general points =P’ of f’,,, I’, the remaining pu’ —(— a) intersections 
falling at A’. Since A, A’ correspond in the homography on 0, 1’, the Ath 
polar of the group =P, with respect to A as pole, ~ the Sth polar of SP’ 
with respect to A’; and the addition of any number of points coinciding with 
the poles does not affect the rest of the polar group. Hence the intersections 
of 1, f4 other than A ~ those of I’, f’4 other than A’. 

The argument fails if J or J’ lies wholly on one of the surfaces. Hence 
f' a coincides with (f4)’ except possibly for a conical sheet vertex A or A’. 
If f itself has no such sheet, this could only arise as a P-surface of T,_). 
If A has a special position with regard to f, and a general point X — A, then 
(fx)’ breaks up only if the multiplicity of f4 at an F-element > that of es 
and this occurs when either OA is of multiplicity >i— 8 on the tangent 
cone to f at O, or if J, or J, lies on f4. We only consider B S i. 

If f is in sufficiently general position to avoid this, O is (i —)-fold on f4, 
which does not pass through J, or J,, and we have 


08 
f=f (@, Y, 4; w), fA =aapd (2 Y, 4; Ww), 
ft = w'-f (a'w’, yw", zw’, y'2’), 


, ae of (Nias al OT INET RL Bot 
(fay =w'~' aap ad eae of Ui U2) 


Said 
Sire Fat faet Sees, yee) ew 
= aad (a w", yw’, 20", y'z’) 


In the application that we have in view (p. 368), a series of 7,_,’s are 
applied having as isolated F-points a singular point O of f, and certain 
singularities O’ of the corresponding surfaces f’, arising from O, f at each 
stage. In the first space, A, J, and /, are general. The F’-conic of the second 
T.-» consists of two lines passing through A’ and otherwise general, not lying 
on f’. The later F-conics are similarly chosen. 

Now A’ is not in general position with regard to f’, being an accidental 
singularity arising from the first 7',,; but it is in sufficiently general position 
for the second 7',_, to preserve the polar relation between I, fa; for we can 
show that O’A’ is of multiplicity = 2’— on the tangent cone to f’ at O’. 
For if this were not so, and if OQ is the ray through O associated with the 
point O’, then the plane OAQ would be a repeated tangent plane of the 
tangent cone to f at O, which is not so, since A is general. This can be 
verified from the equations. 

The argument can be extended to later spaces; hence the polar relation 
of f, fa is invariant for this series of 7,_,’s. 


HCT 13 
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In a second application (p. 371), the multiple point of f is not O, but 
a general point of U,. Then 7 = 0,7 — 8< 0, and we find f’ 4 = w'® (fa). The 
polar of A’ consists partly of the homologue of the polar of A, the other part 
being the P-plane. In particular, f’.4 coincides with (f4)’ in the neighbour- 
hood of any point of either’ not lying on w’. 
This form of 7, can be further specialized by letting the two com- 
ponents of w coincide. The equations can be taken as 
ey te SU aw yw 20 eZ, 
LY 22 H=2U 7 oO 2u 22 
and () touches the plane w all along the coincident line-pair J, 2? = w =0. 
If A is any point of this line, the star (A) ~ another star (A’), and 
A ~ A’ in the homography on each pair of rays. The polar property 1s 
therefore invariant for a series of transformations of this type also, provided 
that, at each stage, the line of contact passes through the pole. 
Now the general homaloid 
h = 0g, + Cope + Cops + Coy S (C1 + Coy + C32) W + C42” 
is a cone whose vertex (@, —¢, 0,0) is an F-point variable on / with the 
parameters of ¢ (97 and p. 160). 


15. Second special form: F-point on F-conic (84). 

In the second specialization, the F-point lies upon the F-conic. We can 
obtain this as the limit of the general case, when O > a point A, of @, and 
we shall show that then (@) all touch a fixed plane at A,. 

We have assumed above that O does not lie on w. Since a proper quadric 
through can meet w in no other point, if O approaches w, its final position 
must lie on. As on p. 186, we take g = xy — 2; let O (1, 0,0, «) > A, (1, 0, 0, 0), 
moving along the line 4,4,, y=z=0, ase > 0. 

Of the four base homaloids of the general case, the last three, yw, zw, q, 
are still available; O is no longer the vertex of g, but lies on its generator 
A,A, for all values of «. But # no longer passes through O, and we must 
replace ew by w (w — ex). 

In the limit, O > A, and «— 0. The equations are more symmetrical if 
we change the order of ¢,, $2, $3, $4, and take 

a sy’: 2':w' = wy —2? : ws zw: yu, 
e:y:2:w=a'yt+2%:w?:2'w':y'w’, 
showing that the second system is specialized in the same way as the first. 
The general homaloid in S, 


$= (ey—-2)+u(Qwt+ogt+ CY); 
touches at O the fixed plane y, which contains both y=w=0 the tangent to 
w, and y=z=0 the path of approach of O. In 8’, the F-conic o’ is 
w =a'y’ +22 =0, 
and the #-point O' is (1, 0, 0, 0), lying on @’, all the homaloids touching y’. 
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The first Jacobian is 
J=l|y, w, -22, 0 |=—2yw?; 
O= 0) 0, 2w 
OF OF utaa, za 
On ar 0, y 
the P-cone is replaced by a pair of planes, y the fixed tangent plane at O, and 
w the plane of o over again. As O > A,, the cone O (w) flattens down. If O 
approached a point of w not lying on w, each sheet of the cone would 
ultimately coincide with w. But as O > the point A, of o, the generators of 
the cone which join O to the nearer points of all lie near the plane y 
through O and the tangent to w at A,; and the generators which join O to 
the further points of @ all lie near w. In the limit, the cone breaks up 
into y, w. 
Regarded as a P-plane, w’ now plays several distinct parts: it corresponds 


to O; it partly corresponds to w, for O belongs to w; and it also corresponds 
to the contact condition. 

If a general surface f, passes through O, each of its terms contains y, z 
or was a factor, and after substitution the factor w’ is dropped, just as in the 
general case. If f passes through w and therefore through O, the quadratic 
factor dropped is y’w’, of which w’ ~ O regarded as a point of @, and y’ ~ all 
the rest of o. 

Now this 7, has a contact condition as well as conditions of incidence. 
Let f satisfy the same contact condition as ¢, touching y at O: 


2 
fax y +(y, 4 Wea, y, 2, wit, 
which becomes w’?f’ where 
2 
fs a’y +27 + (wl, 2, yf Valy' +22, ws, Zo, yl ys 
and the factor dropped is w’, one w’ answering to the incidence, and the 
second w’ to the contact, of f with (¢) at O. 
Thus if f passes through O, the degree of f’ is reduced by 1; if f also 
touches y there, it is further reduced by 1. If O is 7-fold on f, the degree of f’ 
is reduced by 7; in this case also, let f touch y. 
If this meant merely that the tangent cone u;(y, z, w) to f at O touched y, 
along y=z=0 say, | : | 
u=wty+(y, 2by, 2, wy, 

f could contain the terms a~‘z*(z, w)', which would become 
(x'y’ + 2!?)\H-*2!2 (2, yw", 

and the power of w’ to be dropped would still be only w”. 

We therefore take the condition of touching y to mean that the tangent 
cone breaks up and has y as one sheet: 


Us; = YU 
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which becomes wity,(w'’, 2, y')3 
then w’*+ is dropped, and the degree of f’ is reduced by 7 + 1. 

But if u; has two sheets coinciding with y, it does not follow that another 
w' is dropped. Now . 

f =a yuo + (Y,4, we Be ncadh rare, 

the second group containing the terms «7 (z, w)' from which, after 
substitution, only w'*# can be dropped. Now f has not two separate sheets 
touching y, but two connected half-sheets, forming a single cuspidal sheet. 
If there are two separate sheets, O is a tacnode, 


fear yun + ah yu + (Y, 4, whe, Oe F500) ama 
and then w’'+? can be dropped. 

The case when more than two sheets of f touch y can be treated in the 
same way. 

Of the two intersections of ¢ with w, one is fixed at O and the other 
variable. Now O presents three conditions to c, two of incidence at a fixed 
point and one of contact with a fixed plane. This answers to the fact that w’ 
is cubed in J’. . 

Since c passes through O, this is an isolated F-point. 

In this specialized 7,_,, the P-planes are still loci of limes meeting (¢) in 
F-points only. Just as before, w ~ a single F-point O’ in S’. In the P-plane 
y, every line « through O touches ¢ there and does not meet it again. Every 
¢@ meets y in a conic having ad.p. at the point of contact O, that is, in two 
lines «; hence y ~ an F-element which meets every plane in S’ twice, that 
is, the conic w’. There is one « which also lies in w, namely the intersection 
of the two P-surfaces, which in this case is not an F-curve; hence the two 
F-elements in S’ are incident, and O’ lies upon o’. 


16. Transformation of the neighbourhood of the F-point of contact. 


Let P(1, ne, Se, Ge) be a point near O, and let it > O along any path as 
e—> 0. Then P’ is (ne— fe, Ge, C06, nOe?), and > O' (1, 0, 0, 0) unless 7 
becomes small of the same order as e. If so, let 7 =%,¢, where 7, remains 
finite; then P (1, me’, fe, Ge) > O along a path which is approximately a 
conic touching y, along the line y = 6z — fw = 0, and having a definite curvature 
depending on ,. Then P’ ((m — &) &, @e, 606, 1,08) > Q' (m —&, &, £6, 0), 
a definite general point of the P-plane w’, which is associated with this path 
of approach to O. 

Thus all general points near O ~ points near the single point O’; but 
points of the neighbourhood of O lying near the fixed tangent plane are 
spread out into the neighbourhood of the whole P-plane w’. 

If Q (1, &’, ¢, 0) is a point of m which > O along w as « > 0, then Q ~ the 
P-line y' =w' —ez’=0. When Q reaches O, this becomes y’ = w’ =0, the 
common line of the two P-planes. Since it lies on w’, it is dropped with the 
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P-plane when f passes through O, and does not lie on the proper homologue 
(p. 266). 


17. Specializations combined. 


Both special forms of T,_, may occur together. If the components of 
are distinct, and O lies at a general point of one of them, the equations 
can be 

a iy sz sw = ay: we: zw:iyw, J = 2yw’, 
By :2:w aay: wid sy’. 

Now (¢) has two points of contact, but of different natures. A (0, 0, 1, 0) 
is a d.p. of w, the contact there is incidental to the passage of ($) through @, 
and ¢ does not pass through A. But O(1, 0,0, 0) is a simple point of a, 
and the condition of contact there is independent; ¢ passes once through O, 
which is an isolated F-point, while A is not. 

The two components of , say 


Lb, £=w=0, and 1,, y=w=0, 


also play different parts. For /, meets in one variable point, and is an F-line 
of first species which ~ the P-plane y’. But J, contains O, and meets c 
there only; it is an F-line of second species, and ~ the similar line /,’; the 
passage of (@) through /, is a necessary consequence of its passage through J, 
and contact at O, which cause ¢ to contain three points of J,. 

A general surface f, meets J, in w points; let one be Q(0, 7, 1, 0). The 
corresponding P-line x’ is y’ =w' — nz’ =0, and f’ contains mw such lines. If 
Q — A along /,, then 7 > 0 and x’ — 1,’, approaching it in the plane y’, and 
in the limit, one of the uw sheets of f’ touches y’ along J,’. 

If one of the » intersections of f, J, is Q(&, 0, 1, 0), then f is the sum 
of multiples of # — &z, y, w, and f’ of f,’ = a’y’ — &2'w’, w”, y'w", of which the 
first is a quadric through /,’, and the last two pass twice through /,’; hence 
the u sheets of f’ through J,’ touch w quadrics such as f,’. If Q > A along J,, 
then £ — 0, and the sheet of f,’ through J, reduces to y’, and as before when 
fF passes through A, one of the sheets of f’ touches y’ along /,’. 

If more intersections of f, J, lie at A, one sheet of f’ has higher contact 
with y’ along J,’; if more intersections of f, J, lie at A, more sheets of f’ have 
simple contact with y’ along 1,’. 


If f passes simply through A, 
faz (aatbyt+eow)t+(@, y, whe, Uae, 
f' =(ew')7 (aay! + bw? + cy'w') + (2’y’, w?, yo! he's, WARE Whe ay Ww he 
the terms of lowest degree yw in y’, w’ are 
(2'w')# aay! + ay’? (a’y’, 0, 2’w’, 0)4-? 


having y’ as a factor, and one sheet of f’ along /,’ touches y’, 


198 CREMONA SPACE TRANSFORMATIONS [CH. 


If f touches J, at A without touching w, then )=0, the terms of degree 
tiny’, w' have y’ asa factor, and 7’ osculates one sheet of f’. If instead 
f touches J,, then a=0, and the terms,of degree » have y”? as a factor, and 
there is a cuspidal sheet of f’ touching y’. If f touches w, then a=b=0, 
and the sheet of f’ is tacnodal. 

The form of the equations of transformation of p. 197 must be modified if 
O is the point of intersection of 1,, /,. If we first put g=yz, and then make 
O — A, along A,A, as on p. 194, we find that ¢ acquires a d.p. at O and 
becomes a cone, the coordinate x drops out of the equations, and the trans- 
formation fails. The homaloids already touch w at the d.p. of w, and cannot 
be made to touch a different plane. 

But if O > A, along a path touching w, we obtain in the limit a homa- 
loidal family with a point of osculation at O, for example 


h = 6 (aw + YZ) + W (Coy + C52 + GW). 


If the two components of w coincide, ($) touches w at every point of a, 
and cannot touch a different plane at any point of it. If O lies on o, it is 
again a point of osculation. In the above expression for ¢, we can replace yz 


by 2. 


18. Application to surfaces of higher degree (134, 261, 265). 


As an example of the use of Cremona transformations to discover surfaces 
of higher degree, let us find what surfaces f’,,, of degree p’ > 38, can be 
obtained by 7,_, from a cubic surface f;. Since the theory of cubics is well 
known, we can obtain properties of the higher surface by transforming those 
of the lower. An example is worked out below. 


The nature of f’ depends on the multiplicities on f, of O, w or the com- 


ponents /,, /, of if we choose it to be a line-pair. The cases which give 
pb’ >3 are as follows: 


F-elements on fz ww F-elements on f’ 

6 0303 

O 5 O83 @? 

dy 5 O'21,'20,'3 

0? 4 O08 9! 

Ol, 4 O21,’ t./? 

t,? 4 O' 1,’ 1,8 

@ 4 Oo"? 


x] THE QUADRO-QUADRIC TRANSFORMATION 190 


As a more detailed example (134), consider what properties of the last 
quartic surface, on which o’ is a double conic and O’ any simple point, follow 
from the existence of the 27 lines on the cubic. Of these: 

(i) one, /,, hes in the plane w and meets w twice ; 

(ii) sixteen, J,, ... l,, meet w once; 

Gai) ten, Js, ... ly, meet J, and not o. 

None of them passes through O, which does not lie on fy. 


(i) All the points of 1, ~ O’, and are associated with lines through O’ 
lying in a plane; the property of jf,’ is that it has a tangent plane at each 
ordinary point such as O’. 

(11) Since /, contains an F-point of w, it ~ a line meeting w’ and not 
passing through O’. Hence /,’ contains 16 lines meeting the double conic. 

(iii) Since 1,, contains no F-point, it ~ a conic through O’ meeting o’ 
twice. Hence there are 10 conics on f,’ through a general point O’ of the 
surface. 

Any line on f,/ must meet o’, and any conic must meet it twice; hence 
either can be transformed into a line of an f,; and f,’ has no other lines or 
conics than those just found. 


19. Application to a binode (353). 
The use of Cremona transformations to study higher singularities of 
surfaces is discussed in Chapter XVI; as a preparatory example, consider the 


resolution of a binode by 7_,. 
Let f, have a d.p. O (0, 0, 0, 1) 
Su = WwW 2Uy + WY Fug + (&, Y; aha, OPO) sae 
Apply a general T,_, with O as F-point 
e:y:2:w=a'w :yw i2u':q, 
where w, g have no special relation to f. After dropping w’, the homologue is 
FF uaa" uy Hq wus + wf ona 

Associated with the quadric tangent cone u, to f at O, we have the conic 
Ie’, w’ = Up’ = 0, which, together with the F’-conic w’ taken  — 2 times, makes 
up the total intersection of f’ with the P-plane w’. 

If O is a conical d.p., the tangent cone uw, does not break up, and k,’ is a 
proper conic; the section of f’ by w’ has no singular point on k,’ other than 
its intersections with w’, and where the section is not singular, f’ itself cannot 
be singular. 

On the other hand, f’ has acquired fresh singularities at O’ and w’; since 
w is general, it meets f in a proper curve, and the tangent cone to f’ at O" 
is proper. Hence 0’ is an ordinary multiple point (p. 360) and sumilarly w 
is an ordinary multiple curve with distinct tangent planes. The intersections 
of w’, k,’ are points of w’ where one of the tangent planes to f’ is w’, and 
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are not otherwise remarkable. O’ and o’ are accidental singularities, arising 
from the nature of the transformation and not from the nature of the singu- 
larity of f at O, which has entirely disappeared. 

As in the plane, we say that a T,, applied to a d.p. always removes 
a conic node, and that if O is a dp. of higher species, it is compounded of a 
conic node and whatever singularity of f’ ~ O. This convention is justified 
in Chapter XVI. 

Now let O be a binode on f of the simplest type B;, such as reduces the 
class of f by 3 and no more; the tangent cone breaks up into a pair of planes, 
un = yz say, and the edge y = z =0 of the binode is not a line of closest contact 
and does not lie on u;, or on g since this is general: uw; must contain a term 
in #, and q one in a”. 

Then k,’ breaks up into a pair of lines, whose intersection (1, 0, 0, 0) 
is associated with the edge. At this point, f’ touches w’, but is not singular ; 
for a term 2’ *w’ occurs in the second group q’“~*w’u;. Thus answering 
to the singularity of f at O, including the singularity of the tangent cone 
along the edge, we have a pair of lines on f’, and at a point of these, which 
is simple for f’, a dp. of the section by the P-plane w’, that is, a point of 
contact of f’, w’. Hence the B, at O is compounded of a conic node, removed 
by T,_,, and a point of contact with the P-plane, explicit on /’. 

Now suppose that /f’ has a conic node which ~ O, and therefore lies at 
some point, (1, 0, 0, 0) say, of k,’ other than its intersections with w’. The 
conditions are 

Ur =(Y, 2), Us=(Y, ZUR, Y, 2) 
Then the tangent cone at O is a pair of planes, O is a binode with y= z=0 
as edge ; and this edge lies on w,, and is a line of closest contact, showing that 
O is a binode of the next higher species B,, which, as regards reduction of 
class, and also from other points of view, is equivalent to two conic nodes; 
T, . removes one of these and leaves the other explicit on f’. 

Lastly, let O be a binode of any species B,.,, s22, such as reduces the 
class of f by exactly s+1. The analytical expression of this is that f can be 
written (164) : 

fe = us 842 he sabes + wily bo Uy 
where ds = wy + WF t+... F Us, 
Wo = wr ?z + we Fv +... + U5_4. 
Here ¢$;1, Ys. are surfaces with O as a simple point, approximations to the 
separate sheets of f, The condition that O is not a binode of higher species is 
that the edge y=z=0 does not lie on u,s,,, which must contain a term 
mg, 
After dropping w”, the homologue is 


/ Py Srey , , whee a 
5 pas ==4 ae EKO) os—3 WV 28—3 + q/# egy hei alpareoty 
, PR 5 a1) mi = 
where P's = Fy +2 wlu's +. + ww, 
fy gzia | a 7 i ar . 
Wings = eS ag Ue Ee ee 8 
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Now O ~ the line-pair w’ =y'z’ =0 on f’; the only singularity of f’ 
on these, other than their intersections with gq’, is their common point 
O’ (1, 0, 0, 0), associated with the edge at O. Here 2’, q’, u's, are finite, and 
Y', 2, W', Poss) W'os_s are small of first order; the form of |’ shows that O’ is 
exactly a B,_, on f’, with y’ =z’ =0as edge. The B,,, is resolved into a conic 
node, removed by T._», and a binode of species lower by 2, explicit on f’. 

' By repeating the process, at each step removing a conic node and reducing 

the species by 2, we arrive at either B, or B,, according as s is odd or even; 
both of these have been discussed. Hence B,,, is resolved into $(s + 1) conic 
nodes if s is odd; or if s is even, into $s conic nodes together with a point of 
contact with the last P-plane of the resolving series of T,_.’s. 

Thus in any case, if we apply a finite number of 7',_,’s to O and to those 
of its successive homologues that are singular for the homologues of f, we 
arrive at a surface on which all the points that ~ O are simple, and all the 
multiple elements introduced by the transformations are ordinary. 

The form assumed for the B,,,; is not valid if O is a point of a double 
curve, when the partial factorization ¢,_,. Ws, can be carried on indefinitely, 
the terms of degree >n in a, y, z arising from the factors being exactly de- 
stroyed by succeeding terms. Then there are oo d.p.’s adjacent to O (p. 244). 


II. SPACES SUPERPOSED 
20. Notation. 

Return to the general 7',_,, and now let the two spaces be superposed. 
All the previous properties continue to hold, and we may also enquire into 
the invariant and involutory systems, as in the plane. 

The simplest forms of the equations of the general 7',_, for separate spaces 
are (1), (2) of pe184: 

mg AU eee esis ZI GL, YO )y case cee. esucee (1) 

(GEN PB OD ETE AD OY EMU CR eM ae REO OE, (2) 
We have two frames of reference, one in each space; in S, the four planes 
are any three, a, y, z, through the F-point O, and the plane w of the F-conic 
w; and in S’, the three planes a’, y’, 2 which ~ a, y, z by To, and the 
plane w’ of the F-conic w’. In general we shall take ¢(#, y, 2) =y2+ 2ze+ ay; 
then three vertices of the tetrahedron le on . 

Now let the two spaces be superposed in any way. The two frames 
of reference do not in general coincide, so we take a fresh frame, the same for 
both spaces, in general position, which can be chosen later in any particular 
way that may be convenient. The effect of the change of frame in either 
space is to replace the coordinates by general linear functions, and we obtain 
from (1), (2) the equations of transformation for superposed spaces : 


Py 2 Pal: Py’ Pa = Pips > PoPs  PsPs 2 U(r» Pas Psy verre (3) 
Di 1a 2 [Ps 2 Ps = pr'pal : po’ pal: ps'Pal 2 7 (Pr a's Ps)» 
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where Pa-= Car ss Cool air Conte ; Ge 1, 2,3, 4) 
Pa =Cal +CayY + Cae +CasW 
The first F-system is now: O, p, = p2= p; = 9, and wo, n=q=90; 
and the first P-system is: _ the plane py, and the cone q. 
We can use equations (3) as they stand, or we can solve for # :y': 2’: w’, 
and obtain explicit equations in terms of base homaloids. 


21. The invariant system. 
We shall show that if 0, O’ are distinct the possible invariant systems are: 
(i) 6 points; 

(ii) 8 points and a line meeting o, a’ ; 

(iii) 2 points and a line 00’; 

(iv) two skew lines meeting o, o’ ; 

(v) 2 points and a conic meeting o, w’ each twice ; 

(vi) 1 point and a conic through O, O’ meeting o, o’ ; 

(vii) a cubic through O, O’ meeting @, w’ each twice ; 

(viii) 1 point and a plane through one line of each of , o’ ; 

(ix) a line OO’ and a plane; 

(x) a quadric through a, o’. 
(i) The invariant points are given by (3), if in them we put 
BOY 2 a ee Ze, 
that 1s, by Dike = Puls =f; = 0, 
where 
So: = Pi Ps — Pi Pr» fo2=PiPs — Pi Ps, fs= Pi PsP’ — DG 
the accents here applying to the coefficients, and not to the variables. 

If an invariant point D hes on p,, either it is a general P-point, which 
coincides with its homologue O’, and lies on p,, py’, p.’, ps’; or it is an F-point 
of w, which coincides with a point of its corresponding P-line: we can then 
choose p,, p; to pass through D, which lies on py, ps, Ps, Po, Ps g, g’. In either 
case D lies on foi, fo, and fs. oR 

Hence all the invariant points are among the intersections of f,4, foo, fs. 
These all contain the line /, p, = p,/=0, which does not in general contain 
any invariant point, since p, is a general plane through O. If the two 
quadrics f,,, fr,. have no common sheet, their residual intersection is k, 
meeting J twice and passing through O, O’; it is the curve generated by 
intersecting pairs of corresponding rays of the stars (0), (O'). 

Now f; is a cubic surface through J, O, w; if no part of &, lies wholly on f;, 
they meet in nine points, of which two are on J, one is O, and the other six 
are the invariant points D of T,_.. 

Though O is an additional common point of f.1, foe, fs, it cannot be 
a seventh invariant point; for if it coimcides with one of its homologues, 
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it les on p,, po, ps, pi, and is a d.p. of g, f3, and a double intersection of 
J, ks, absorbing one of the six points D, and not additional to them. There 
may however be a locus of invariant points, either a curve or surface, common 
to all of f.,1, fo,2, fs; the number of isolated points is then modified. 

(1) " The only lines which ~ lines are those which contain just one F-point. 
A line meeting » ~ one meeting ’ and a line through O ~ one through 0”, 
An invariant line 6, must be of one or other of these kinds in each space. 

First, let 8, be of the first kind, meeting w, w’. Then 6, meets the pair of 
corresponding planes p,, p,’ in the same point, and therefore meets J. The 
residual intersection of f2,, fo. is a conic meeting 6, and J, and passing 
through O; it meets f; in these three points and in three points D. The 
invariant line replaces three isolated points. 

Conversely, if three invariant points lie on a line 8, this is wholly 
invariant. For it ~ a conic meeting it in three points, and therefore partly 
coinciding with it; thus 6, is self-corresponding. And the homography on 6, 
has three double points and is therefore identity; thus 6, is invariant. 


(ii) Next, let 6, =O00" be an invariant line of the second kind. Then O is 
invariant, and lies on p,’,and O’ on p,. Take O,O’ and any two common 
points of p,, p,’ as tetrahedron of reference; then 6, is z=w=0, and 


I? 


7 os, , 
Pa = CarY + Cas% + Cas, Pa =CaU+ Case t+ Cas, @=1,-2, 3), 


ie 


Ps=2, ps =Y. 
The equations of transformation (3) are satisfied if P, P’ coincide at any 
point of 6,, that is, if 
Z=W=e =u =0, we iy=a' sy’; 
the conditions are 


Cyy’ 2 Coy’ Czy 2 L = Gye : Cop ! Coz? Y (Cray Con Cop) 


These conditions are compatible, and do not lead to a reduction of degree 
of T,,. They express that 6, lies on f1, foo, fs. It is skew to their other 
common line J; the residual intersection of f,,, 2,2 is another pair of skew 
lines, each meeting 6, and J, and meeting f, in one of the two isolated 
invariant points D. The common point O of the three surfaces lies on 6, and 
not on the residual; it is invariant but not isolated. 

Now the pencil of planes through OO’ ~ itself, and has two self- 
corresponding planes, in each of which 7_, sets up a plane 7, for which OO" 
is an invariant line; there is therefore one isolated invariant point D in each 
of these planes, and no other (p. 46). This invariant line 8, replaces four of 
the points D. 

(iv) Two intersecting invariant lines are a particular case of a conic, see 
below. If there are two skew lines, one of each kind, say 6,,, meeting @, o’ 
and $,,. through OO’, then / meets 8,,, and not 6,,... If one or both of the two 
quadrics, containing these three lines, are determinate, they break up and 
contain the plane /6,,,, which is either part of f,, and is an invariant plane, or 
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meets it in J, 8,,, and another invariant line, meeting 6,,, and 4,,., and forming 
with them a degenerate invariant cubic. Both these cases are treated below. 
Thus § cannot consist only of a pair of skew lines of different kinds. 

But it can consist of two skew lines 6,,;, 6,2, both of first kind. Then 
1 meets both, the quadrics:are proper and their residual intersection is the 
line OO’, meeting f, on 6,,,, 6:,2 and at O, and in no other point. There is no 
isolated invariant point, each line replacing three of the original six. 


(v) Let there be an invariant conic 6,. Since it ~ a conic, it contains 
just two F-points of H, either two points of w, or O and one point of o. 

First let 5, meet » twice, and not pass through O; then it also meets o’ 
twice, and does not pass through O’. Now p, meets 6, in two points, which he 
on p,’, and J is a chord of 6, and lies in its plane p. Hence f,,,, f2,2 meet p in 
the cubic curve 6,, J, and break up, having p as a common sheet, meeting /; 
in the same cubic curve. The other sheets meet in OO’, which does not meet 
l or 6, and meets f; in O and two isolated invariant points D. 


(vi) Next, let 6, contain O, O’ and meet w, w’ each once. Then p, meets 
§, in O and one other point, which lies on p,’, and on J. The residual inter- 
section of f.,1, fo,2 18 a line meeting 6, and J, and meeting f, in these and in 
the one point D. 


(vii) A conic and a line meeting it form a degenerate cubic. If there 
were an invariant conic 6, and a line 6, not meeting it, any line in the plane 
p of 8, through the trace of 6, would contain three invariant points, and it 
and p would be wholly invariant. In the same way there cannot be a plane 
invariant curve of degree 2 3. 

If there is an invariant twisted cubic 6, it forms with / the total inter- 
section of f,,,, fz, and lies wholly on f,; there is no isolated invariant point. 
Since O does not lie on J, it lies on 8,; and since this ~ a cubic curve, it 
contains three #-points of each system, O, O’ and two points of each of a, o’. 

If there were an invariant twisted curve of degree 2 4, then foi, foo, 
having this and / in common, would coincide, see (x). 


(vi) If there is an invariant plane A,, every line in it contains just one 
F-point of each system. This can only be if each of @, w’ breaks up, and one 
line of each lies on A,, also lying on the corresponding P-plane. The d.p.’s of 
w, w' coincide, being the intersections of A, with corresponding rays through 
OO’. Since A, is not principal, it does not contain O or O’, and the F-lines on 
it are not an associated pair. 

Hach of 2, fo. breaks up into A, and another plane, the two others 
meeting in OO’. Then f;, also breaks up, into A, and a quadric through O 
meeting OO’ again in the one isolated invariant point. 


(ix) This point can be replaced by an invariant line 8, = 00", if O lies on 
ps, and O" on p,; then 6, is a self-corresponding line with three invariant 
points at O, O’ and on A,, and is therefore invariant. 
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(x) There remains the case when f,,,, fp. coincide, 
P: Pa — Pr'P2 = @( pr ps’ — p's); 
pi , _ Ps e pi’ — aps 
Pry Po Gps ° 


for any fchiaiee of the three planes p,, p., p; through O. Hence Pi, Pi coincide, 
the stars (QO), (O’) are identical, 


OS OG = 9 = Ps Ps = Pay Pie fi Shoo = 0% 
fz breaks up into p, = p,’ and an invariant quadric through a, w’, locus of d.p.’s 
of the homographies on rays through 0. 

There can be no other invariant point; for any line through it would 
contain three invariant points and be wholly invariant, and T,_, would reduce 
to identity. For the same reason there cannot be an invariant surface of 
degree 2 3. 


22. The involutory system. 


The general 7',, in one space has certain involutory pairs K, K’ which 
are also homologues in 7;',. Take the planes of reference to suit A’, 
so that 

pl =n, p=y, pl =e, pi =w'. 
Then for any pair that is either involutory or invariant 
BLY 22): W' = Dis: P2Ps : PsPs > (Pry Pay Ps), 
We Ue 8D aD, (OY 20): Die, Y, 2,6) 22,4, 2, wv) 
=aw :yw : 2w:q(&, Y, 2). 
Eliminate wz’, y’, 2’, w’; we replace p, (a’, y’, 2’, w’) by 


hss 1= (Cu Pr + Cye Po + Cig Ps) Ps + Crd (Pr, Po, Ps), 
which is the quadrie through O, # which ~ p, in 7," 


Wise = Wiss =O 

where ec = Lfo,o = Uhaas ec = Xf, 3 cm 2fo1 Sa = mW fo, 4— Gfe,1- 

Now fi, fs,2 meet in O, O’, w, the conic ky, «=f2,=0, which meets 
w twice, and a residual k, through O, O’, meeting each of w, k, four times. . It 
meets f, in these ten points and ten others, of which six are the invariant 
points, and the remaining four fall into the two involutory pairs of 75. . 

Since w is a P-plane, it does not in general contain any involutory point, 
neither does /,, which lies in the general plane # through O’. 

Now f,1, with w, is the M-surface of the general line p,=p,=0 through 
QO. It passes through O, O’, w, for which one of P’, P, is indeterminate, and 
through O, the homologue of O in 7;",, for which P’ is at O. So f,,. is the 
proper M-surface of pp=p;= 0. These both contain k,, the locus of P 
when P’P, lies in p,, which is the intersection of the plane and quadric 


»_»» and we obtain three 


equations for K, 
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homologues of p, in Ty», flea and k, is the locus of P when P’P, passes 
through 0. 

If f;’ is the proper M-surface of a line J’ through O’, it meets k; in 
15 points, namely O, O’, the six invariant and four involutory points, and 
three others, for which P’P, lies in the plane Ol’ and P in the plane homo- 
logue of Ol’ in (ier which meets k; in O, O, and the three points in question. 

The number of involutory pairs also follows from the fact that the 
invariant and involutory points of 7_, are the ten invariant points of the 
T= pe cue): 

The involutory pairs of 7, have been determined apart from the 
invariant points as follows. Let 7, be constructed by the homography 
between the stars (OQ), (O’) and a correlation V (p. 191). It is first shown 
that if OP ~ O’P’ and also OP’ ~ O'P, then P, P’ are conjugate in one of 
a set of involutions, one on each generator » of a certain regulus. Now V 
sets up on X a homography which is involutory on just two generators ; 
on each of these the two involutions have one common pair K, KX’, which is 
involutory for 7,_, (168). 

The involutory system, consisting of those common elements of f5,1, fs, fi 
that are neither fundamental nor invariant, can have a great variety of forms. 
The maximum is a cubic surface, if 7,_, is not involutory. 


23. F-points coincident (8). 


Now let 0, O" coincide at (0, 0, 0,1). The homography in the star (0) 
may have three invariant rays, self-corresponding for 7,_,, or an invariant 
plane and ray, or may be identity. In any case, the equations can be 


0 


a sy: 2: w' = acp,: byp,: czp,: 4, 
where b = WU, + Up. 


Kach self-corresponding ray contains two invariant points, one of which 
may be O if both P-planes pass through 0; or the ray may be wholly 
invariant. The possible invariant systems of this 7,_, are; 

6 points, 

O and 3 other points, 

2 points and a line through 0, 

1 point and 2 lines through 0, 

3 lines through O, 

2 points and a conic, 

1 point and a conic through O, 

a line and a conic, both through O, 

1 point and a plane through 0, 

a line and a plane, both through O 

a quadric, 


> 
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There is in general no proper involutory system; the common line of the 
two P-planes is improperly conjugate to O; but there may be an involution on 
any self-corresponding ray. If the homography is an involution, 7’,_, has an 
involutory cubic surface. For OP ~ OP’P,, containing both homologues of P. 
As P describes a general line J, so P’, P, describe two conics c’, through 0, 
both lying in the plane corresponding to Ol in the involution, and therefore 
meeting in three points K’ other than O, which ~ three points K of J; for 
these, K’ = K,, and K, K’ are involutory. Since J contains three such points, 
the involutory locus is a cubic surface. 


24. First type of quadric involution. 


There remains the possibility, which has no parallel for the invariant 
system, that fs,1, fs,2, f, may all vanish identically without 7,_, degenerating. 
Then the involutory system is the whole space, every point belongs to an 
involutory pair, and 7’,_, becomes an involution J, _,, the direct and reverse 
transformations being the same, and the square identity, J?,_, = 1. 

In I,_,, the two F-systems are identical, and also the two P-systems : 

O=0", w=, p=ps, V=7Y. 
The homography of rays of the coincident stars (Q), (O’) is an involution, 
which may be proper or may reduce to identity. 

In the first type of J,,, the involution of the star (O) is proper, and 
therefore has a plane, z say, of rays and an isolated ray, «= y =0 say, which 
are invariant for the involution of rays, and self-conjugate for J,,. The 
equations of 7',, reduce to 

LY 22 so = ews yw zw: q(x; ¥, 2), 
Cesare Ly ayo 2 Ww Age, y, 2 ). 
Since this is involutory, g is an even function of z, say 
q = Ue (a, y) — 2. 
These are equivalent to the three bilinear relations 


“2 +2'x = (), 

yate'y z=); 

HOF gles 
0x oy 


hence this J,_, is a degenerate case of the 7;_, given by three general bilinear 
relations (p. 294). 

The relations are all symmetrical, and express that P, P’ are conjugate 
with regard to the net of quadrics 

(az + by)z+c(uw+2—w’), 

whose base consists of the conic 6, z=u,—w?=0, and the pair of points 
D,, D,(0, 0,1, +1). We have thus a particular form of extension to space of 
the first type of plane J,, where P, P’ are conjugate with regard to a pencil 
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of conics. The more natural extension uses a general net of quadrics with 
eight points as base, giving the J;_, (p. 303) of which our J,_, is a de- 
generation. 

The base 6,, D,, D, is the invariant system, also ses by 


‘ow _ yw _—2w_q 


oat hy i ie 


It is the set of pairs of d.p.’s of the involutions on the self-conjugate rays 
through O; those on the single ray are the isolated pair, and those on the 
self-conjugate plane form the conic. 

The two conics w, 6, meet in the two.points z=w=u,=0; and he 
together on the two cones w.—(z Fw), whose vertices are D,, D,. The 
generators of these cones each contain two invariant points and one F-point, 
and are self-conjugate lines, and are the only such besides those through O. 

The self-conjugate planes are z and the pencil through OD,D,. Any 
line in z meets its corresponding c’ in two invariant points; any line in 
a plane of the pencil meets its c’ in a conjugate pair. Thus the complex 
associated with this J,_, (p. 179) is the set of lines meeting OD, D,. 


25. Second type of involution: quadric inversion (130). 


If every ray through O is self-corresponding, the equations of J,_, can be 


, if , (? 
Ly sk SW = 0W 2 yw 2 LW sg (byes 


BS cae BU = an oy Eak 0 Ge eet en Ose Gah ee, 
where q is any quadratic function. The invariant system is the quadric 
A,=q-—w*. Hach ray through O bears an involution whose d.p.’s are the 
intersections with A,. The P-plane w is the polar plane of O with regard 
to A, and @ is its intersection with A,. 

Every pair of conjugate points lie on a ray through O, and are con- 
jugate with regard to A,. These two properties completely define the trans- 
formation, which is central, and the associated complex reduces to the star (0). 
This is called quadric inversion, and is the natural extension of general plane 
inversion. 

If A, is a sphere and O its centre, we have ordinary iiversion with regard 
to A,; the P-plane is at 0, and @ is the absolute conic (16, 171, 1972, 212; 
241, 242, 277, 377, 388, 389). It effects a stereographic projection ‘upon 
a plane, of any sphere with a radius of A, as diameter. 


CHAPTER XI 
POSTULATION AND EQUIVALENCE 


1. Classification of F-elements. 


We have to consider the different kinds of F-elements that may be used 
to define a homaloidal web. For each element we have first to find the 
postulation P, which is the number of independent conditions that it presents 
to the parameters of the family ; this will be calculated on the understanding, 
first, that the degree of the family is high enough to avoid any special circum- 
stances ; and next, that any other #'-elements, which may be present, have no 
special relations to the one under consideration. We have also, with the same 
assumptions, to find the equivalence H, which is the number of variable 
intersections of three general members of the web, which are absorbed by 
the F-element considered. 

There are three principles of cross classification, giving eight ee of 
F-element to be considered : 

(i) the elements may be points or curves, and curves are subdivided 
according to degree, rank and so on; 

(11) they may be simple or multiple ; 

(ii1) the conditions may be of incidence or of contact. 

The four types of contact are treated in the next chapter; here we deal 
with simple and multiple points and curves of ordinary incidence. There are 
many difficulties, both analytical and geometrical, about the more complicated 
and general cases, and we shall therefore treat the simplest cases at some 
length. 


2. Simple point, P=1, E=1. 

The most elementary condition possible is that the homaloids shall pass 
through a fixed point O. If other #-elements are present, we assume them 
quite separate from O; then the variable intersection c of two general homa- 
loids , W passes once through O. There isa single condition for the parameters, 
found by substituting the coordinates of O in the general equation ¢=0; if 
O is taken as origin of Cartesian coordinates, the constant term in @ must 
vanish: the postulation is 1. 

The equivalence is also 1; for c has a certain number of free intersections 
with a-third general homaloid y; since y as well as c passes through O, one 
intersection is fixed there, and the number of free intersections is reduced 
by 1. The tangent planes to ¢, y at O meet in a line /, which is the tangent 
line to c; the tangent plane to y passes through O but not through /. 


14 
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3. Double point, P=4, E=8. 

Let the origin O of Cartesian coordinates be an isolated d.p. on (¢). This 
means that there is no definite tangent plane, and that a general line through 
O meets ¢ in two points. at O and in n—2 points elsewhere. Since O lies 
on ¢, the constant term vanishes; if there were any linear terms, they 
would give a definite tangent plane; hence the coefficients of 1, a, y, z all 
vanish, giving four conditions. We assume 

hb = Ug + Ug t+... + Un, 
afr = Ve+ Us +3 4eUn, 
where 2, Ya are homogeneous functions of w, y, z, of degree a. 

To find Z, consider the total intersection of ¢, W, in the neighbourhood 
of O, given to a first approximation by the terms of lowest degree we, Vp. 
These represent two general quadric cones, the tangent cones at O to ¢, , 
and their intersection consists of four generators. The intersection has there- 
fore four branches through O, touching these four lines, and these are all 
branches of c, for we assume that no F-curve passes through O. The four 
tangent lines to c are in general directions, and do not touch y, but each 


branch meets it in two points at O; altogether the number of intersections 
of c} y, that is, of d, v, x, absorbed at O is H=4x 2=8. 


4. Multiple point, P={7(¢+1)(@@+2), B=@. 


If O is 2-fold on (¢), a general line through O meets ¢ in 7 points at O 
and in n—7 points elsewhere. Put w:y:z2=a:b:c, and eliminate y, z from 
g¢=0; the resulting equation for x has 7 zero and n —7 finite roots. All the 
terms of degree $7—1 in # are absent for all values of a:b:c, and these 
arise from all the terms of degree =71—1 ina, y,zin g. The coefficients of all 
these terms vanish, and 

hb = Ut Ug +... + Uy. 


The number of conditions is the number of vanishing coefficients, that is, 
of terms In %, %)... Ua. But uw. has $(a+1)(a+2) terms, so 


P= 3 d(ati(at2)=HO +1) O42) 


This is the number of terms in a homogeneous function of four variables of 
degree 1—1. 

The intersection of $, yr in the neighbourhood of O approximates to that 
of their tangent cones u;, v;, each of degree 7, which consists of 72 generators ; 
hence ¢ has @? branches through O, one touching each of these lines. Since 
u;, ¥; are general functions, the branches of ¢ are in general directions, and 


each meets y in z points; the number of intersections of ¢, x absorbed at O 
is H = 7, 
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5. Set of distinct points. 


If there are two or more distinct points O,, 0, ... of multiplicities 7, 2 ..., 
we simply add their postulations and equivalences, but only if the degree of 
(f) is high enough. 

In homogeneous coordinates, let O, be (E020 40 sande (el OO). 
then the equations of 1= 0,0, are z=w=0. The i,-fold point O, requires 
the absence of all terms of degree 2 n—7,+1 in a, and O, requires the 
absence of all terms of degree 2n—7,+1 in y. Nowif 71.+%>n +1, these 
sets of terms overlap, and the total postulation < the sum of its values for 
the two points separately ; for example, both require the absence of 


gry Gi 


If 7, + %, >n, since the highest power in , y jointly is a4 y"~*, of degree 
<n, this and every other term has some power of z or w as a factor; if 
z=w =0, every term vanishes for all values of «: y. Hence ¢ contains every 
point of /, which meets ¢@ in 7,+7,>n points at O,, 0,, and therefore lies 
wholly on the surface. Thus / is an F-line, of multiplicity 7,+7%,—n, and this 
must be considered in calculating #, which is quite different from the sum 
of its values for the separate points. 

In the same way, if there are several points =O, lying on a curve km, 
with => mzn, then ¢ contains k as a necessary consequence of its passages 
through 2O, and H may be either > or < the sum of its values for the 
separate points. If =: >mn+1, some of the conditions for the points cease 
to be independent, and P < the sum of its values for the separate points. 


6. Adjacent simple points. 


When two isolated simple F-points approach each other and ultimately 
coincide, we do not have a case of contact, as the term is used in the next 
chapter. Here, the homaloids only have a common tangent line, but there, a 
common tangent plane. 

Now at every simple F-point O, the two surfaces ¢, yy have a common 
tangent line, which is the line of intersection of their different tangent planes, 
and is the tangent line to c; they have already a second common point Os 
adjacent to O, namely the adjacent point of c. To regard O, as fixed does not 
alter the relative position of ¢, y, and does not make them have contact at O. 
The speciality of the intersection only begins when we introduce the third 
surface y; for the three tangent planes all have the line OO, in common, 
while in general they only have the point O. 

We may think of O, as at first distinct from 0; then c passes through 
both; when O, approaches and ultimately coincides with O, then c touches 
the limiting position of OO,, which is a tangent line to every g. Hence c 
touches y, and meets it in two points at O, so that E=2, as for two distinct 
points. Also P=2; one condition is that O lies on ¢, and the other is that 


14-2 
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the tangent plane contains a fixed line. If the equations of OO, are y=2z= 0, 
then the constant term and the term in # vanish, and we may take 
h = aytbe+ut... + Un. 

If more than two simple points O, O,... Og_, come together, there are two 
cases, according to the way in which they approach one another. There may 
exist a curve passing through them all, which has a limiting position & free 
from singularity at O. A necessary condition is that the radius of the circle 
00,0, should have a finite limit, for this is the radius of curvature of k. If 
this holds, and, for 8 >38, further conditions for the existence of hk, we have 
the limiting case which is for our present purpose strictly analogous to the 
case of which it is the limit; both P and # are the same as for f distinct 
points. There is only one branch of ¢ through O, which has 6-point contact 
with &. Regarded as a common point of ¢, Wy, the point O is in no way 
special: the speciality is that y also has @-point contact with & or c. 

But the points may come together in such a way that k must be singular 
at O, as, for example, if O,, O, approach O in perpendicular directions. Then 
c is also singular, and if ¢, W are not singular also, they touch one another, 
for their tangent planes both contain the two or more tangent lines to c, and 
therefore coincide; O is at least a point of contact of (¢). 


7. Simple points adjacent to a multiple point. 

If a distinct simple F’-point O, approaches a d.p. O, the tangent cone u, at O 
acquires a fixed generator, giving one condition more than the four presented . 
by O. This hne is one of the four common generators of the tangent cones to 
¢, w, and it also lies on the tangent cone to y; the branch of ¢ which touches 
it meets y in three points instead of two, and EF is increased by 1. 

If 8 simple points O,...Og approach O, and there exists a curve through 
OO,...Og whose limit is not singular, then u, has one fixed generator, and 
there are also 8 —1 other conditions involving the terms of higher degree. 
One branch of ¢ meets y in 8 +2 points at O, and again Z£ is increased by 1 
for each simple point. 

If O,, O, approach O in different directions, then u, has two fixed gene- 
rators, and two branches of ¢ touch the tangent cone to xX, giving again two 
fresh conditions and two fresh intersections absorbed, 

P=44+2=6 H=84+2=10, 
Similarly for three and four simple points, P=7 and 8, H=11 and 12 re- 
spectively. But if there are five points that approach O in general directions, 
the cone u, is entirely fixed, and coincides with the tangent cones to W and ve 
Then O is a d.p. of contact, and it is found that though P = 9, as we might 
expect, H leaps to 18 (p. 235). 

If more than five points approach Q, in directions not lying on a quadric 
cone, then O becomes a triple point at least, and it is no longer convenient to 
regard it as arising from a d.p. 
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Whenever one branch of ¢ has high contact with ($), some of the con- 
ditions involve the terms of high degree, and unless n is great enough, both 
P and F are modified, and the nature of the intersection alters, an F-curve 
appearing which breaks away from c, reducing its degree, and ‘c itself may 
not pass through O at all. For example, let three F-points of a quadric 
family come together at O, along a curve whose limit is a line 7; then ($) 
acquires / as an F-line, and c¢ becomes a twisted cubic not a through O. 
For other details see 36. 

When other multiple points come to coincide with O, the tangent cone 
acquires multiple edges. The point may become one of higher singularity, 
and its properties are best treated by the methods of resolution described in 
Chapter XVI. 


8. Simple line, P=n+1, E=3n—-2. 

Let (¢) contain the whole of a fixed line /. In homogeneous coordinates, 
let the equations of J be z=w=0. Then ¢=0 when z and w =O, for all 
values of #/y; every term of ¢ has either z or w as a factor, and all the terms 
vanish which involve a, y only. There are n +1 of these, a, ay... y”, and 
eee a 

It is convenient to arrange ¢ according to the degree of the terms in z, w 
jointly ; the lowest terms are linear: 

2 
f = (2tUn1,1 + WUn-a,2) + (2, WHS, Y, 2, Ww)”, 
where Up_;,2 18 a homogeneous function of a, y only. 

The total intersection of ¢, yw breaks up into the F-line / and a variable 
residual c,2_, of degree n?—1. The free intersections of $, W, y are among 
the n(n?—1) intersections of c, y, but not all of these are freely variable. 
For ¢ meets / in a certain number d of points, which, though variable on J, 
are restricted to lie on it, and are F-points, not general points of y. The 
number of intersections of c, y which are not fundamental is n (n?—1) —d, 
and F is the number by which this falls short of the maximum 7’, 

E=n'— \n(n?—-1)—d}=n+d. 

We shall now show that d =2n — 2, giving two distinct proofs of this 
important result, which can be generalized in different cases. 

(i) An intersection of ¢,/ is a d.p. of the total intersection of ¢, wy, and 
therefore a point of contact of the two surfaces. We have to show that the 
tangent planes to $, y coincide at 2n — 2 points of /. The tangent plane to 


¢ at any point P is 
veo[S] +f] +L] +» [ae] 


where in the square brackets the coordinates of P are substituted. At a 
point Q (a, y, 0, 0) of J, only the first group of termsin ¢ contributes to ¢, 
and we may without ambiguity write the tangent plane 

t= 2Un4,1 + WUn-,2 
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it being understood that z, w are current coordinates, and a, y, which enter 
iNtO Un—1,a, are the coordinates of the point of contact Q. 
Let the tangent plane to p at Q be 241+ WUna,2 This is the same as 
t, provided 
Un—1,1/Un—1,1 = Un—1,2/Un—1,25 that is, Un—1,1Un—1,2 — Un—,2¥n—-,1 = 0. 
This is an equation in 2/y of degree 2n—2. It may be interpreted as a set 
of 2n —2 planes, through the opposite edge, «= y = 0, of the tetrahedron of 
reference, meeting J in the d points at which 6, ~ have the same tangent 
plane; hence 
d = 2n —2. 

(ii) The second proof is more geometrical. Consider the system of inter- 
sections of ¢, yw and a general plane p through 7. We may treat this as the 
intersection of p with the total intersection of $, , which breaks up into / 
and ¢,2-,; the system consists’ of J and the n?—1 intersections of c, p, of 
which d lie on 1; there are therefore n2—1—d common points of ¢, ~, p 
which are free, not lying on the F’-line. 

But we may also treat the system as the intersection of y with that of 
¢, p, which is a plane curve of degree n, breaking up into / and a residual 
of degree n — 1 meeting J inn —1 points and meeting > in n(n — 1) points of 
which therefore n —1 lie on / and the remaining (n —1)? are free. Equate 
these two expressions for the number of free intersections of 6, W, p: 


n?—1—d=(n—1), d=2n-2. 
Thus for a simple line, P=n+1, H=n+d=38n—2. Unlike the ex- 
pressions for F’-points, both of these depend on the degree of the family, and 
not only on the nature of the F-element. 


9. Reduction of P and E for incidence. 


In the last chapter, p. 182, we found, for an F-conic on a quadric family, 
P=5, H=6; these are unaltered if the conic breaks up into two intersecting 
lines. But two skew lines /,, 1, have P=6, H =8, double the values for a 
single line; we can verify the value of P from the general quadric containing 
bh, 2=w=0 andl, a4=7=0, 

hb =O £2 + UW + C,YZ + YW, 
containing four arbitrary constants; the other six terms must vanish. Thus 
when the two lines intersect, their total postulation, as compared with that 
of two skew lines, is reduced by 1, and their total equivalence by 2. 

Now to make ¢ contain J, and J,, it is sufficient to make it pass through 
three points of each line. If 1,, 1, are skew, these two sets of three points 
can have no point in common, and we must make ¢ pass through six points. 
But if ,, , intersect, their common point can serve in both sets, and we need 


only make pass through five points altogether; the total postulation is 
reduced by 1. 
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Again, each F-line has two intersections with its total residual in the 
intersection of $, ~. If the lines do not meet, each of these intersections is 
with c, and is one of the intersections of ¢, x absorbed by the F-lines. But 
if 7,, 7, meet, then of the two intersections of 1; with its total residual, one is 
with /, and only one with c, one intersection fewer is absorbed by 1,, and also 
one fewer by /,; the total equivalence is reduced by 2. 

As we shall see later (p. 217) similar considerations hold for curves of any 
degree on any surfaces; for each intersection of two simple F-curves, P is 


reduced by 1 and £ by 2. 


10. Properties of curves. 


A curve of higher degree can be specified by means of equations which 
represent surfaces passing through it. A distinction arises according to the 
number of equations required. If two are enough, the curve is the total 
intersection of the two surfaces; if more are required, it is the partial inter- 
section of any two of them. Lines, conics and all other plane curves are total 
intersections; a twisted cubic is not, and a twisted quartic may or may not 
be one. 

A partial intersection can be specified by three or more surfaces all 
passing through it, but not all through any other curve; or by specifying 
another curve with which it makes up a total intersection, so that the pair 
can be given by two equations. 

We require two properties of curves (Vol. 1, pp. 355-358 of 338). Let & 
be a curve of degree m, rank r, with 6 actual and h apparent d.p.’s, and no 
other singularity. Then r =m (m — 1) — 2h — 26, and we write 


p=m(m+1)—2h=r + 2m + 26. 
(i) If & is the total intersection of two surfaces /,, /,, 
m=pv, h=zpuv(u—1)—-1), p=pr (p+). 


(ii) If & is the partial intersection of f,, f,, 1t meets its total residual in 


d points, where 
d=m(u+v)—p. 


11. Simple curve, P=m (n+ 2) —4p, E=3mn—p (60, 294). 

Let w be an F-curve on a homaloidal family, and first let it be the total 
intersection of two auxiliary surfaces f,, /,. These must be given apart from 
the homaloids, since they serve to define o, which itself enters into the 
definition of (#); and there need be no connection between the degrees n, 
u,v. Then we obtain P as follows. 

The general surface ¢, containing the total intersection of /,, fp18 


6 =Sfuhn—vt Srpn—vs 


where the coefficients of dru, dav are arbitrary, but those of f,, fi are 
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assigned. This way of writing ¢ is not however unique; if n is large enough, 
we have identically 
p =f (Pn—u + frau») a5 We (hn—v = fidnap)s 

where the coefficients of @n_,-, are also arbitrary, and can be used to give 
assigned values to certain of the coefficients in dn_,, Pa—~, and so to reduce 
the number of parameters in ¢. 

The number of coefficients in a general homogeneous function of degree 
n+3 


3 ) =t(n'+ 6n?+11n+6). Hence the number of 


nm in four variables is ( 


parameters in ¢ is 


Gace ae (Me os Seal 
3 Va 3 3 ; 


and the postulation of @ is 


Page go 1a bs a Ciena 


which reduces to wv {n+2—4(w~+y)}, or by (3), 


P= m+ 2) — Sp. tees. Bes eauetacesssear tae (Gls) 
We have assumed n— yw —v20, so that $,_,, exists. If this is not so, 
the corresponding term must be omitted, and the correction — Ue ee ie ae al 


applied to (1). This term vanishes if n—w—v=—1, —2 or —3, and (1) is 
correct in these cases also; but if n< ~+v—3, the correction is positive and 
P is greater than is given by (1). 

We have also assumed n2Zy and nZv; let wSv. If wSn< >», then g,_, 
does not exist, and @ must break up into /,g@n_-,; the number of arbitrary 


coefficients is ie i & - a and 


3 — 
Pa(*S°)— (POET) a ty But — Bn + 120 4+ wt Gy + 11). 


In particular, if n=, then ¢=f,,@), and the surface is exactly determined, 


; 3 . . ; 
pe ee )-1 If n<w, then ¢ cannot exist, all its coefficients vanish 


n+3 
and P=(" 9). 
We can find # for any curve, whether it is a total or a partial intersection 
(Vol. 1, p. 870 of 338). For cis of degree n?—1m and meets its residual w in 
d points where d=2mn—p by (ii). Then c meets y in n(n?—m): points, of 
which d are points of w and n(n?—m)—dare free; hence 
EH =n' — {n(n?—m) — d} = mn + d= 3mn— p. 
We now have the formulae 
P=m (n+ 2) — 4p, E =3mn — p, 
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the first proved so far only for the case in which is a total intersection, 
and the second without this restriction. Now let , being itself a total 
intersection, break up into two components @,, @, of degrees M,, Mz, etc., 
having d actual and therefore m,m,—d apparent intersections. For the 
compound curve we have 


-mM=M+ Ms, h=h,+h.+(mm,— d), 
whence P=pitp.+ 2d; 
PP e Ped = Bt 2d; 


where H,, EH, are the values of # for the components, but for the present P, 
is defined as the same function of the characteristics of w, that P is of those 
of w, the postulation not having yet been found for a partial intersection. 

In the case when @,, @, are themselves both total intersections of other 

auxiliary surfaces, we know that P,, P, are their postulations, and then the 
last equation proves that the reduction of P, compared with the sum of its 
values for the components, is 1 for each common point O. This has been 
-proved independently when @,, w, are lines (p. 214); it cannot depend on 
the natures of the curves as a whole, but only on their behaviour in the 
neighbourhood of O; it is therefore always true (288). It expresses that 
the single condition of passing through O can be taken as one of the in- 
dependent conditions presented to (@) by each F-curve through O. 

Then the postulations of w,, #, are each the same function of the charac- 
teristics of its own curve, and their sum is P +d; it follows that they are P, 
and P,, and the postulation formula is proved for a partial as well as a total 
intersection. 

For example, let » break up into m lines, with h apparent and therefore 
im (m—1)-—h actual intersections: we have 

P= m(n+1) — {4m(m—1)—h} =m(n+2)—$p, 
E =m (8n—2)—2 {4m(m—1)—h} =3mn—p. 

The reduction of # can also be interpreted geometrically. There are 
a certain number of intersections of ,, with its total residual in the inter- 
section of ¢, y, namely d with o, and the rest with c. For each intersection 
O of @,, @ we lose one intersection of @,, c, that is, an intersection of c, y 
absorbed by the first F-curve, and also one absorbed by the second ; O reduces 
E by 2. 

It has been assumed that @ has no. singularities but ordinary d.p.’s. If it 
has higher singularities, we must find how these affect p and d. If has 
a multiple point O at which the branches do not all touch one plane, then O 
is necessarily multiple on ¢, and it is best to treat O as a separate H-element 
with which @ is incident (p. 223). 
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12. Example: twisted cubic, P=3n+1, E=9n—10. 


The simplest curve which is not a total intersection is a twisted cubic, 
for which m=8, h=1, p=10. We shall prove the results for this curve 
independently, using a parametric representation. 

By a proper choice of the frame of reference, the coordinates of any point 
on the cubic are given in terms of a parameter 7 by 


OY PE ON enero 


The conditions that ¢ should contain are that, after substitution for 
a“, Y, 2, w in terms of 7, we have ¢ =0 for all values of 7. Since the result of 
substitution is of degree 8n in 7, there are 8n + 1 conditions, namely that the 
terms in 73”, 73"... 7, 1 all vanish.. Thus 


P=3n+1=38(n+2)—4.10. 


We next verify that meets c in 6n—10 points. The tangent plane to ¢ 
at the point 7 is found by substituting for a, y, z, w in the square brackets in 


ae] oE] EEE] 


The coefficients become of degree 8n—3 in tr. Now this plane contains the 
tangent line to w, which is most easily written down as the intersection of 
the two tangent planes to two quadric cones through a, 
OR IES Ee 
namely the planes 
TPE=25Y +2, TY oe ow, 

Hence ¢ is the sum of multiples of these two expressions, the coefficients 
being two functions of 7 of degree 8n — 5. The tangent plane to w is of the 
same form, At the d intersections of w, c, where the tangent planes to $, ~ 
coincide, we have an equation for rt of degree 2(3n—5). Hence d= 6n — 10, 


and 
H=8n+d=9n—-10=8.3n—-10. 


13. Double line, P=3n+1, H=12n— 16. As 


The simplest example of a multiple curve is a double line upon a cubic 
family. Let the line J, z=w=0, be double on (¢,). If a general cubic 
function is arranged according to powers of z, w, it has the form 


hb = Us + (Zl, + Wile, 2) + (2th, + 2WUy,o + Wy, 5) + (2, Ww)’, 


where the u are functions of #, y only. Since J lies on ¢, this is satisfied 
when z=w=0 for all values of a/y; the four terms of ws vanish. If there 
were no further conditions, the tangent plane to ¢ at any point O (a, y, 0, 0) 
of 1 would be z2,;+ wus, if in this a, y are constant and z, w variable. 
Since every point of / is double on ¢, this tangent plane does not exist for 
any value of a/y, and the six terms of u,.1, Us. all vanish. Hence P = 10. 
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At O, the first approximation to ¢ is given by the lowest surviving terms 
in z, w, that is, by 2w,, + zw th,o+wty,;, which is a pair of definite tangent 
planes, each passing through J. At a point of intersection of J, c, one of these 
planes contains the tangent line to c, and coincides with one of the tangent 
planes to w, given by 2?%,,, + 2W1,5+ Wv,,, say. The values of a/y for which 
this happens are found by eliminating z/w between the equations of the two 
pairs of planes. The result is 


(th, Ono Un,'3V1,1)" —= (Uy ,12%, ime Un,2V1,1) ‘CAC = Ur,30,9), 
of degree 4 in z, y. Thus J meets c¢ four times. 

The common double line counts four times in the intersection of , w, for 
each sheet of ¢ meets each sheet of w along J. Hence c is of degree 3?—-4=5; 
it meets. y in 5 x 3=15 points; of these there are four lying on J, each a d.p. 
of x and absorbing two intersections, and 15 — 4 x 2=7 others, which are the» 
free intersections of $, Wy, x. Hence # = 3? — 7 = 20. 

If J is double on a general family (¢,), 

P = 2 Un—2,1 + ZWUn—2,9 + W'Un—o,3+ (2, WHL, Y, 2, Wy; 
the terms Up,+ 2Un1,1 + Wun, have vanished, and P=n+1+2n=38n+4+1. 
In the same way as before we find 4(m—2) points where one sheet of ¢ 
touches one sheet of yw, which are intersections of c, J, at each of which 
c meets y in two points. Now ¢ is of degree n?— 4, and it meets y in 
4(n — 2) x 2 points on / and n(n? — 4) — 8(m — 2) other points, which are the 
free intersections of ¢, , y. Hence 
H=n?—(n?—12n+16)=12n—16. 


14. Multiple line, P= 4/(¢+ 1) (8n—21+5), B=? (8n — 27) (62). 
In the same way, if J is 2-fold on (¢n) 


$= (2, who, YI +(e, wihe, y, 2 wy, 
and the 7 tangent planes at (a, y, 0, 0) are given by the first group of terms. 
All the terms of degree £7—1 in z, w vanish, and 
PH=1(n+1)4+2n+3(n—-1)+...+¢(n—t+ 2)=40(04 1) (8n— 20 +5). 


To find H, we must determine as before the number of intersections of 


I, c, where one of the 7 tangent planes (z, wha, y)" to @ coincides with one 
of the corresponding tangent planes to y. We have to eliminate z/w between 
two equations of degree 7 in 2, w, the coefficients all being functions of a, y of 
degree n—1%. The result is a determinant of 27 rows and columns, and an 
equation in w/y of degree 27 (n—1). This is therefore the number of inter- 
sections of J, c, and each is an i-fold point on y. Now c is of degree n?— 0; 
the number of free intersections 1s 
n (n? — 12) — 22? (n — 1) = 8 — ? (3n — 20), 
and EB = (8n — 21). 
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15. Multiple curve, P= 57(¢ +1) {(6m(n + 2)—(27+1) p}, B=? (38mn —‘p) 
(60, 288). 
First, let the i-fold F-curve @ be the total intersection of f,, f.. The 
general form of ¢, is the sum of multiples of fu*f"™: 


1) =f," Dna AE ood oe fel fae Pn—ap—(i=a) pot see +f,' Dyan: 
As before, this form is not unique, but may be written 
co) =f," Pin +f, Prey) Be RE (dx—t—-» Mov —fy Once +f, gn— (i—1) /) 
TP aot tifa toe (Da-an2bee) v — Su dn— (a+1) w—(i—a) v +f, Psat ({—a+1) ») 
ye +f (dati —Sfu Draw): 
The coefficients of n-iz,---n—w are arbitrary, but some of them can be 
given assigned values by properly choosing the other arbitrary functions 
Dates <i Da ro enes 
p(t 2 s ieee ses Be 4 3 eg ee ae 
: 3 ae 3 me 3 
which reduces to 
P=Ai(it+1]) ww {6 (n+ 2)—- (22+ 1) Gut y)} 
= ht (¢-+ 1) {6m (n+ 2) = (20 + 1) phe ...sc ct ess see c eee (2) 

Let «<v; we have assumed that none of the ¢’s are of negative degree, 
that is, n2y+iv. If this is not so, some of the second series of ¢’s must be 

: : : ; Z il : 
omitted, and (2) may require correction. Since (3) . (3) : fea all =0, it 
remains correct if n Zw+%—3. If n<iv, some of the first series of ¢’s do 
not exist, and ¢, breaks up into f,, counted a certain number £ of times, and 
a residual ¢p—sz on which @ is (¢— 8)-fold. If iw<n<(i—1)w+», then ¢, 
breaks up into f, counted ¢ times and a ¢y-;, subject to no restrictions, and 

n+3 n—4 3 ; ae : 
i ( . ) - ( z i ;) . Ifn=ciy, then ¢, is simply f,'¢, and the surface 
is exactly determined; and finally if n < zu, then ¢, does not exist. 

To determine the number of intersections of , ¢c, consider first the case 
when @ is t-fold on ¢ and simple on two surfaces yy, y, of degree n (Vol. 1, 
p. 371 of 338). We know (p. 215) that in the intersection of wy, \1, the 
residual &,2. meets @ in 2mn—p points each 7-fold on ¢, which absorb 
i(2mn—p) intersections of k,2,, 6. The number of free intersections of 
Kne-m, &, that is, of $, Wi, x1, 18 n(n? — m) — 1 (2mn — p). 

The total intersection of ¢, yy, now consists of @ counted 7 times and 
a residual ky2_im; let this meet w in d, points, which are simple on x1; the 
number of free intersections of ky2i, x1, that is, of d, Wy, X1) 18 n(n?—im) — dy. 
Equate these two values: 


n(n? —m)—1(2mn —p)=n(n?—wm)—d,; dy =(¢+1)mn—ip. 
Next, let @ be ¢-fold on ¢, and simple on x,. By the last case, in the 
intersection of wy, x,, the residual ky2_;, meets @ in da, points, each 2-fold on 
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¢; also the total intersection of $, W consists of w counted 7? times and 

a residual Cy2m. Let this meet w in d points, which are simple on Nas 

Reasoning as before, we have . 
n(n? — im) — td, = n (n? Ui) = a; d =2imn — v0. 

Finally, let w be 7-fold on all of d, , x. By the last case, in the inter- 
section of ¢, w, the residual ¢,2;2, meets w in d points, each 7-fold on %; the 
number of free intersections is 

n(n? —v?m) —id = n? — 3? mn + Bp, 
and £ is the excess of n* over this number, 
E =? (8mn— ip). 
In this investigation of the equivalence, w need not be a total intersection. 

If a total intersection » breaks up into any two curves @,, ws, intersecting 
in d points, then the total number of apparent d.p.’s of w is unaltered and 
we find 

P=P,+P,—s1(¢+1)(Qi+1)d, H=F,+ HE, — 2d, 
which suggest that the postulation formula is also valid for any curve, and 
that each intersection of two 2-fold curves reduces P by 47 (¢ +1) (27 +1) and 
E by 20. This is already proved as regards #; and also as regards P in the 
case when @, @;, , are all total intersections of various pairs of auxiliary 
surfaces. As before, this allows us to assume it generally. 


16. Reductions for incidence (288). 

To understand the reduction of P due to the intersection of multiple 
curves, consider the simplest case of two 7-fold lines, /,,z=w=0; 1,, y=w=0, 
intersecting at O(1, 0,0, 0). The conditions that J, is 1-fold are that all terms 
such as #”-*-8-7 y*z8 wy vanish when 8+ <1; the conditions that /, is 2-fold 
are that all such terms vanish when a+y<vz. The reduction in P is the 
number of conditions common to the two sets, that is, the number of terms 
for which 

a<t—y, B<i-y, y<t at+QB+ysn. 
The number is 


So esi). 
y=0 


provided n 2 21—2. If n< 20, every term for which y=0 vanishes, and w is 
a factor; ¢ breaks up into w*” and a surface gon»; on which J,, J, are 
(n —1)-fold and for which their postulation can be calculated as above. 

To understand the reduction in #, we consider that, at O, the surface 
must have an ¢-fold point, the tangent cone consisting of 2 planes through the 
tangent line to @, and also through the tangent line to @,, that is, of 
é coincident fixed planes. There are 7 intersections of , with its total 
residual absorbed at O; hence owing to the intersection of @,, 2, we lose 7? 
intersections of @,, ¢, and also 7 of a,c; and c meets y in 7 points at each 
intersection with either @, or a; the total reduction of # is 22°. 
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In the case of. the two lines J,, ,, every term of ¢ is of degree 2 4 in 2, wW 
and also in y, w. The tangent planes along J, are given by (p. 219) 


(z, wh, Ope = we (a, yy a wr) yz (a, moe te Pode yz (a, Gyre. 

The intersections of J,, c, other than O, are found by eliminating z/w 
between this and the similar expression derived from w, and excluding the 
solution y=0 corresponding to O. The determinant that arises is of degree 
Ini — 322, instead of 2ni—2? for a general 7i-fold line, the factor y” being 
dropped, which shows that 7? intersections of 1,, ¢ are lost because of 0. 

These reduction terms are included in the general formulae given below, 
which allow for incidences of any number of branches of F-curves, of the same 
or different multiplicities. 

In the same way, the actual d.p.’s of one curve w give reductions of P and 
E, as compared with their values for a curve of the same degree and rank 
with no actual d.p.’s. These are already included in the standard formulae, 
since p=r+2m+ 26 contains the term 26. 


17. Incidence of F-curve and F-point. 

In the same way, there are reductions when an F’-curve passes through an 
F-point of higher multiplicity. 

Consider first the simplest case. Let O (1, 0, 0, 0) be a dp. of ¢ lying on 
the simple F-line J, z=w=0. As on p, 213 we write 


f = 2Un11 + WUna,a + &, ae Ys a, AU) oe 
Since O is a d.p., both w,4,; and w,-,,. vanish when y=0; each has y as 
a factor, and the terms in #”~1 vanish; the d.p. imposes these two conditions 
on (¢) instead of four, and the reduction in P is 2. We have 


p= yt + wha, YZ, We, 
where t =2Un—o.1 + WUn—s,2- 

At any point (a, y, 0, 0) of J other than O, we have y+0; the tangent 
plane is that of yt, from which the finite factor y can be dropped. If a, y are 
constant, ¢ is the tangent plane to ¢; if a, y, z, w aresall variable, ¢ is a 
ruled surface of degree n—1, with J as a simple line and c=y=0 as an 
(n — 2)-fold directrix, touching ¢ at every point of J other than O, and having 
at O an ordinary point and a definite tangent plane, which is the limit of 
the tangent plane to ¢ at an adjacent point Q of l, as QO. It is a useful 
convention that @ touches any plane through its d.p. (pp. 12, 227); we need 
not except this point. Thus, if a surface contains a line J and a dp. lying 
on it, then along / it touches a surface of lower degree (p. 248). 

Every d.p. of ¢ on J causes another linear factor such as y to detach itself, 
and lowers the degree of t. If ¢ has 8 d.p.’s on J, it touches a surface of 
degree n— B along 1; if 8=n—1,thentisa plane; if 8 2 n, then J becomes 
a double line. 
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The intersections of J, ¢ other than O are the points of contact of ¢ and 
the corresponding surface derived from wW; if O is the only d.p. of on J, 
their number is 2n — 4, and O absorbs two of the variable intersections of ¢, J, 
at each of which ¢ meets y once. Also of the four branches of the total inter- 
section of ¢, # through O, one is l’and only three are c; and J absorbs one 
of the branches of ¢ through O, each of which meets x in two points at O. 
The reduction of H is 242 = 4. 

If we are to think of J as still meeting its residual in 2n —2 points, 
we must say that it meets two branches of c at O and misses the third; but 
to the question: which two? there is no answer. 

The same reductions hold when ¢ has a d.p. O lying at an ordinary point 
of simple f-curve of any degree. Of the four conditions necessary to make 
Oad.p., one is satisfied because O is a point of » and s0 lies on ¢ already, 
and another because the tangent plane to ¢ at O is already restricted to pass 
through the tangent line to w, and has only one degree of freedom instead 
of two. 

The number of variable intersections of w, c is found to be decreased by 2, 
and the number of branches of ¢ through O is decreased by 1. 

By similar reasoning from the case of lines, if two simple F-curves @,, @, 
pass through the d.p. O, the number of variable intersections of ¢ with each 
of @,, w, is decreased by 2, and the number of branches of ¢ through O is also 
decreased by 2; the reductions are double of their values in the last case. 
This includes the reductions due to O regarded as a point of intersection of 
@,, @; or asa d.p. of ,, if the two fixed branches through O belong to the 
same F-curve. The passage of (f) through @,, @, fixes the tangent plane at 
O, and, without further condition, O is a point of contact of (). 

If there are three branches of w through O, there are two distinct cases 
according as their tangent lines are or are not coplanar. If not, O is a d.p. of 
() without further condition; it absorbs two variable intersections of ¢ with 
each branch of @, and only one branch of ¢ passes through O. But if the three 
branches of w touch one plane p, the passage of (f) through makes O 
a point of osculation on (¢) (p. 234). One further condition makes O a d.p., 
not a conical point, but a binode, one sheet of the tangent cone being the 
fixed plane p. This case is fully discussed in the next chapter, p. 238. If four 
branches of w pass through O, in general directions, then O is a d.p. and the 
tangent cone has four fixed generators and one degree of freedom ; the tangent 
cones to ¢, have for their total intersection the four tangents to w, and ¢ 
does not pass through O. 

If w is multiple, the simplest example is when O is a triple point on 
a double line 1, z=w=0. The form of ¢ is 


3 
p = OG (z, whe, Y, Z, LD) aa 


2 
where = (Z, Wa, A ace 
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and ¢ is a surface of degree n —1, with J as a double line and O as an ordinary 
point of it, touching ¢ along /. Through O there pass nine branches of the 
total intersection of ¢, y, that is, J counted four times and five branches of ¢, 
which touch the simple intersection of the two cubic tangent cones with / as 
a common double edge. Now 7 can be dropped from the equation for points 
of contact of ¢, w, and the number of variable intersections of /, ¢ is reduced 
by 4 

We can treat in the same way any hypermultiple points lying on a 
multiple line, and we find a generalization of the theorem of p. 222: 

If a surface by has an ?-fold line J and on it certain points of multiplicity 
1+A(8=1,2...,.n—7i—1), then along | it. touches a surface of degree 
n — %, on which / is i-fold and these points are ordinary. 

More generally, let any number of branches wa of multiplicities a.< 7 
meet at an 7-fold point O. There is a certain lowest degree 7, of a cone which 
has the tangent line to each , as an #,-fold edge; andi22. If the tangents 
are in general directions, % is the lowest integer such that 

$(% +1) (+2) > Dhta (ta + 1), 
but if the directions are related, 2, may be lower than this. If no sheet of the 
cone is completely determined, the number of branches of ¢ through O is 
— X1.", provided this 2 0; if this < 0, the whole or part of the cone is fixed, 
O is a point of contact of some sort, and the conditions are altered (p. 246). 
For example, if 4,+%,>%, each tangent cone consists partly of the plane 
containing the first two tangent lines. 

The reductions for the general case are included in the next set of 

formulae. . 


18. Noether’s general formulae for P, E and R (62, 288, 313). 


We can now give general formulae for postulation, equivalence and 
reduction of genus for the whole F-system H, expressing that in consequence 
of containing H, the general n-ic family is reduced to a web, with one free 
intersection and of genus 0. 

Let an F-curve w be of multiplicity 7, degree m, genus p, rank 7, with 
6 actual and h apparent d.p.’s and no higher singularities, ‘and let 


p=m(m+1)— 2h=2 (p—1)+ 4m4 26. 
Let the Dg intersections of branches of different F-curves w,, wg be all 
simple, and let = extend to these. At such a point, if*the multiplicities of 


the two F-curves are 1,2 %, the tangent cone consists of 7, planes through 
the tangent line to w,, of which 7g coincide in the fixed plane also containing 
the tangent line to wg; and similarly at one of the }8 d.p.’s of F-curves. 


Let H consist of #-curves Seoa'* and isolated are ‘O%, and let = refer 


0 
to the Do incidences of a eine of » with an jars O of ones multi- 
plicity. 


x1] POSTULATION AND EQUIVALENCE 225 


Let there be no F-points of contact; then no sheet of the tangent cone 
at any O is fixed by the branches of F-curves through it. 

Finally, let n be great enough to avoid the special conditions explained 
above (pp. 216, 220), that entail other corrections. 

Then Noether’s formulae are “ 


P=(n+1)(n4+ 2)(n+3)—4 
== ba (ta + 1) {(8n + 6) m.— 4 (Qiat VY pal +2 ge +1) G+ 2) 


Sete, at 1) (Bt, tp + 1) Dye — 2 46, (4, + 1) (86 — 24, +2) Deo. 
@, w w, O 


=$(n—1)(n—2)(n—-38) 
= 347, (t.—1) (Bn — 6) ma — 3 (ta — 1) pa} +E Ht (6— 1) G2) 


PH G9, = 1) Dig — 2 44, G—1)(80— Bie — 2) Dao. 
©, w, O 


H=r?-—1 
= & (Bitman — in3pq) + St® — 34g? (Bia — ip) Dap — 4.2 (Bi — Bin) Dag. (1) 
@ O o,o o,O0 


re 


From these, by adding and subtracting, we find 
2 (nm? —1) == {0.2 (2m. — $ pa) + tang} + a — > tgig Dag — > tat Duo oe (2) 
11 (n—1) = 20, (6m. — $a) + 221 — & tp Dag — 2 > ta Dao PE eee (3) 
wo 0 a,B @,; 
and from the degree of the homaloidal curves 
BPS On TT MENA Phas AG Pie. Sos Ss SANG AL ota ee eae < ds tatildadianin Mia os (4) 


Certain other relations are proved by considering the genus of a plane 
section of d, the genus of J and the number of d.p.’s in a pencil of homaloids. 
The following expressions have the same value in each space (310, 311, 313): 


eI IO MeN aiPee sce). etteanide,o Serhch nts deew'de ob dado (5) 
4Sma+38 21 — > Dag - 2 * Dao Nasa ib aoe ha ore. (6) 

@ O w, 0 , 

yp. evilic Dalles a eee ee eee (7) 

rm) 0) 


A combination of these also arises by considering the Jacobian curve of 
a net of homaloids (312). 

We shall prove later (p. 277) that the sums Sp, 2p’ are not only equal, 
but consist of the same terms. It follows from (7) that the total number of 
F-elements is the same in each space (400). 

If this is to hold in more complicated cases, an /-element of contact must 
be considered to be several distinct /-elements, at least as many as there 
are distinct types of incidence of the element with c. For example, if Oisa 
binode, there are two types of incidence with the total intersection of ¢, Yr 
four branches touching the fixed and one the variable biplane; thus in 
general O counts as two #-elements (pp. 239, 275). 

As an example, consider the Z'o,-1)-u—a) whose F-system in each space 


15 
HCD 
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contains no isolated points, and consists of a (#—1)-fold twisted cubic and 

a set of multiple lines, chords of , say = Ips, where w; %...%.-- ig 18 the 
Aa 


characteristic of any plane Cremona transformation (273, 274, 391). 

For w, we have m= 8, p=10 and for a line, m=1, p=2. Since 4=y—1, 
for each intersection, 1,=—1, Dag=2. Then all the above equations are 
satisfied by virtue of the plane equations of condition, 

Sig =3u—3, Be2=p?—1. 

These formulae may not apply as they stand if there are multiple inter- 
sections of two F-curves. For example, let. two simple F-lines /,, 1, meet a 
double curve w, in the same point O. This absorbs two intersections of w4 
with its residual, and three of each of 1,, l,, just as if these were skew lines 
meeting w, in distinct points. But if, instead of J,, 1, we have two branches 
of the same F-curve wg, then each branch already has one intersection at O, 
with the other branch, and the incidence with w, absorbs only two additional 
intersections on each branch. In the same way, if the /-curves are multiple, let 
wg have y branches through O, where y S 14, all touching a plane which does 
not touch @,; this is equivalent to y—1 intersections of each branch of w¢ 
with other branches, and if we include a reduction term for y intersections of 
®,, @s, the formula for # requires the correction + y (y — 1) a”. 


19. Isolated invariant points. 

As an example, we write down the number of isolated invariant points of 
a general transformation in one space. With the notation of p. 175, this is 
(n+1—)—#, where F# is the equivalence on (2), of the F-elements Sai, 
~0'°° that lie on (Q), of the invariant curve 8, and of a plane kp_, in p, the 
latter with » simple intersections with 6, and m sets of coplanar branches 
through points of wn. 


H => {3094 (n+ 1—p)—1o, p} 
+ 21°99 — & Vo (Btoa — tog) — & Vow (8100 — 2taw) 
oO w,w w, O 
+ 3y(n+1—p)— ps — = (3to4 — 1) — & (8tg9:2 2) — 2v 
5, a 5,0 

+3(n—p)(n+1—p)—(n—p)(n—p +1) 
ali sums extending to F-elements or incidences, as indicated by the suffixes, 
that occur on Q. 

If there is no invariant locus, « = v = 0, t¢ =7, and Q contains the whole 
of H. The leading terms are the equivalence of H on (), that is, n? —1, and 
Ymig?=n? —n’. Then EF reduces to 

(n+1)?—(n+n’' +2), 
and the number of isolated invariant points is n + n’ + 2. 


CHAPTER XII 


CONTACT’CONDITIONS 
I. POINTS OF TOTAL CONTACT 
1. Simple point, simple contact, P= 3, E=4. 


A point of simple contact of the web (¢) is a simple point on the general 
surface, which has there a fixed tangent plane, the same for all the web. Take 
the point as the origin O(0, 0, 0) of rectangular Cartesian coordinates, and 
the fixed tangent plane as z; then 

P= Z+ Ut ust... + Un; 
where w, is a homogeneous function of «, y, 2 of degree a, The terms in 1, a, y 
are absent, and the number of conditions is P = 3. 
Let another general surface satisfying the same conditions be 
p= 2+ Ut V3 +... + Un. 
The intersection ¢ of $, wis that of either with the surface found by sub- 
tracting, 
AN =p — P= (v2 — Us) + (Vs — Us) +--+ (On — Un); 
which has a d.p. at O, the tangent cone being v,—%,, which is a general 
variable quadric cone. The first approximation to c near O is 
2=?,—U,= 0, 
consisting of two lines, lying in the fixed plane z, but otherwise in arbitrary 
directions, varying with the parameters in 2. 

There are therefore two branches of ¢ through O, both touching z, but 
lying in directions which vary in z, as ¢, Y vary in the web (¢). Since y also 
touches z, each of these branches of ¢ touches y and meets it in two coincident 
points at O; the number of intersections of $, , y absorbed at the point of 
contact 1s H= 4, 

For an example, see p. 292. 


2. Convention as to exceptional members of a family. 

The general ¢ has a definite tangent plane z at O, but there are excep- 
tional members of the linear family (#), such as A, for which O is a d.p. It 
would be inconvenient always to have to éxcept these; as for the plane, we 
make the convention that A is still said to touch z; then if @ touches y, it 
touches every member of the pencil ¢¢ +. But A has no special relation 
to the plane.z, and we must also when necessary regard it as touching every 
plane through O. . 

Consider intersections with lines through O. A general line meets ¢ in 
one point only at O, a tangent line meets it in two points, and z is the locus 


15-2 
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of tangent lines. A general line meets A in two points at O, and a general 
plane is a locus of such lines. 

The section of ¢ by a general plane is a curve having a simple point at 
O, and the section by the tangent plane has a d.p.; the section of A by a 
general plane has a d.p. We might have chosen to say that the only planes 
touching A at O are those touching its tangent cone; or that A is only 
touched by a plane if this is a component of the tangent cone; but the corre- 
sponding sections of A have a cusp in the first case and a triple point in the 
second; and these definitions would not be so convenient as the convention 
adopted for exceptional members of a linear family having O as a simple 
point in general. 


3. Three adjacent F-points. 


An F-point of contact of a homaloidal web of surfaces is analogous to a 
double F-point of a plane homaloidal net of curves. In both cases, the point 
can in a certain sense be regarded as the limit of three distinct simple P- 
points, two of which approach the third in different directions; the correct 
value of P is obtained by summing its values for the distinct points, but # 
cannot be so obtained. We saw on p. 212 that there is a point of contact in 
the limit; we have to show how a fourth, variable intersection 1s absorbed. 

A point of contact of (¢) is a common d.p. of the homaloidal twisted 
curves (¢c); the net of (c) lying on any one homaloid ¢ is analogous to a plane 
homaloidal net (4), and is represented by one in any plane representation of ¢ 
such as is used in Cremona’s theorem (p. 167). If two F-points O,, O, of (¢) 
approach a third O in different directions, the same is true of their images, 
which are /’-points of (k). Then we know that (4) acquires a double #’-point, 
and also that a fourth intersection of any two k’s, variable before the limit, comes 
to coincide with the three fixed points (p. 13). This is the image of a fourth 
intersection of $, , x, variable before the limit, which—>O as O,, O,>O, 
and so becomes fixed in the limit, when O absorbs four intersections. 

The directions of approach of O,, O, disappear entirely from the final form 


of ($). 


4. F-point adjacent to F-curve. 


7” 


Things are different in another case when a point of contact arises as a 
limit, namely when a distinct simple F-point O,—a point O of a simple 
F-curve w; then both P and £ are the same for the limit as for the system 
of distinct elements. 

In the limit, (f) touches at O the limit of the plane through O, and / the 
tangent line to w at O. Before the limit, the tangent plane at O is already 
restricted to pass through J, and has only one degree of freedom; to fix it 
entirely gives only one fresh condition, which replaces the one condition of 
passage through O,; thus P is unaltered. 
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In the limit, the F-point of contact O is a dp. of the total intersection of 
$, Y, one branch being @ and one c; since c touches x, two intersections of 
c, x are absorbed at O. Before the limit, one branch of ¢ passes through O, 
and one of its variable intersections with w is an F-point Q near O, which 
ultimately becomes fixed at O instead of variable on w. Now O, and Q are 
the only intersections of c, y near O, and neither is free, one being absorbed 
by the F-point and the other by the F-curve; no free intersection > O, and 
F is unaltered. 

A point of intersection O of two simple F-curves, or a d.p. of one, is also 
an F-point of contact, but is not in general to be reckoned as a separate 
F-element. The contact is a necessary consequence of the passage of ¢ through 
the two branches of w, and does not present any new condition; and no 
branch of ¢ passes through O; the contact does not affect either P or £. 


5. Simple point, s-point contact, P=4s(s+1), E=s? (150, 327). 
Contact of higher order of surfaces is an idea that requires careful study ; 
many different definitions are possible and can be reconciled. 
Let O (0, 0, 0) be a simple point on each of two surfaces ¢,, W,. If there 
is contact of any order, they have at least a common tangent plane z: 
P=2+Ugt+Ust... + Un, 
NEV L GIES SO rarer te 
If they have contact of order s—1, that 1s, s-point contact, then each of 
the following properties holds, and expresses, from a slightly different point of 
view, that the higher the contact, the closer the surfaces are together. Any 
one may be taken as definition, and we must show that the rest follow. 
(i) The sections of $, ~ by a general plane through O are two plane 
curves having s-point contact at O. 
(ii) The total intersection of ¢, y has s branches through O. 


(iii) The first s — 1 approximations to z in terms of «, y, of the forms 
z=0, Z=(%, oy, z=(4, yy + (a, y+ oe) Z=(&, yy +(@, Dar toe + (@, y)e 
calculated from ¢ = 0, and valid at points of ¢ near O, are the same as those 

derived from Wy. 

(iv) The distance between ¢, , measured normal to their common 
tangent plane, is small of order s compared with the distance of the normal 
from O. ‘ i 

(v) The quantity y is small of order s, compared with OP HV + 7+ 2, 
when in it are substituted the coordinates of any point P of ¢ near O. 

Consider these properties first for the case of simple contact, s = 2, already 
discussed; there is the common tangent plane z and no other particularity. 
Then (i) the general plane sections have simple contact, and (ii) O is a d.p. on 
the intersection. 
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At a general point P of ¢ near O, we have a, y, OP small of first order. 
The first approximation to z is z=0, and the second is z=—[w.], where 
square brackets denote that in them we have put z=0, leaving a function of 
x,y only. Thus (iii) the first approximations to z derived from ¢, y are both 
0, but the second, —[u,.], —[%], are different. Also (iv) the normal distance 
between the surfaces is z,— 2%, where 2, is calculated from ¢=0 and z, from 
wy =0, for the same values of a, y. The first approximation to the difference 
arises from the second approximations to 2,, 2, and is [w,—v,], small of second 
order. Finally (v), the difference wy — = (v;— Ue) + (U3 — Us) + -.- + (Un — Un) 18 
small of second order compared with Va®+y? +2? at any point P near O; if 
the coordinates of P satisfy @ =0, then yf itself is small of second order. 


Consider which of these properties hold if w has a d.p. at O, being an 
exceptional member of the linear family of surfaces touching ¢ at O. We can 
then take ~=v,+%,+...+0,. By virtue of the convention made for this 
case, (i) still holds, (ii) is true, and also (v), for now y is small of second order 
at any point whatever near O. 


But (iii) and (iv) are false: at points of y near O, the first approximation 
to z,1s found from 2, (a, y, 2.) = 0, and is different from the first approximation 
to 2; and z, is small of first order only, and so is z,—z,. The points of y do 
not lie nearer to the plane z than to any other plane. 

With higher contact also, singularities may occur on exceptional members 
of the linear family of surfaces having s-point contact with ¢ at O. If our 
definition implied that both surfaces had a definite tangent plane, it would 
require continual supplementing ; we therefore adopt the analytical definition 
(v) in the form: 

A surface y has s-point contact at O, with a given surface ¢ on which O 
is simple, if yy is small of order s compared with OP at any point P of 
near O. 

It follows that ¢ has contact of the same order with any member of the 
family c,¢ + c,v, whether on it O is a simple or a multiple point. 

As a consequence of the definition, the property (%) holds, whether w is 
singular or not, provided we adopt the corresponding definition for contact of 
plane curves. The property (ii) will be proved below (p. 234) when we deal 
with equivalence, and (iii) for the case when w is not singular, when we deal 
with postulation (p. 232). The modification of (iii), when Ww has a binode, is 
discussed fully under the head of partial contact (p. 241). We can prove (iv), 
also for the case when yf is not singular, and more generally, that the distance 
between ¢, , measured at any finite angle with the tangent plane, is small 
of order s. The proof is as follows. 

If yy contained a term in # or y, it would be small of first order only ; 
hence if it 1s not singular, its tangent plane is z, the same as that of ¢. 

Let P (a, y, z) be any point of ¢ near O; the adjacent point at a distance 
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e from P in the general direction whose cosines are E, n, € has coordinates 
(a+ e&, yt+en, z+). If this lies on vr, 
O=v(a+e& yt+en, z+ 6) 
= (2, y,z) +e (é & + i + ts) vy + higher powers of ¢ 
=~ + ¢f, say, 
aay I. 
Now by definition, is small of order s; and [ is finite, its value at O tending, 
as e—> 0, to a finite multiple of the cosine of the angle between the normal 
to y and the direction &, », ¢ Hence e¢ is small of order s. 
If y is singular at O, the proof breaks down since f—>0 with ¢; the 
property (iv) ceases to hold. 


6. Postulation of s-point contact, P=4s(s+1). 

The parameters in ¥ are the coefficients of all the linearly independent 
groups of terms, which are small of orders 2 s at points of ¢ near O, that is, 
by virtue of the equation @=0. These will be called admissible groups for 
s-point contact. On the one hand, they include the single terms of degree 2 s 
in 2, y, 2, which will be called s-fold terms, and which are admissible without 
using the equation of ¢. If these were the only groups admitted, y would 
have an s-fold point at O, and must be considered to have s-point contact with 
every surface passing simply through 0. 

On the other hand, every multiple of ¢ is admissible, being 0 by virtue of 
¢ =0, and small of infinite order. We shall show that any admissible group 
is the sum of a multiple of ¢ and s-fold terms. 

The order of smallness of a general function is the degree of its lowest 
terms; but by virtue of ¢ =0, we have a, y small of first order and z of second, 
and a*-®-7 8 27 of order a+v+, greater than its degree if and only if y>0. If 
yw is an admissible group, the degree of its lowest terms being a< s, then 
these lowest terms are a multiple of z; for otherwise the order of smallness 
would be a not s. Hence w™ has the form 

ap) = 20a + Yap t +++. 
By subtracting a multiple of ¢, we form another admissible group 

pt) = pO — boa = Vass + 001 — (Unt. + Un) Yarn, 

whose lowest terms are of degree a+1. If this < s, as before the lowest terms 
have z as a factor, and we go on subtracting multiples of ¢ and raising the 
lowest degree, until the remainder consists only of s-fold terms, when we have 
ap) expressed as the sum of a multiple of ¢ and s-fold terms. The process is 
definite and always possible; hence if is of degree 2+ 5-2, we have 
it expressed in one and only one way in the form 


hi, SEG 13d, Cee Oe eee eee (1) 
where faYartVat oe +Us2, ANSUt.-. +, 
where the v are all arbitrary. 
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But if w<n+s- 2, 

AS ek ae et Ope x 
where the 9 are not arbitrary, but exactly destroy all the terms of $f of 
degree >. This includes the case when ¢, p are general members of a 
homaloidal family, w=", a= 1. 

Then if n2s—1 we have 


Ww=oftaA, fat Ut «+. +52, AN Set... +n + Ong te + Onto 


The postulation is the difference between the number of parameters in the 
general function of degree n, that is, in Yar sary Uns and in wz, that is, in 
Up «++) Us—2) Usy +++, Un; the difference is the number of coefficients in »,_,. For 
the general case of s-point contact therefore, 


P=ts(s+1) provided nZs. 


In (1), fand A are two auxiliary surfaces, of which A has an s-fold point 
at O, and f does not pass through O if ¥ is not singular there. If O is a-fold 
on yp, it is (a—1)-fold on f, and w, v%,..., Ya. vanish; we have agreed to say 
that y still has s-point contact with ¢. 

A form similar to (1) has been used in an attempt to define the sameness 
of singularities on two different surfaces (95). 

Our process gives a definite form for f, but the expression is still valid if 
we modify f by multiplying it by any function which is finite at O, and adding 
any s-fold terms, with corresponding modifications of A. This does not affect 
the number of parameters, and merely replaces f by another surface having 
s-point contact with it at O. 

The property (111) of p. 229 now follows, in the case when yf is not singular ; 
for the first s— 1 approximations to z, calculated from w= 0, do not involve 
either A or f, and are the same as those derived from ¢; but the sth approxi- 
mation depends on A/f and is different for 4, ~. 

For simple contact, s = 2, P=3; for osculation, s=3, P=6. If we put 
s=1, we have P =1, and O is an ordinary simple F-point without contact, 
which falls into its place naturally at the beginning of the series. 


Aes 


7. Modification for low values of n. 
Let Ja=Z+Ug+...+Ue, (4=1,...,8—1), with g,=2; 
by virtue of ¢ =0, we have 
Ga = — (Uati +... + Un), 


which is small of order a+1. If we partly multiply out $f and absorb all the 
terms of degree 2 s in those of A, we have 


We = Js + Ysa Vr + ++ + Goss + 2Ug_p + Up + 200 + Un; 


where now all the v are arbitrary. The terms on the R.H.S8. will be called 
standard groups. 
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So far we have assumed n2s—-1, high enough to admit all standard 
groups; if n<s—1 we can admit only those groups which, besides being 
small of order 2 s, have their highest terms of degree = n, and in any given 
case we must determine how many of these are linearly independent. 

If @ is general, every standard group contains terms of degree 2s—1; 
but we can form certain admissible products of the g., which are altogether 
of lower degree. The argument given above shows that these are linear 
functions of standard groups, arranged so that the highest terms disappear. 

With s=4, besides the standard groups 


CLE, Ae) Mg Oe, ee 
all of which contain cubic or higher terms, we also admit 2°; hence 4-point 
contact, but not higher, is possible on a quadric family, namely the pencil 
apt+c 2. Now 
2 = oe — ZU, 

and is a linear function of standard groups, from which the cubic terms 
disappear. 

With s =5, besides the standard groups 


OUI. HGA0s, We ZUss Day SH Us oe 
all containing quartic or higher terms, there are two special cubic com- 
binations 

292 = 93% — 2g and 2?v, = Gq. 2, — 2. UY. 
Hence we can have 5-point contact on a cubic family ; and similarly 6-point 
contact on a cubic pencil, with z* as only admissible group besides ¢. If ¢ is 
specialized, higher contact may be possible, see below. 

If ¢ is a general n-ic, the admissible groups are built up of products of 
the g.; for example, Vp_ya—sg... Ja’ Je° ... 18 admissible if its order of smallness 
n+y+6...2s. Hence 

nZzyat+oB+...2y+64+...28—N, 
and there is no such term if s>2n. The n-ic group of highest order of 
smallness is 2”, of order 2n; and this is the highest contact possible on 
a family containing the general n-ic ¢, the family being the pencil ¢,¢ + 2”. 
If higher contact is required, then unless ¢ is specialized, y coincides 
with it. 

For these lower values of n, the postulation may be decreased if we can 
replace any standard groups by others of altogether lower degree. This can 
only be done if the wu are not general, so that the surface ¢, with which 
s-point contact is required, is in some way specially related to the point O. 

The simplest case is when u, has z as a factor : 


b=2(1+u) +s t+... + Un. 
The approximations to z at points of @ near O are now obtained from 


g=— (ust... + Un)/(1+%), 
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showing that z is small of third order instead of second, and that osculates 
its tangent plane. Now z is admissible for 3-point contact; the standard 


group 


GoVs—3 = ZVs_g + Z. Ui Vs_s, 


of which the second term is now a particular case of the next group 205», 
can be replaced by the simpler admissible group 2v_;, whose highest degree 
is s—2 instead of s—1. The postulation is not altered if n2s—1, but for 
low values of n it may be decreased. 

For example, let s=6; if n is high enough, we have P=34.6. (= 21s 
if n=3, and ¢ is general, we have seen that. the family is a pencil, P = 18. 
In the present case we admit 


Is = g, 2, 20, 
there are 5 parameters, and P is reduced to 15. 
If z is also a factor of u,, we have 


b=2z(1 t+ w+ te) Hut... $Up, 


and z is small of order 4. Then the standard groups g53U;-4, g2Us—-s can be 
replaced by the simpler forms 2v;_,, 2Us_3, of degrees s — 3, s—2 respectively. 

More generally, if z is a factor of w.4, only, then the group g, 1s small of 
order a+2 instead of a+1, and we admit gavs_a—2, whose highest degree 
is s— 2. ; 

These and similar possibilities only affect P if n<s—1; each case must 
be discussed separately. In the extreme case, ¢ has the form 2f,1+ Up, 
where f is finite at O; then z is small of order n, and n?-point contact is 
possible on an n-ic family, namely the pencil c,¢ + ¢2”. 


8. Equivalence of s-point contact, BE =s?. 
The identity w=¢ft+A 


enables us to find the equivalence with great ease. The total intersection c 
of ¢, y is the same as that of ¢ with A, which has an s-fold point at O. The 
first approximation to ¢ is the intersection of the tangent plane z of @ with 
the general tangent cone v, of A, and consists of s lines, lying in the fixed 
plane z and in general directions in that plane. Thus ¢ has s branches 
through O, touching these s lines. This holds also if p is singular at O, for 
then f is specialized, but not A. Thus the property (ii) of p. 229 is established 
in all cases. 


Now x can also be put into the form 


X= of, ate A,, 
and the intersection of $, Ww, x is the same as that of c, A,. Now A, has an 
s-fold point at O, with a general tangent cone; each of the s branches of c 
meets A, in s-points at O, and s? intersections are absorbed. Hence E = s?. 
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9. Double point, simple contact, P=9, E=18. 

If two surfaces have a common d.p., it is no longer convenient to think of 
them as each touching any plane and therefore touching each other. That 
convention applies only to those exceptional members of a linear family which 
have multiple points where the general member has a simple point. When 
the general member has a d.p., it is most natural to define simple contact to 
mean that the tangent cones coincide, and to extend this definition to include 
those exceptional members of the family which have a triple or higher 
multiple point. 

We assume ¢ to be a general surface having a d.p. at O: 

pHUg +Ust... Un. 
Then ar = Ug) + Us + «0. + Un; 
the tangent cone u, being the same for the whole family, except for those 
members which satisfy the single condition v,=0, and have a triple point 
at O. The five ratios of the coefficients of uw, are no longer parameters, and 
the additional postulation of contact, for a family already possessing a d.p., 
is 5; the total postulation is 9, which is one less than of a triple point. 

The total intersection ¢ of ¢, y is the same as that of ¢ with 

A =f — hu = (V3 — Ug Vo) + »-- + (Un — Un); 
which has a triple point at O, the tangent cone being arbitrary; there are 
six branches of ¢ touching the six generators common to the cones Uz, V3 — U3Vo. 
The intersection of ¢, W, v is the same as that of ¢ with A, derived in the 
same way from ¢, yx, which also has a triple point at O with an arbitrary 
tangent cone; each branch of c meets A, in three points at O, and # = 18. 

The additional equivalence of contact, for a family already possessing 
a d.p., is 10, partly due to two extra branches of c through O and partly to 
one extra intersection of each branch with y. 


10. Multiple point, simple contact, P= 4:(?+ 61+ 11), E=1(@+4+1). 
In the same way, we define simple contact at an 7-fold point as meaning 
that W has the same tangent cone as ¢. Then 
b=, + Ut. + Un, 
fp =U + Vin +--» + Un, 
with the common tangent cone u;. The additional postulation of contact is 
the number of ratios of coefficients in wu, that is, $¢(¢+3). The total 
postulation is one less than that of an (7 + 1)-fold point, 
jes é - *\ 1p + Gel). 

The intersection of ¢, is the same as that of @ with y— $v, which 
has an (¢+1)-fold point at O with a general tangent cone. There are 
i (i +1) branches of c through O and each meets x in 7+ 1 points ; hence 

BH=1(0+ 1) 
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11. Multiple point, s-point contact, 
= 41 (2? 4+ 31s + 897-1), B=i(¢+s—1) (399). 

We define higher contact at a multiple point in the same algebraic way 

as at a simple point. We assume 
bb = Uy + Uist... + Un: 

If also has an 7-fold point but there is no contact, then s=1, and > is 
small of order i at any point near O; if there is s-point contact, > is small 
of order 1+s—1 at points of ¢ near O. 

If x is not of multiplicity >7 at O, we can’show that the distance between 
d, w is small of order s. Let P (a, y, z) be a general point of ¢ near O, where 
x, y, 2 are small of first order, and (7+ e&, y+ en, z+e€) an adjacent point 
of y, at a distance e from P in a general direction whose cosines are &, n, €. 
Then 

O=W(a+ek, yt+en, z+ €f) 
= (a, y, 2) +¢€ (es + "5 + te) wy + higher powers of € 
= + of, say, 
oS, 

where f is small of order i7—1 but not higher provided (&, 7, €) does not lie 
on the tangent cone to y. But y is small of order 1+s—1; hence ¢ is small 
of order s. This ceases to hold if w, and therefore f, is of higher multiplicity. 

The admissible groups in Wy are those small of order 1+s—1, by virtue 
of ¢=0; the standard groups are 


JaVs—a-15 
where a = Ue + cs Pte, (6 = 4s ac, 6 — 1), 
and Use tan cea. Uae 


If an admissible group has terms of degree lower than i + s — 1, then if u; 
does not break up, it is a factor of the lowest terms. This still holds if 
u; breaks up. First let wu. be a simple factor of u;=w.uj—-., and therefore not 
a factor of w_.. Ata general point P of the sheet touching u., we have wa 
small of order Z2a+1 and u;_, of order i—a only. Hence if 

ab =U + Ut... + Un 
is small of order >7 at P, then v; has u, as a factor, and similarly v; contains 
every different factor of u,; at least once. 

Next, if uz is repeated, uj = Ua’ Ui_ya, and ¢ is not otherwise special, 1, is 
not a factor of uw;_y., or of u,;4,, and the sheet of ¢ is cuspidal; the first 
approximation is given by 

= (— Us 4s/Us—ya)", 
and uw, is small of order a+1 only. If ¥ is small of order 27 +1 at P, then 
v; has ug’ as a factor. 
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If ¢ is specialized, so that the sheet touching u, is at least tacnodal, this 
argument breaks down. For example, let y = 2, and let wa be a factor of Wiar 
but not of w42; then wu, is small of order a+ 1 at P, and if 

Vj = Ugli-2aVa, 
then is small of order 1+1 at every point of g near O; but it is not 
convenient to consider this a case of total contact. 

We may reverse the condition, and also require that ¢ is small of order 
27+ 1 at every point of near O. Then v; can have no factor v, that does 
not occur in u;; but even this is not sufficient ; for example, if 

b = ye" + 2U3 + Us, 

ap = YZ + YUst Us, 
each of ¢, w is small of order 4 at every point of the other near O, but still 
the tangent cones are not identical. 

We require of our definition that every member of the pencil c,.¢ + ev 
shall be small of order 1+ s—1 at every point of ¢ near O. Then the tangent 
cone ¢,u%;+¢,v; of the general member can have no variable sheet, and it 
follows that u;, v; are the same. 

We can now show as before that any admissible groups are linear 
functions of standard groups, and that y can be put into either of the forms 
w= OftA, PH Jsro t --» + GoUs—s + UsVs—o + Vitsat--- +n; 

where fHmturt ... #52; 

INES panes Sean Bess Oe Steestekecte (hae we 
where the v are arbitrary, and the ? are such as exactly to destroy all the 
terms of ¢f of degree >n. We assume n27+s-—1; the contrary case 
requires special treatment. 

Now P is the difference between the number of coefficients in a general 
function of degree n and the number in , that is, in 


Up, +++) Us—a, Vits—1> +++ Un: 
The difference is the number of coefficients 1n v,_;, ..., Uirs—2, 


and the additional postulation of s-point contact, for a family already having 
s + 2 thpeiwi ; 
an 7-fold point, is found by subtracting ee ) , and is 4$¢(s—1)(¢+s+4+1). 


Now ¢ is the total intersection of ¢ with A, which has an (1 +s —1)-fold 
point at O with a general tangent cone. There are 1 (7 + s — 1) branches of ¢ 
through O. The intersection of ¢, , x is the same as that of ¢ with A,, the 
surface corresponding to A, derived from ¢, y. Thus H=1(1+s—1), and 
the additional equivalence of s-point contact is 1(s — 1) (21+8—1). 

We have assumed that n is sufficiently high compared with both s and 2. 
At the other extreme, we can have n =7; then ¢ is a cone, and if ¢, p have 
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even simple contact, they coincide altogether. Ifn=21+1, then ¢ =Unit Un, 
and is a monoid; simple contact is possible for the family, and also osculation 
(399), the one admissible group for 3-point contact of degree as low as n 
being wp1%. Total contact of order 2 3 is not possible on a monoidal family; 
but if the tangent cone breaks up, there may be partial contact of order as 
high as n + 1, affecting one sheet only of ; see below, p. 247. 


II. POINTS OF PARTIAL CONTACT 


12. Binode, simple contact of one sheet. 


There is a case of partial contact, intermediate between that of a multiple 
point without contact, and one with a tangent cone altogether fixed. This 
occurs when the tangent cone breaks up, and part is fixed and part variable. 
With a d.p., the parts are both planes, and the singularity is called a binode 
or biplanar point, and the intersection of the two tangent planes or beplanes 
is the edge of the binode. 

The condition that O is a binode on P=wy+Uz;+...+Un Is that the 
quadric tangent cone u, breaks up into a pair of planes, and hence that 
its discriminant vanishes. This condition is cubic and not linear in the 
coefficients of d, and cannot be one of the conditions determining a homaloidal 
web, unless it is combined with others in such a way as to reduce it to 
linear form. 

Now the tangent cones to the linear family (f) are a linear family (uw), 
which is wholly degenerate, every member breaking up into a pair of planes. 
This can happen in two ways (28). 


13. F-point of contact adjacent to double F-point. 


In the first case, the two factors are both variable, and are members of a fixed 
pencil of planes; the binodes of (@) all have a common edge, say 1, y=z=0; 
then w.=(y, 2), the terms in 2, wy, xz vanish, giving three additional con- 
ditions for the family already having an ordinary d.p. at O. The tangent cone 
to wis % =(y, 2)’, there is no contact of the sheets of ¢, w, the intersection 
of uw, Y consists of / counted four times, and ¢ has still only four branches 
through O, all touching J, and touching but not osculating y. Each branch 
meets xy in three points at O instead of two, and the additional equivalence is 4 

This additional postulation 3 and equivalence 4 suggest that we have an 
F-point of contact adjacent to the d.p. O. This can be proved by resolving 
the singularity by an auxiliary 7, with O as isolated F-point. As we saw 
on p. 200, this removes an ordinary conic node and transforms ¢ into a surface 
f’ having simple contact with the second P-plane, w’ say, of T,_,, at a point 
Q’ associated with the direction of the edge of the binode. Since all of (¢) 
have the same edge, the pot Q’ as well as the plane w’ are the same for all 
of (f’), and the transformed family has at Q’ an F-point of contact, which is 
implicit on () in the first neighbourhood. of O. . 
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We can also investigate directly the limit when a distinct F-point of 
contact approaches a double F-point. Let (f) have a dp. at O, 
PS Ug FU ce F Un, | os © 
and then make it have a point of contact at a neighbouring point O, (e, 0, 0), 
the fixed tangent plane being the general plane through O,, 
Pp, U(ex—e)+hy+ez=0, 
and let O, > O as « > 0. 
If Up = ax? + by’ + c2* + Afyz + 2gzue + 2haxy, 
the condition that ¢ passes through 0, is to a first approximation 
ac = 0, that is a = 0. 
Write down the tangent plane to ¢ at O,, by differentiating and substituting 


the coordinates of O,, and express that this plane agrees with p, retaining 
only the lowest powers of the small quantity e: 


2ae he 2c (n—2)ae 
Ay “ b, i Cy a — QQ ,é 


which, with the former condition, give 
a=h=g=0, u=(y, 2), 
which are the conditions found above for a binode. 

The coefficients of the fixed tangent plane p disappear from the final 
result. In the limit, the tangent cone uw, to @ has to pass through O, and 
touch p. It succeeds in passing through O,, but it can properly touch only 
planes through O, and p does not pass through O; hence it touches p 
improperly, by acquiring O, as a d.p. and OO, as a double edge; and then it 
must equally be reckoned to touch every other plane through 0,. 

An example of a family with this type of F-element will be found 
on p. 293. 


14. Binode, P=7, B= 14. 

The second way in which every member of (u,) can break up is when one 
plane is fixed and one variable. Every member of (¢) has a binode at O, the 
sheets of one set are in contact, and in general the other sheets are not. 
If the sheets of the second set are also in contact, the second tangent plane 
is fixed, and we have a particular case of total contact, with the whole tangent 
cone fixed, but happening to break up. The new case we have to consider is 
that of a pair of tangent planes, one fixed and one variable. 

Take the fixed plane as z. The proper forms are 


b= 2, + Us t.-. + Un; 

af = 20, + Us +... $n. 
The ten arbitrary coefficients, of the terms %, %), % of a general n-ic, are 
replaced by the three arbitrary coefficients of v, in y; hence P=7. 
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Any particular y for which the parameters in , all vanish has a triple or 
higher multiple point at O. 

To study Z, consider the first approximations zu, 2v, to $, . They have 
in common the variable line u, = v, = 0, and the whole fixed plane z; therefore 
c has one branch through O touching this line, not touching y but meeting 
it in two points at O; all the other branches of ¢ touch z. Now c lies on 


A = Uh — 1, = (Ui25 — UUs) + 0. + (Uh Un — U1 Un); 


formed from ¢, W by eliminating z from the terms of lowest degree; A is the 
simplest sum of multiples of ¢, y whose lowest terms do not have z as 
a factor. It has a 4-fold point at O, the tangent cone being the general 
quartic cone through the three fixed lines u, =u; = 0. 

The total intersection of $, A is that of $, wy, and consists of c and the 
plane curve ¢=u,=0, the latter having a triple point at O, the three 
branches touching the lines u,=u,;=0, and not touching z. All the branches 
that do touch z are therefore branches of c¢, and are given to a first approxi- 
mation by 

Z= Uy V3 — U, Uz, = 0. 
This shows that there are in general four such branches, each touching z but 
in general directions in that plane; each touches one sheet of ¥ and crosses 
the other sheet, meeting y in three points. 

Thus there are altogether five branches of c through O, one touching w, 
and four touching z; and H=1x2+4+4x3=14. 

The argument fails if z is a factor of u,v; —,u;; 1f this were to happen 
for all the family, z would be a factor of u, and of u,, and O would be 
a tacnode on ¢; if ¢ is general, it can only happen for exceptional members w 
which have higher contact with ¢; see below, pp. 241, 248. 

Consider what corresponds to the fourth property of contact of p. 229 
concerning the distance e between the two surfaces; let P(a, y, z) lie on d 
and (w7+e&, y+en,z+ef) on y. If P is a general point of the sheet of d 
that touches u,, then 2, y, z are small of first order. We assume that y has 
a d.p. and not a higher point at O; then v, exists and is small of first order, 


0 0 a) oF 
~~ ; - F — are of first order. Expanding 


We (a@+eE, yten, z+e6)=0, 
we see that ¢ is small of first order only. But if P lies on the sheet that 
touches z, or on the second sheet near the edge of the binode, then z is small 


vv is of second, and 


of second order and w of third, but a is still of first order. It follows that ¢ 


is small of second order. 

By similar methods we can investigate an F-point of any multiplicity 7, 
where the tangent cone breaks up into a fixed sheet, of simple contact for 
(f), and a variable sheet of degree ¢,. We find that c has 2,2 branches touching 
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the variable sheet and (i —7,)(i+%,+1) branches touching the fixed sheet. 
The proper forms to assume are 

0) = Uj, Us, + Uta +... 5 

Ww = Uj, Wii, + Vis IP oo0e 


15. Osculation of one sheet, P= 12, B= 24. 


We can define osculation of one sheet as requiring to be small of 


order 4 at those points of ¢ for which z is small of order 2. If ¢ is general, 
we still take 


b = 2, + Uz + Uy t+... + Un; 
the standard groups are 
2, small of order 2, and its multiples, including zu, of order 3, 
ZU, + us of order 4, 
ZU, + U; + Us, Of order 5, and so on. 
The admissible groups for osculation are 
Bhs Ag, 205, 02, Us, s=-5 Uns 
whence ap = 20, + U3 + V+... + Un; 
where now ¥, v; have the special forms 
UV, = AU, + 02, Vz = Aus + 2d, 
where a, b and the six coefficients of v, are arbitrary, these eight replacing 
the thirteen of v,, v; in the last case. The additional postulation is 5, and 
altogether P = 12. 

Here Uy Vs — UV, Uz = Z (U,V, — bus), 
and has z as a factor, the exceptional case noted on p. 240. 

The plane v, passes through the line z=u,=0; hence ¢, f have the 
same edge; osculation of one sheet, with ¢ general, is only possible if all the 
binodes of the family have a common edge. 

To find Z, as before we deduce an auxiliary surface A by eliminating z 
from the terms of lowest degree of ¢, y. The intersection c lies upon 

A Supp — {au,? + u, (bz + v2) — bus} , 
whose terms of lowest degree are 
Ug = Uy? (Vy — Atty) — Uy (DZ, + VoUs) + bu,?. 

The total intersection of d, A is that of ¢, u,?y, and consists of ¢ and the 
section of ¢ by uw counted twice. As we saw above, the latter has no 
branches through O touching z. There are therefore six branches of ¢ 
through O which do touch z, the tangents being given by z=» = 0, and in 
general directions in the plane z; each branch osculates one sheet of y and 
crosses the other, meeting y in four points. Since 4, v, meet on 2, there are 
no branches of ¢ which do not touch z, and H=6 x 4= 24. 

Now consider the third property of p. 229. In our case of partial contact 
at the binode, the first approximation to z, at any point of any one of the 


HCT a0 
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sheets in contact, is z=0, deduced from the terms of lowest degree zu, or 2%; 
but the first approximations to the second sheets are different. With osculation, 
the second approximations to the first sheets also agree, deduced by including 
the cubic terms and using in them the first approximation : 

z=[—u/um),. 2=[-2/%], 
where square brackets denote that in them we have put z=0. These must 
agree for all values of «: y; hence if we admit no special assumption about 
[uw], [ws], so that @ is the most general surface with a binode at O, we 
must have 

foleelenl [es Ciscoe cs tee eee (2) 
where a is arbitrary. Now %, v differ from [2], [v,] only by multiples of 2; 
hence 

VU, =awy,+bz, v,= AU; + Bo, 


which are the forms we found above. ; 2 


16. Reduction of P and E for a B,. 


The identities (2) can be satisfied in another way if we make a special 
assumption as to the nature of ¢, namely that [w,] is a factor of [us], that is 


Ug = ZU, + Ute, 


where wu, t, are any fixed quadratic functions of 2, y, z. Then ¢@ can take 
the form 
bh = (e+ ta) (Uy + UM) + Up t+... + Un; 

where the term —?#,u, has been included in the general quartic function 1%. 
This form shows that the binode O is of the type B, (p. 200). 

Another interpretation is that there exist two distinct surfaces, z +t, and 
WU, + Up, each having a simple point at O, and osculating one sheet only of ¢. 
If # is general, the second approximation to the first sheet of ¢, namely 
z= —[u;/w,], does not reduce, and the simplest surface osculating this sheet 
is the cubic z[w,]+[%,], having a binode at O and the same edge as ¢; this 
we saw above to be necessary for osculation. But with the » present assumption, 
[us/u,] reduces to #, and there is the quadric z+#,, on which O is simple, 
osculating one sheet of @ but with no special relation to the second sheet ; 
and similarly there is the quadric w, + w, osculating the second sheet and not 
touching the first. The singularity of ¢ at O is such that @ breaks up, into 
these two quadrics, if we neglect terms of degree 2 4, while in the more 
general case ¢ breaks up, into the two biplanes, only if we neglect terms of 
degree 3 as well. 

The general form of W is found from 


| v5 | = [2] te, 
giving U3 = Ub, + 202, 
v =(z+h)(% + U2) + Uy +... + Wp. 
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each of the family has one sheet osculating ¢+t,, and one sheet osculating 
%, +2, which is a variable quadric through O. For osculation of one sheet at 
a B, we have P = 11, one less than for a ‘Bs: 


Here UyVs — Vy Us Z (Uy Ve — V, Up), 


giving a second form of the exceptional case of p. 240. 

There is one branch of c¢ touching w,=27,=0, and meeting y in two 
points ; all the other branches osculate z+ t,. Their first approximations are 
given by the intersection of z with 


A= (+) bP — (+2) b= (tl, V4 — UUs) + oe, 
a surface having a 5-fold point at O, formed by eliminating the common 
osculating quadric from ¢, y. This shows that there are five such branches 


of c, each osculating one sheet of y and crossing the other. For this case, 
H=24+5 x 4=22, two less than for a B;. 


17. Higher binode, P=}(s?+3s+4), B=s?+3s+4. 


If O is a B,4,, a binode of the type which reduces the class by s + 1, we 
may take 
CA EE ae SA 2 7 Pe Ne Une Ae (3) 
where t=z+t,+...tt, fShtumt... +44. 


As for the B;, if this singularity occurs on each member of a linear family, 
there are two cases possible. In the first, both f and ¢ vary within a fixed 
pencil, and there is no contact. This is the limiting case that arises when 
a certain set of distinct F-points come together, moving along the fixed 
curve k, t=f =0, which is the base of the pencil (¢, f), and whose tangent 
at O is the edge of the binode. The set of F-points consists of $(s+1) d.p.’s 
if s is odd, and 4s d.p.’s and a point of contact if s is even. We saw on p. 199, 
how to resolve a B,,, of any one surface by a series of 7,_,'s. The same series 
of transformations resolves the binodes of all the family (#), the adjacent 
singularity always appearing at a point of the next space the same for every ¢. 
As regards the singularities, explicit at O or implicit in its first zs — (3 or 2)} 
neighbourhoods, ¢ behaves exactly as if it were degenerate, with k as the 
intersection of distinct sheets. 

In the second possible case, one of the factors of the first group of terms 
in ¢, say t, is fixed; one biplane is the fixed plane z, and there is s-point 
contact of the sheets of the family that touch z. The second biplane and the 
edge of the binode are variable. Then if a 7._. 18 applied to 0, the different 
surfaces (’) have their explicit singularities, which were implicit in the first 
neighbourhood of O, at different points of the second P-plane of Dass These 
adjacent singularities therefore are not F-points of (), but variable with the 
parameters of the family. They. all lie on the line of the P-plane associated 


with the direction of the fixed biplane, which is a line of contact of ($’). 
16-2 
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Now ap =t (ut... + Usa) + Usp Hee Uy 
and P is the number of coefficients in %, vs, that is 
P=}3(s?+ 8s+ 4). 
There is one branch of ¢ touching wu, =v, = 0; and we find s + 2 branches 
touching z and each meeting x in s +1 points; 


H=2+4+(s4+2)(s+1)=8?+3s + 4. 


One sheet of W has s-point contact with t, which has a simple point at O, 
and the other sheet has s-point contact with a variable non-singular surface. 
It is not possible for any surface to have higher contact with one sheet of ¢ 
unless it has a binode with the same edge as $; the proof of this is as 
follows. 

The sth approximation to the first sheet of ¢ is 


zZ=—(te+...+t34) — [Usqi/t].- 


If ¢ is the most general surface of its kind, the last term does not reduce, 
we have to multiply up, and obtain a surface whose lowest terms are z [uw] 
showing that it has a binode with the same edge as ¢. But if ¢ is specialized, 
so that [us.,/uJ=ts say, we obtain the non-singular surface ¢+¢,. But in 
this case, 
Ust1 = Ujls + 2Us, 
p= (tt ts) (f+ Us) + Ustot --e + Un, 


showing that the partial factorization of @ can be carried one step further, to 
include the terms of degree s+1, so that O is not merely a B,,, on ¢, but 
& Byys. 

In the form (3) for ¢, we assume n>2(s—1). If this does not hold, 
we must subtract terms of degree > so as to destroy those occurring in tf. 
For a given value of n, there is an upper limit for s. Since d.p.’s reduce the 
class of a surface, and also the number of double tangent planes, the con- 
sideration of each of these gives a function of n which cannot be exceeded by 
the number of conical or biplanar d.p.’s, whether these are distinct, or coincide 
in a B,,,. But before s reaches the limit thus given, the singularity may 
change its nature, a double curve appearing. 

If we apply the algebraical criterion for a B,,,, contained in (3), to 
a general point O of a double curve, we shall show that the partial factorization 
can be continued indefinitely, and there is no limit to s. This is natural, as 
there are oo d.p.’s adjacent to O. We can find a non-singular surface having 
at O contact of any assigned order s—1 with one sheet only of ¢, or we can 
find a surface having a binode, one sheet having s-point contact with one 
sheet of }, and the other touching an arbitrary plane; but if s is too high 
compared with the degree of wf, this also acquires a double curve. 

For example, let O lie on the double line 1, y=z=0. The biplanes both 
pass through /, and we take them to be y, z. Then O is a B, at least; assume 
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that @ can be put into the standard form (3) for a Beis, with u,=y. Now 
every term in ¢ is quadratic at least in y, z; in particular, 

Pilg Ytae 22, Cg Pibglsen $x. ts, byUg_a +... + bs1Ug + Usgr 
are all quadratic in y, z Hence Us, toy +++) Usa, ts are all linear in y, z, and 
Us41 18 quadratic, say 

Usd = YUs—1,1 + Y2ZUs—1,2 + 2 Us—1,3. 

Then f= (b+ Ysa, + 2Us—1,0) (f + 2%s_1,3) + terms of degree 25+ 2, 
which is the standard form for a B,,,, and shows that the partial factorization 
can be carried on indefinitely. 


18. Higher binode, s,-point and s,-point contact. 


As another example, let ~ have 4-point contact with one sheet of ¢ at a 
point O which is only a B, on $= zu, + uz +...+ Uy. The admissible groups 
in are those small of order 5 at points of ¢ for which z is small of order 2: 

(Zt, + Us t+ Us) %, (2+ Us) V1, 23, 2%, Us) oaey 
of which the only quadratic terms are zu,v,; hence w also touches the second 
biplane u, of ¢, but on account of the term z*v,, small of third order at 
general points of the second sheet of ¢, the contact of these sheets is of first 
order only. 

More generally, if ~ is required to have s,-point contact with one sheet 
of ¢ at a By, of d, where s, >s +1, then W must have s,-point contact with 
the second sheet of ¢ also, where s, lies between certain limits depending on 
8, 8, which we shall now find. 

We have seen above that’if s,<s, the condition can be replaced by that 
of contact with the non-singular surface ¢ and w need not have a second 
sheet at all. If it has, as an independent condition it may be required to 
have s,-point contact with the second sheet of ¢. If s,<s,, then O is exactly 
a B;,4, on the general y, and 


a tutu + Us 45 apo 8 OAs 
where yezt+et...+ts,-1, 
and fy is subject to the conditions of s,-point contact with the separate 
single-sheeted surface f. There are as before s, + 2 branches of ¢ touching z, 
one of them now touching the edge, and there are s, branches touching w, 
in general directions in that plane, the same as for the intersection of f, fy. 
If @ has a higher binode than w, this does not affect the results. 

If s,=s+1, we have seen that w has a binode with the same edge as ¢, 
and must have a second sheet, but still not one necessarily subject to any 
contact condition; for there is the admissible group zt, small of order s,+1 
at points of the first sheet of ¢, but only of order 2 at points of the second 
sheet. 

If s,>s +1, let s,+1=as +, where 8 =1, 2, ... or s, and a is the least 
integer such that a+12(s,+1)/s. In >, the admissible group containing 
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terms of the lowest degree is t*(2+t,+...+ tg), of lowest degree a +1, 
which is also its order of smallness on the second sheet of ¢. Hence 


Ss +l=a+12(s,41)/s. 


If W is not general, s, may be higher than this, but not lower; by the 
same argument, with the sheets reversed, 


& +12 (s,+1)/s. 
Hence, for given values of s, s,, the limits for s, are 
(s,+1)/s -lSs,=s8(s,+1)-1. 


Thus at a B,4,, the surface tries to break up, and succeeds as far as 
concerns the first s—1 approximations to either sheet; for higher approxi- 
mations, each sheet is obliged to drag the other after it, with a certain lag 
in the order of approximation involved. This is natural, since there is no 
sharp distinction between the sheets, but a continuous passage from one to 
the other near the edge. The relative orders of smallness, of z and u, in the 
above investigation, only hold for general points of the sheets, and not for a 
point near the edge, where z/u, may have any order of smallness or infinity, 
and it may be quite doubtful to which sheet the point belongs. If there 
are any points of @ near O actually lying on the edge, they do not differ 
essentially from the adjacent points. Generally speaking, the higher the 
suffix of the B, the sharper the fold of ¢ to which the edge is an approximation. 

At a general point O of a nodal curve, on the contrary, the two sheets 
are absolutely distinct, and there is no continuous passage from one to the 
other. Every point of ¢ belongs definitely to one sheet or to the other, 
except the points of the double curve itself, which belong to both, and are 
quite different from the adjacent points, being d.p.’s of ¢. As regards the 
neighbourhood of O of any order, ¢ behaves exactly as if it were degenerate, 
and the two sheets belonged to separate components. 

This is not true, however, of the neighbourhood of the curve as a whole, 
for there may be certain special points of it at which it is possible to pass 
continuously from one sheet to the other. F 


19. Points of higher multiplicity (36, 161, 317). 


At a point of higher multiplicity, when the tangent cone breaks up, the 
same principles and methods apply as for a binode, but general formulae are 
unwieldy. There are the same two main cases as for a double point. In one, 
all the sheets except one are fixed, and there is partial contact. In the other, 
the variable sheets are members of the same fixed pencil, and the symmetric 
functions of their parameters in the pencil are the linear parameters of the 
homaloidal web; this case is the limit of a set of distinct F-points, which 
have come together along the curve base of the pencil, and can be resolved 
by a series of auxiliary transformations. 
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As an example of contact of different orders of different sheets, consider a 
family of monoids vertex O. If there is simple partial contact, 


co) = apres Ab Une V7 = taUn—a-1 + Un- 


There can be osculation of the first sheets if v= taVn—a- The highest partial 
contact possible is when 7 


b = 2Un—» + Un, =a + 62"; 
then y is small of order 2n on the first sheet of d, and of order n on the 
second; there is (n + 2)-point contact of the one pair of sheets, and simple 
contact of the others. This family is only a pencil; but contact of the same 
order can occur on a homaloidal web (p. 315). 
A particular case is that of a unode. If z is the fixed double tangent 
plane at O, 
gp=2+ust..., 
pee+tust.... 
The branches of ¢ touch 22=v,—u,=0, and O is 6-fold onc; but there are 
only three distinct branches, each being cuspidal. 
Choose the axes so that y=z=0 lies on v,—u,; then one branch of ¢ 
touches this line, given by approximations of the form 
G=se Y=ne, 2= ce, 
and meeting x in six points. 
Hence P=9, H=18, just as for an ordinary d.p. of total contact. 


Ill. CURVES OF CONTACT 
20. Simple line, simple contact, P=3n—8, H=8n—8— 26 (87, 382). 
Let the family (¢) have simple contact, at every point of the line J, whose 


equations in homogeneous coordinates we take to be z=w=0. As on p. 213. 
we arrange ¢ in the form ; 

P=tt+ (4,whe, y, zw)”, 
where t= 2Ug—-1,1+ WUn-,2; 
and Uni, Un—i,2 are homogeneous functions of #, y only. Then tis the tangent 
plane to ¢ at (w, y, 0,0), if we regard p41, Un—a,2 28 constants and z, w as 
current coordinates. 

The condition of contact is that y has the same tangent plane ¢ as ¢, 
except at points where either surface is singular, and therefore has no tangent 
plane. Hence _-1,:/Un—,z 18 the same for ¢, W for all values of a/y. If ¢ is 
general, Up—1.1, Un—1,2 have no common factor, their ratio does not reduce, and 
their 2n coefficients are in constant ratios. Thus the additional postulation 
of contact, for a family already passing through J, is 2n —1, and 

P=(n+1)+ (2Qn-—1)=382, 


being one less than for a double line. 
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2 
Now p= ty, + (2, whe, y, 2, Ww); 
the total intersection of , y is the same as that of @ with 
A= — bh, 


from which the terms linear in z, w disappear, and on which / is a double 
line. Hence J is to be counted twice as a fixed part of the intersection of ¢, 
wr, and the variable residual ¢ is of degree n?-2. Now c meets J wherever 
@ touches one of the sheets of A, that is, where ¢ coincides with one of the 
tangent planes to A, given by an expression of the form 


to = 2 Un—o,1 + ZWUy-2,2 + UW? Uno, 3- 


The values of x/y at these points are given by eliminating z, w between t, te, 
that is, by 
Wrn1,2Un—2,1 — Un—1,1Un—1,2Un—2,2 + Tops OPER 

of degree 2(n—-1)+n—2=3n—4. There are thus 3n — 4 intersections of 
c,l, at each of which ¢ touches ¢ and therefore y, and two interseetions of c, y 
are absorbed. The number of free intersections of c, y is 

(n? — 2) n — 2 (8n — 4) =n? —8n +8; 
and for a line of contact, H = 8n — 8. 

So far we have assumed that w,_31, Ups,. have no common factor; then 
they never both vanish for the same value of a/y, the tangent plane to ¢ is 
never indeterminate, and ¢ has no multiple point lying on J. We have seen 
(p. 222) that if @ has @ d.p.’s lying on J, then w%,14, Ups,, have a common 
factor ug, the product of @ linear factors that vanish one at each of the d.p.’s; 
and ¢ touches a surface of lower degree n — 8, which has no d.p.’s on J. The 
proper form to assume is 


b = tug t (Z, wihar, Y, ae wy 
where now = FU 1-8 + nope 
If we regard a, y, z, w as all variable, then t represents a surface of degree 
n—B, which touches @ along lJ. The condition of contact with @ can be 
replaced by that of contact with ¢. 
The tangent planes to (¢) depend on ¢ and not on ug;*we must take 


2 
br = tg + (2, wa, y, 2, Ww)”. 
The ratios of the coefficients of ¢ are constants for the family, and those of vg 
are additional parameters; P is reduced by 6 and becomes 3n — 8. 
To find the intersections of c, 1, consider the surface A formed by elimi- 
nating t between ¢, y: 


2 
A= Wup— og = (4, whe, y, 2, wy 28, 
This passes through ¢ and has J as a double line. The total intersection of 


, A consists of J counted twice, c, and also the intersection of ¢, ug. But Up 
consists of 8 planes not passing through J, each meeting / in one of the 
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d.p.’s of f, and meeting @ in a plane curve with a dp. on J, neither branch 
touching t. Hence ¢ meets J wherever A touches ¢, that is, where t¢ coincides 
with one of the tangent planes to. A given by 


2Un—2+8,1 + 2WY Un—2+B,2 + WUn_o48, 3° 
The degree i in a/y of the condition is 
2(n-—1—f8)+(n—24+8)=38n-4-8; 
this, instead of 3n—4, is the number of intersections of c, J, each absorbing 
two of $, , x. Hence £ is reduced by 28 and becomes 8n — 8 — 28. 

The condition of touching ¢ along J obliges w to have the same number 
of d.p.’s on / as ¢, but leaves their positions on 1 free, given by vg=0; we 
can place them at any assigned points by taking for vg the product of the 
forms linear in «, y that vanish one at each of the points. 

If the position O on J of one of the d.p.’s is fixed for the whole of ($), 
then through O there pass four branches of the total intersection of ¢, w, 
namely J counted twice and two branches of .c. Hence O is an isolated 
F-point and a separate element of H, being a point of higher multiplicity 
through which the line of contact passes. The reductions of P and £ due to 
the incidence can be calculated in much the same way as for the corresponding 
case without contact (p. 222). 

At a point O of / where ¢-.is singular and yp is not, W has a definite 
tangent plane t, which is the tangent plane to the non-singular surface 
touched by ¢. The conditions of contact with ¢ along / assign a definite 
tangent plane to w at every adjacent point of /; at O there is only one 
plane, namely ¢, continuous with these adjacent planes; hence, since y is not 
singular, its definite tangent plane can be no other than ¢. The quadric 
tangent cone to ¢ has / as a generator and touches ¢ along /; the first 
approximation to the intersection of ¢ and w is that of this cone and tf, 
which consists solely of J taken twice. Thus c does not pass through O. 

If 8 >0, we have a case where a multiple point of ¢ is not an F-point 
of the same multiplicity for the whole family. For example, the homaloidal 
web of singular cubics (158), 

{o, (@ + 2) + ce (y + w)} (aw + y2) + (G52 + ew) (ww — yz) 
has a d.p. at the variable point (¢, — ¢, 0, 0) of J, and along J the cubics touch 
the fixed quadric aw+yz. We have a variable point of higher multiplicity 
lying on an F-line of contact of lower multiplicity. 

Now 8B can have any value from 0 to n—1 inclusive. In the last case 
Uy,1, Uo,2 are independent of aly, and t is the same pate at every point of J, 


touched by all of (¢). Then 
P=Mm+1l=2(n+1)-1, H=6n—6=2 (8n—-2)-2, 


both the same as for two simple distinct intersecting lines. If @=n—2, 
then ¢ is a quadric, P=2(n+1) and H=2(3n—- 2), both the same as for 
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two simple distinct skew lines. In these two cases, and these only, it may 

be possible to regard the contact as a limiting case, in which two distinct 

lines of intersection have come to coincide. In general, 
P=2(n+1)-(@+2-—n), H=2(8n-—2)—-2(8+2-n), 

as for two distinct lines intersecting in 8+2—n points; but this has no 

obvious geometrical meaning unless 8 =n —1 or n — 2 (p. 172). 

When ¢ is given, the admissible groups in y are those small of order 2 
at all points of ¢ near J; here #, y are finite and z, w small of first order. 
The order of smallness of a general function is its lowest degree in z, w; and 
t is a special group of second order, since, by virtue of ¢=0, it is equal to a 
set of terms quadratic and higher in z, w. 

If 8=0, in W we admit tv, and also terms of degree 22 in z, w; but if 
8 >0, the special group ¢ is of degree n—8 in a, y, 2, w, and instead of tu 
we admit tug, of the same order of smallness as before, but containing 8 + 1 
parameters instead of 1. 

This example of a line shows that the conditions of contact along a curve 
are not fully determined, as regards either P or H, by merely giving the 
curve of contact w and degree n of the family (¢). We must also know the 
set of tangent planes which ¢ is required to touch at the points of o, forming 
a given circumscribed developable; or, instead, we may be given any other 
surface f which touches the same planes along w. It is usually convenient to 
have f of the lowest possible degree; this Sn; if it were >n, then ¢ would 
vanish identically. 


21. Simple line, osculation, P = 6n — 3 —28,—38,, E=15n —18 — 48, — 68, 
(87). 
Next, let J be a line of osculation. Let 


3 
G=h+6+ 2, whe, y, 2, wy, 
where b= Una + Wp as, ty = 2? Up—o1 + 2WUy oo + Wino 5 


In f we admit groups small of order 23 at points of ¢ near]; now z, 
w are small of first order, t, of second and ¢, + ¢, of third; sthus 


3 
ve (4+ 7) WY +, wha, Ue, w)rs ; 
and the conditions for osculation are that all the coefficients in ar net eee 


are in fixed ratios; the additional postulation of osculation, for a family 
already having / as a line of contact, is 83 (n —1) and 


P = 38n + (8n — 3) = 6n — 38, 
being one less than for a triple line, which W acquires with one more con- 
dition, namely v, = 0. 
The auxiliary surface A = y— qu has J as a triple line; hence J counts 
three times in the intersection of $, w, and the degree of cis n?—3. Nowe 
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meets J at the points where ¢ coincides with one of the three tangent planes 
to A, given by a cubic in z/w, with coefficients of degree n—3 in a, y. This 
leads to an equation for x/y of degree 3(n —1)+n—3=4n—6, which is the 
number of points at which ¢ meets J and osculates y, so that three inter- 
sections“of c, y are absorbed at each. The number of free intersections of 
, W, x 1s (n? — 3) n—3(4n—6), and H=15n—18. 

If ¢ has a conical dp. O on J, then y also has a d.p. at O, For the 
sections of ¢, y by a general plane p have the same curvature at the point Q 
where p meets J. As Q— 0, the osculating quadric of ¢ at Q — a proper 
cone, and the curvature of the section > » for ¢ and therefore for w, and 
vy is also singular. In this case, Un—1,1, Un—1,2 have, as a common factor, the 
linear function w, of #, y which vanishes at O; but this is not a factor of all 
theresa: 

The proper form for ¢ is 

b =m ++ t + (, wha, Wy 
where now ¢, is a special group of order of smallness 2 and total degree 


m—1; hence ¢,(z, w)' is of order of smallness 3 and degree n and therefore 
admissible: 


vp = (U6 + te) + (, whe, y, 2, wy? + 6 (Z, wy, 
there are two additional parameters, and P is reduced by 2. 

The tangent cones to ¢, ~ at O both have J as generator and along it 
they both touch #, and osculate u,¢,+%. Through the common d.p. O of ¢, W, 
there pass four branches of the total intersection, namely, / counted three 
times and one branch of ¢ which touches the remaining generator of inter- 
section of the two cones. Now this generator does not lie on the tangent 
cone to y; and c passes through the d.p. of y in a general direction and 
meets y in two points at O. But we shall now show that owing to O there 
is a reduction of 2 in the number of intersections of J, c at simple points of ¢, 
which are points of osculation of ¢, . We gain one double intersection of ¢, 
and lose two triple intersections; # is reduced by 4. 

The auxiliary surface found by eliminating t, between ¢, y is now 


3 
A= Wu- ¢ {umHn+(, w)} = (4 whe, y, 2 wr. 

The equation for the values of w/y at the intersections other than O of J, c, 
which are the points of contact of t,, A, is of degree 38 (n—2)+n—2=4n—8, 
being less by 2 than when ¢ is not singular. 

Similarly, if @ has 8, conic nodes on J, then ¢, is of degree n— 8, and A 


of degree n+ 8,; we admit ¢, (2, whe, y)®2 in wy, and P is reduced by 2f., 
and # by 4,,. 

If O is not a conic node but a binode, one of the biplanes contains /, and 
is continuous with the tangent planes to ¢ at adjacent points of J, being the 
plane ¢,; the other biplane may be any plane 1 through O. We assume 
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that the edge is in a general direction, and does not coincide with 7. Then w 
need not be singular at 0; as an adjacent point @ — O, the osculating 
quadric of ¢ at Q — a non-singular limit, and the curvature at Q, of the 
section of @ by a general plane p through Q, — the finite curvature at O of 
that branch, of the section‘of ¢ by the limit of p, which touches ¢,. Then 
-touches one sheet of ¢ and crosses the other, and a general plane through O 
meets ¢, W in two curves meeting in three points at O, and the Lipidenee 
of the two surfaces in this case must still be included as osculation. 

Now all the terms of ¢ of degree £2 in z, w have wu asa factor, and we 


may write 
2 
b=tut+ (Zz, whe, y, 2, wy, 
where t=tt+h, 


and now each of 4, ¢, is of total degree n—1 only. This shows that there 
exists the surface ¢ of degree n — 1, osculating ¢ along J, and having a simple 
point at O. In Ww we admit the term tf, where f,=(a, y, z, w)', the three 
ratios of its coefficients being additional parameters. P is reduced by 3 owing 
to the binode at O. Now 
v=th+(, whe, Ys 2, AU 

it is not singular at O, but has instead a binode at the arbitrary point of 1 
given by f,. 

Since the plane 7, does not pass through O, the total intersection near O 
of ¢, y is the same as that of Ww with A= wu, — f, on which J is triple. 
For each of Wy, A the point O is a general point of J, through which there 
passes no branch of their intersection except / counted three times. Hence c 
does not pass through O, but meets / only at simple points of ¢. Since A is 
of total degree »+1 and 4 of degree n—1, the number of these points 
is 4n—8 as in the last case, and # is reduced by 6 owing to the binode 0. 

If the binode is of higher type, it does not affect the result, for the additional 


3 
conditions fall only on the free terms (z, wa, y, z, w)"*. A triple or higher 
point on / would be a separate F-element. If we assume that the singularities 
of @ on J consist only of 8, conic nodes and 8, binodes of*any type, then 


P=6n—3—28,-—38;; H=15n—18 — 48, — 68. 
Higher contact along a line can be treated by similar methods. Some 


examples will be found in 158. The results are included in those for the more 
general case of contact along any curve, which now follow. 


22. Simple general curve, s-point contact (150, 162, 163). 


For a curve of higher degree, the work becomes laborious, unless there is 
a simple parametric representation of the curve. Details of the calculation 
are given 1n 162, 163; the results are as follows. 

If the problem is definite, we must be given the curve @ along which 
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contact takes place, of degree m, rank r, with 8 d.p.’s with distinct tangents ; 
we assume it to have no other singularities ; and also a surface f of degree pu 
passing through , and having @, nodes of the type B, (a= 2,3... 8; conic 
nodes are included as B,’s, the rest are binodes), which fall at aniple points 
of w, the edges not touching o; and we require the postulation and equi- 
valence of the condition of s-point contact with f along o, for a family (@) 
of degree n. 

The general ¢ does not have any more complicated singularities; it has 
the same B’s as f except for the B,’s, of which it has a different number, 
in variable positions. If f has a conic node, its section has infinite curvature, 
and so has that of ¢; if @ has a simple point at a binode of f it has 
(s —1)-point contact with one sheet of f, which shows that the binode is a B, 
at least. 

We admit in ¢ any multiple of f, and also any term which represents a 
surface on which @ is s-fold. Corresponding to each B, of f, there exists 
a surface f,, having a simple point instead of this binode, and therefore not a 
term already admitted, which has a-point contact with f along , and gives 
a special group, from which we can form other admissible groups. A careful 
reckoning shows that the reduction in P is 4 {[s(s —o) —7(o+1)}, where o 
is the quotient and 7 the remainder in s+ a. 

At a B, of ¢ which is a simple point of y there is no branch of c. Ata 
common B,, if r > 0, there is one branch of c, touching the edge and meeting 
x In t(o +1) points; if 7 = 0, there is no branch of c. There are also 


(s+1)nm—sp—X(s—o) Ba 
other intersections of c, w at simple points. The final expressions are 


P=sP.— 43 (9-1) (p—pm)-$% [s(s—2)-r(e + DB 


E = sH,—s(s—1)(p— pm) —  {s(s—0)—r(e +1) 8 
where P,,, ZH, are the values of P, # for w as a simple curve on (@). 


23. Double line, simple contact, P= 6n—3— 8, E=21n—36—8£ (87). 
The general surface having / as a double line is 


go =t,4+ (4, wha, Y, 2, wy, 
where by S PUg_o,1 + 2WUy—2,0 + W?Un_s,3- 
The pair of tangent planes to ¢ at any point (#, y, 0, 0) of J is given by &, 
with x, y as constants and z, w as current coordinates. If this pair of planes 
is the same for all members of (#) at any point of J, then Uy_o1 : Un—,2 ? Un—2,s 
are fixed for all values of w/y. In general this implies that the 3 (n—1) 
coefficients of Up_s,a are all in fixed ratios, giving 3n—4 conditions more 
than for a double line. For a double line of contact, 

P = (8n + 1) + (8n — 4) = 6n — 38. 
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But if all the w,-,. have a common factor wg of degree @, a product of 8 

linear functions of x, y, we have 
3 
h = tog + (2, WHS, Y, 2, Ww)”, 

where tp = 2?Ug—o—pyi + ZW Un—o—B,2 + W?Uno—f,3, 
and it is only the coefficients of f, that are in fixed ratios, and the f ratios 
of the coefficients of ug are additional parameters; P is reduced by 8 and 
becomes 6n-—3—,. Now if a, y, 2, w are all variable, ¢, gives the simplest 
surface touched by (#) along J; its degree is n—8. The point of J given by 
any linear factor of wg is a triple point of @; hence () has 8 triple points on /, 
variable with the parameters of the family. We now assume 


vr = tv, + (2, wha, Uae, ya 

The total intersection of $, ~ lies on A = ug — hug =(z, wie, 4, BW Ores 
on which J is triple; hence J counts six times in the total intersection of ¢, A, 
that is, of $, y and of ¢, ug. Since / does not le on ug, it counts six times 
in the intersection of ¢, y, and c is of degree n?—6. Now c meets / where 
one sheet of ¢@ osculates the corresponding sheet of w and touches one sheet 
of A; the condition that one of the two planes ¢, coincides with one of the 
three tangent planes to A is of degree 


2(n—34+8)+38(n-—2-—8)=i5n-12-8 
in z/y. This is therefore the number of intersections of ¢, J, at each of which 


c touches one sheet of » and crosses the other, and three intersections are 
absorbed. The number of free intersections of c, is 

(n? —6)n—3(5n — 12-8), 
and H=21n — 36-88. 

The 8 triple points of ¢ do not he onc. Here the tangent cone to ¢ is a 
proper cubic cone with / as a double edge, along which it touches the pair 
of planes which is the tangent cone to \; the intersection of the two cones 
consists of J counted six times, and there is no branch of c. Neither does c 
pass through the pinch-points on J, at which the two tangent planes coincide 
and ft, 1s a perfect square, for which the condition is of degree 2 (n — 2 — 8) ina/y. 
These 2n — 4 — 28 pinch-points are the same for all the family; their number 
is reduced by 2 for each of the triple points. Since the two tangent planes 
coincide, 1t might appear at first sight as if each sheet of @ touched each 
sheet of y, giving eight branches of the intersection, but @ has not two 
distinct sheets, which would form a tacnode, but two half-sheets; the general 
section has a cusp, and a general curve touching the tangent plane meets ¢ 
in three points; there are still only six branches of the total intersection 
of $, w, all coinciding with /, and c does not pass here. A tacnode would 
impose a condition on the coefficients of terms cubic in z, w, which are 
arbitrary in (#); 1b does not occur on the general member. 

The points of / of special interest are therefore 
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(1) 2n — 4— 28 pinch-points, the same for all of ($) and for ¢ the simplest 
surface touched by ($); the two tangent planes coincide and the section has 
a cusp; c does not pass here. 


Gy) 8 triple points, different for different members of (fp), ordinary points 
of t; the section of ¢ has a triple point; c does not pass here. 


(ii) 5n—12— 8 points of intersection of c¢, 1, different for every pair 
of surfaces ¢, yr; one sheet of Wy osculates one sheet of @; ordinary points 
on each of ¢, , t; one branch of ¢ passes through each. 


24. Sheets of a surface along a double line (123). 


At a general point O of a double line, the two sheets of are quite 
distinct. A short strip of ¢ along J near O can be transformed into two 
patches of another surface f’, at finite distance from each other. Any path 
lying on the strip, joining a point P, of one sheet to a point P, of the other, 
has a d.p. on J, and P,, P, lie on different branches. But if O is a pinch-point, 
P,, P, can be joined by one branch of a curve, having a cusp at O, and the 
two patches of f’ are merged in one. 

If, however, O is of higher nature, the cusp may be replaced by a tacnode, 
and again the sheets may be distinct in the neighbourhood of O also. We 
shall see that O is then equivalent to two coincident pinch-points. 

Thus though there are two distinct sheets of @ near a general point of J, 
when we consider the neighbourhood of the whole of J, there is only one 
sheet, or rather two connected half-sheets. In general, a surface on which / 
is simple cannot touch one half-sheet only of @ along J, unless the pinch- 
points all coincide in pairs, as for example when ¢ breaks up into two distinct 
surfaces through / (p. 258). The case of two distinct sheets bears much the 
same relation to a general double line that a binode does to a conic node. 

If k is a multiple curve of ¢ of any nature, then, at a general point O 
of k, the section of ¢ by a general plane has a plane singularity of some kind, 
and the sheets of ¢ fall into cycles, answering to the distinct cycles of the 
section. If any surface approximates at O to one sheet of ¢, it has a cycle 
of the same order as that to which the sheet belongs. There are a certain 
number of pinch-points of @ on k, where the singularity of the section is 
higher, two branches having contact of higher order than at Opin general, 
when ¢ is transformed into a surface jf’ and & into a set of curves simple 
on f’, the neighbourhood of O ~ as many distinct patches as there are 
cycles of the plane singularity at O. As O describes k, these patches 
describe strips which merge at places arising from pinch-points, and form 
a single connected sheet; but this may have distinct parts if the pinch- 
points are specialized. 

Let ¢ have two distinct sheets, as regards the whole neighbourhood of a 
double line J, in the sense that there exists a surface jf, on which / is simple, 
touching one of the tangent planes to ¢ but not the other, at all general 
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points of J. Then for all values of x/y, the pair of tangent planes ¢, falls into 
two factors, one being the tangent plane to f,, say ¢? = 2Atwyr, which 
is rational in a, y. Then the second factor is also linear im z, w and rational 
in a, y, say ) =zu,.,+wv,. where w+v=n; and this expression gives 
another surface f, on which / is simple, touching the second sheet only of ¢ 
along J. 

Now let the linear family ($) be required to have this type of singular 
line 1. As with a binode (p. 288) there are two alternatives. The first corre- 
sponds to a binode with two variable biplanes and a fixed edge; then 
t”, ¢® are variable members of a fixed pencil. This is not a case of contact 
and J counts only four times in the intersection of ¢, yy. The form is 


3 
ap =(t%, 19)? (a, y+ (2, whe, y, 2, Ww), 
(1) (2) 


Opes pay @) = py” 
where Ge see ete a tO = 20,1 + WU, 7: 


The three coefficients in (¢"), ¢)? are parameters, and those in wu, ..., v® are 
constants. Those in (a, y)" are also constants: otherwise the family would 
not be linear; P is 38 less than for a triple line, 


P =2(8n—1)-3=6n—5. 


The factor (a, y)""* determines n — 2y fixed triple points of (¢) lying 
on l. Through each there pass five branches of c each meeting y in three 
points. The other intersections of c, 1 are where one sheet of ¢, touching say 
t + at”, touches one sheet of w, touching say ¢% + b¢?). Now a#6, since 
$, do not touch all along /; hence this can only be where ¢", ¢® are the 
same plane, at one of the 2u—2 fixed points given by uw v® — uy, Here 
$, ¥ each have a pinch-point, with the same double tangent plane. 

Now the equation for the pinch-points, when ¢ has a general double line, 
reduces in our case to the square of this; so each of the points constdered is 
a pair of coincident pinch-points both of ¢ and of yw. All the lines of closest 
contact coincide with 1; there are six branches of the total intersection, 
namely / counted four times and two branches of ¢, each touching / and 
osculating the tangent plane, and meeting y in six points. The number of 


free intersections of c, yp is :2 
(W?—4)n—5.3.(n—2Qp) — 2.6. (2~— 2) = n?—-19n + Gy + 24, 
and H=19n— 6p — 24. 


Now for a general double line and n—2w triple points lying on it, we 

find by the usual methods 

P,=6n—6h +1, E,=19n — 14 — 16. 
In our case 

P=P,+3(Qu—-2) H=E£,+4(Qu—2); 
thus each pinch-point contributes 3 to P and 4 to E, the same as for an 
F-point of contact. Our case can be regarded as the limit of a system con- 
sisting of a double line, n—2wu triple points and 24—2 points of contact, 
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when all the points come to lie upon the line, the former at the points given 
by (a, y)"-*, and the latter at the points of contact of ¢, ¢®. If n is odd, 
there is bound to be at least one triple point. 

Now there are no variable intersections of c, 7, so that J is an F-line of 
second species. An example of a triple F-curve of similar nature is given on 
p. 324. 


25. Double line, partial contact, P=4n—2+2u, E=15n—28+45y (87). 

There is a second alternative, for the case when the pair of tangent planes 
falls into two factors rational both in z, w and in a, y; that is when only one 
is variable, say 

by AUF Wii ans) (24,3 Wy 1,2), 
where ~+v=vn, and the coefficients in w,_,,. are fixed and those in Vya,a are 
parameters. Any factors corresponding to fixed triple points can be included 
in ¢” ; there are no variable triple points. 

If x, y, z, w are all variable, ¢” represents a fixed surface of degree p, 
with J as a simple line, touching one sheet of (f) along J. The groups 
admissible in y are multiples of t" (z, w)! and of (z, w)?; we find 

P=4n-—242u. 

Now / counts five times in the intersection of ¢, wy, and ¢ is of degree 

n?— 5. The branches of c which do not touch ¢” meet / at the 2v — 2 points 


of contact of two surfaces such as ¢”, and each meets y in two points. The 
branches touching t” meet / at the points of contact of ¢” with the surface 


A=(, woe, y, 2, w)”-**”, formed by eliminating t” from ¢, w; their number 
is 4(uw—1)+n—4+4+v=2n+3y- 8, and, at each, ¢ touches one sheet of y 
and crosses the other. The number of free intersections of ¢, y is 

(n? — 5) n —2 (2v — 2) —8 (2n + 8u— 8) =n — 15n — 5, + 28, 
and HH =15n + dp — 28. 

In this case also, the pinch-points of ¢ coincide in pairs, being given by 
Wp Vy Cee of degree n—2. Their positions are different on the 
different members of (¢), and c does not pass through them. 

If w is to osculate the first sheet only of ¢ along /, then in p we admit 
multiples of ¢” (z, w)? and of (z, w)*; and also, if n 2 2p, of (¢"). If n< 2u, 
the second set of tangent planes ¢, becomes fixed also, and w touches but 
does not osculate the second sheet of ¢. If ¢ has the special form 


g=frfe +e ude y, 40) 
where / is simple on f® and on f®, then f” (z, w)! are also admissible, and ap 
can osculate one sheet of ¢ without touching the other. We have a variety 
of cases, corresponding in some sense to the different types of binodes, and 
distinguished by the increasing degree in z, w of the terms that must be 
neglected if ¢ is to be considered as degenerate. For an example see p. 290. 


I 
Hee i 


258 CREMONA SPACE TRANSFORMATIONS [cH. 


26. Examples, limiting cases. 
As an example, consider some simple cases that arise as limits. Let ($) 
contain a double line / and a simple line J, skew to l. For this system, 


P=(8n+1)+(n4+1)=4n4+2, H=(12n —16) + (8n — 2) = lin —18. 


The residual c,2_, meets J in 4n—8 points and J, in 2n—2 points. In the 
limit, when 1, > 1, one sheet of @ touches the limit ¢ of any quadric through 
l,1,, so that ~=2; the second sheet has a variable set of tangent planes. 
The 2n—2 branches of c which met J, now meet J, lying on the sheet 
touching ¢, and the other 2n—6 branches meeting / lie on the second 
sheet of ¢. These values agree with those given above if we put p=2. 

If /, meets U, the first sheet of touches the limit p of the plane through 
1, l,, so that w=1. Of the 4n—§8 intersections of / with its total residual, 
one is with J, and 4n —9 with c; of the 2n — 2 intersections of 1, with its total 
residual, the intersection with the double line / absorbs three, and 2n — 5 are 
with c. In the limit, c has 4n — 9 branches meeting J, of which 2n — 5 touch p 
and 2n—4 lie on the second sheet. These values again agree with. those 
given above if we put w=1. 

If $ contains two simple lines l,, /, besides the double line 1, all skew, 


P=(8n4+1)+2(n4+1)=5n+3, H=(12n— 16) +2(8n —2) =18n — 20. 


The simplest surface containing the system is quartic, and in the limit the 
sheets of (@) touch the pair of quadrics t = qq, limits of two passing through 
i, 1, and J, 1, respectively. 

| Now the general equation of a family touching ¢ is 


ho = tins + (2, ie Ue aN ome 
with n—4 variable triple points. This is a case of total simple contact; the 
fact that t breaks up does not affect the argument of p. 253; and P=5n +1, 
H=18n—24. Thus the surface ¢ 1s too general, and the surface @ which 
arises in the limit is subject to two further conditions, absorbing four further 
intersections, beyond those of simple contact with t. We must look for a pair 
of points to account for the difference. . 

The only special pair are the two points of coniaes of @, q lying on J; 
these are ordinary pinch-points of ¢), through which ec does not pass; we 
shall show that they are tacnodes on @. 

Before the limit, /,, 2, lie on the two different sheets of 6; each of the 
4n —8 branches of c meeting / also meets one or both of 1,, 1,; but ¢ meets 
each 2n —2 times; hence there are just four branches of ¢ meeting both J, 
and J, Each of these passes in the limit through a point of contact of q,, qo; 
hence two pass through each, and therefore eight branches of the total inter- 
section of o, y, namely / counted six times and these two branches of c. 
The point is therefore of a higher nature than a pinch-point, being a tacnode 
of both @ and ¢; there are two distinct sheets in contact. Now it requires 
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one condition to convert a pinch-point into a tacnode; namely, that the 
tangent plane should be a component of the terms of third order; so the con- 
version of two pinch-points into tacnodes exactly accounts for the higher 
postulation. Also, each of the four branches of ¢ through one or other 
tacnode meets x in four points instead of three, which exactly accounts for 
the higher equivalence. 

If there are d intersections of J with J, and J,, and d, of J,, J, with each 
other, d=0, 1 or 2, d,=0 or 1; then before the limit, 


P=(8n+1)+2(n4+1)—-2d—d,, H=(12n-16) +2 (8n—2) —5d — 2d,. 
If this leads in the limit to a case of simple contact of both sheets with @ 
variable triple points, for which 


P=6n-3-£8, H=21n—36 — 38, 
we must have 


2d+d,=8—n+6, 5d+2d,=38 —3n+ 16, 
whence d=B—n+4, dj=n-—B-2, d+d,=2. 
The only cases which can at all easily be interpreted geometrically are 
dat =O. 6 =n 2, 
each sheet of ¢ touches a fixed plane; and 
d=1, Gq@=1, B=n-8, 
one sheet of ¢ touches a fixed plane, and the other a fixed quadric. 

But if ¢@ touches two fixed quadrics, 8 =n — 4, giving d =0, d; = 2, which 
has no obvious geometrical meaning (p. 298). Much work remains to be 
done in this region. For a few developments on higher contact along a 
multiple curve, see 163, 313. 


CHAPTER XIII 


THE PRINCIPAL SYSTEM 


1. Principal elements. 

In this chapter we consider the P-system in S that ~ the F-system in S’; 
for convenience, we repeat some definitions and remarks given before. 

An F-point O’ has been defined as a point common to all the homaloids 
(¢’). It is an exception to the uniqueness of the transformation 7, and its 
homologue in S is not a single point, but a locus, either a curve or a surface, 
called a principal element or P-element; the aggregate of these is the 
P-system and all its points are P-points. Every F-point is also principal 
(p. 162) but a P-point is not in general fundamental; it ~ a definite unique 
point; and to all the oo? or «0? P-points of a P-element in S there corresponds 
the same definite point of S’, which is an F-point. 

A P-surface may either be a single P-element, or else a locus of curves, 
each of which is a P-element. 

There are two important properties common to both kinds of P-element, 
which often give an easy way of discovering the P-system. 

(i) If ¢ contains a general point of the element, it contains the whole 
of it. 

(1) It meets (¢) in F-points only. 

These both hold because it ~ a point, which presents only one condition 
to a plane through it, and does not lie on a general plane. 

The converses also hold. (i) If 0 points present the same condition to ¢, 
this condition makes the corresponding plane pass through a single point, 
which ~ the whole element and is fundamental. (ii) If the element has no 
free intersection with (), its homologue is not incident with a general plane, 
but is again a point. 

Now the number of P-surfaces is finite, being S 4(n—-1), the degree of J 
(p. 161); hence if 7 meets (¢) in F-curves only, it is completely determined 
by its degree and its multiplicities at the F-curves: for example, the P-plane 
of the F-conic in 7. These may not present independent conditions to 7, 
whose existence may constitute a special relation between them. For example, 
the F-curve w, of the bilinear 7,_; may break up and include the three sides 
of a triangle; then their plane meets (¢,) in F-lines only, and is principal. 
It is determined by any two of the three lines, and contains the third as 
a necessary consequence; and the existence of the plane through the three 
lines makes them meet in pairs. 

In the same way, a curve « meeting () in F-points only either lies on a j 
meeting () in F-curves only, and ~ an isolated F-point 0’, or else x wa 
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point O’ of an F-curve w’, and x generates a 7 which ~ o’, and which is 
completely determined by the degree of « and its incidences with F-elements, 
whether fixed or variable on F-curves. For example, in the bilinear 7;_,, 
@, may consist of four skew lines and their two transversals; a line meeting 
any three out of the four does not meet the general ¢, again, and is a P-line. 
Its locus is the quadric containing the three lines, and there are four such 
P-surfaces, which however are not P-elements. 


Now if the P-element is a surface j, of degree » > 0, a general line meets 
j in m» points; hence c’ has mw branches through 0’, which is an isolated 
F-point, as defined on p. 162, whether it lies on any F-curve or not. But if 
the P-element is a curve «, we can put w= 0, for « does not meet a general 
line, and c’ does not pass through O’, which is a general point of an 
F-curve o’, : 

If w’ is of first species, then as O’ describes ’, the curve « moves and 
describes a P-surface jz, of the second kind mentioned above, which ~ the 
whole of w’ considered as a single F-element. The degree d of j is the 
number of variable intersections of ow’, c’; and d>0, since o’ is of first 
species. But if w’ is of second species, it does not meet c’, and d=0; then 
« does not describe a surface, but is fixed, all its points corresponding equally 
to all the points of w’; hence « is also an F-curve of second species. 

Thus there are a finite number of P-elements which are surfaces, or none 
if H’ has no isolated F-points; and « P-elements which are curves, or a 
finite number if H’ has no F-curves of first species, or none if H’ has no 
F-curves at all. It follows that if H’ has any isolated point O’, then H has 
an F-curve, namely the intersection of 7, @; and, except for the linear trans- 
formation, which has no F-system at all, every Cremona transformation has 
at least one F-curve, in one or other space. 

Now 0” is (42’ — 2)-fold on J’, and there is at least one 7’ through 0’. 
This meets ¢’ in a curve through O’ which is not fundamental, if no F-curve 
passes through O’; and j’ ~ an F-curve, not an F-point. Again we see that 
either H or H’ has an F-curve (p. 160). 

Thus if H’ consists of isolated points only, and has no F’-curve, then in S’ 
no P-surface meets ($’) in F-curves, and in S there are no isolated /'-points ; 
H consists of F-curves only. This is the case when n’ has its minimum 


value v/n. 


2. Symmetric groups of F- and P-elements. 


The formulae of p. 225 are extensions to space of the equality of the total 
number of F-points in a plane transformation (p. 22). The incidence relations 
can also be extended, but are unwieldy, as the incidences of F- and P-elements 
are of so many different kinds, except for particularly simple types, such as 
ordinary and punctual transformations (pp. 274, 318). There is however an * 
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immediate extension to space of the geometrical treatment of the partitioning 
of symmetric groups of F-elements by associated P-elements. 

A pair of F-elements O,, O,, either ordinary points or curves, or contact 
conditions, are symmetric if 7’ is unaltered when Qj, O, are exchanged in its 
definition. The symmetry must extend to the elements themselves, and to their 
relations to (@) and to the rest of H. For example, let the F-sextic of the 
bilinear 7_; break up into a line of osculation / and three skew lines |, lz, ls 
all meeting J (158, T1). There are two distinct cases; in the first, the three 
are symmetric, all generators of the fixed quadric ¢, touched by (¢) along J, 
and meeting J in simple points of (¢). Now H’ consists of a conic and four 
lines all meeting in a point, but the four are not symmetric; three le in 
a plane through the tangent line to the conic and the fourth does not. We 
have one symmetric group of three elements in each space. In the second 
case, H’ consists of a conic and two lines of contact, forming a symmetric 
pair; now 4, /,, ; are not symmetric; J; les on the fixed tangent plane ¢, to 
(#) along J, and meets J in a simple point of (#); and 1, J, are a symmetric 
pair, not lying on ¢,, meeting / in d.p.’s of (@). 

Since 0,, O, are different, they ~ P-elements 7,', 7.., which behave 
differently to at least one element O,' of H’, and 0,’ ~a P-element 7, which 
behaves differently to O,, O,. By exchanging these in the definition of j,, 
we obtain a different P-element j,; for the set of conditions are still com- 
patible: if not, the fact would constitute a difference of relation of O,, O, to 
the other F-elements, which would destroy their symmetry. Hence j,, j. 
exist and behave alike to every other element of H except 0,, Op. 

In the same way, if there is a group of just a F-elements O,... Oa, every 
pair of which are symmetric, we deduce a symmetric group in H’ of exactly 
a elements, which may be of quite different nature from the first group. 
If a>2, each element O or O” selects an associated element from the 
associated group. 

The proof breaks down if O,... are F-curves of second species; then each 
~ an /F-curve of second species of H’, and we still have associated groups 
and elements. an 

There is a more complicated kind of symmetry possible, of sets instead of 


single elements. If each set is placed in a column, and the group of columns 
in an array 


Opi oes Oza, 
the group is symmetric if 7’ is unaltered when each of the set in any one 
column is exchanged with the element in the same row in any other column. 
We deduce a symmetric group of a sets in H’; it does not follow that the 
number of elements in each of these sets is also 8. It can be shown (p. 277) 
that. the number of irrational elements, and their genera, are the same in 
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both groups; but we say nothing about the numbers of rational elements. 
The elements in each array are those which enter into the definitions of the 


P-elements which ~ the other array, in such a way as to distinguish them 
from one another. 


3. P-surface corresponding to an isolated F-point. 


Consider an isolated 7’-fold F-point O’ of H’, through which there pass 
u branches of ¢’ and possibly branches of w’. The corresponding P-element 
is a surface 7, of degree uw. For example, j isa plane if ~=1; then 0’ may 
be a simple isolated point, or a point of contact lying on a simple F-curve, or 
a d.p. of (¢’) through which there pass three branches of simple F-curves, 
and so on. 

We can express 7’ in terms of numbers belonging to S as follows. Any 
line through O’ meets a general ¢’ in n’—7’ variable points. Now n’ is 
known from S, being the degree of ¢; we want to express the number of free 
intersections of $’ with any two planes through O’. A plane through O’ 
~ a dy which breaks up into 7,¢n-,, where (¢pn_,) 18 a net. Let v be the 
total degree of its base curves, which can be found when (@) and 7 are known. 
Then (n—w)?—v is the degree of the variable intersection of dp_u~, Wr—n, 
that is, the number of free intersections of ¢, w and a general plane. 


Hence n'—0' =(n— py —», 

v=n' — (n — ue)? +p. 

Now if any F-curve ,, is 1;-fold on j, it is at least (¢— 4)-fold on }y_,. 
Also, if O’ lies on any F-curve w’, the P-curve «, which ~ O’ regarded as 
a point of w’, lies on j¢p_-,; and if it or any part of it does not he on J, it is 
a base curve of (¢,_,); or if it coincides with an , it may increase the 
multiplicity of w in the base. Hence 


yZX(U—-4)m, 
summed for all the F-curves. Since 7 meets ¢ in F-curves only, 
pu= dam; 
also v—n = rL?mM; 
hence 1 2 2am — pe. 
For example, if j is a plane and 0’ an isolated simple point, 
pel, Vv =t 22577m, y=O0or I. 


The fundamental plane section of ¢ by j; is a curve of degree = 2; it cannot 
consist of one line only; it is therefore a conic or a pair of lines, each repeated 
a certain number of times. The conic can occur only if 7 is even. 
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4. P-plane corresponding to a simple F-point. 

First consider the simplest case. Let 0’ be an isolated simple, #’-point 
(0, 0, 0, 1), without contact; then c’ has one branch through O’, and w’ has 
none. The term in w’” is absent from ¢’, but those in w’"(a’, y’, 2’) are 
present, and give the variable tangent plane to ¢’ at 0’. We can choose the 
frame of reference in S so that the terms linear in a’, y’, 2’ in 

dy; dy, ds; pi. 
are aw’ ae yw" nL Zw ny 0. 

Consider a definite line J’ through 0’, say a’: y':2)=&:n:6 Let 
P' (&e, ne, &, 1) > O' along I’; then e— 0 and the homologue P > Q(&, 7m, ¢, 0), 
which is a definite point of the plane w, and is associated with the direction 
of Ul’ at O’. Thus 0’ ~ the whole plane w, which is the corresponding 
P-surface j,, whose points Q are in 1, 1 relation to the star of lines J’ at O’. 
As P’ moves on Il’, so P moves on a curve c; hence every c meets 7, in just 
one free point Q, the other intersections being F’-points. 

Consider a plane p’, ax’ + by’ +cz’ =0, through O’, which is a locus of 
lines Ul’. The homologue is a ¢ which breaks up into 7 and a ¢,_, which 
is a locus of curves c, and whose intersection with j consists of #-curves and 
the line aw + by +cz=w=0. This line is double on the degenerate ¢, and 
every Q is a d.p. on «1 degenerate ¢’s, which ~ the «7 planes through 1’, 

Next, let P’ > O' along any path, and let the tangent at O’ to the path 
be U’; then P — the same point @ as before. In particular, if the curve is c’, 
to touch l’ presents two conditions, and determines an 7? set of the o4 
curves c’; these ~ the ? lines through Q. 

Since the P-plane meets ¢ in F-curves only, (¢) has a fundamental plane 
section. 

Since c’ has one branch through O’, any surface through 0’, say 

Ye = (Cy, 2a’, y', ARIS ma 
loses one free intersection with c’; its homologue f loses one intersection 
with any line, and its degree is lowered by 1. From the result of substitution 


(p1, Go, bs Xdr, fos ps, Pal, 
the P-plane 7, always breaks away; hence j, is a common factor of gi, ho, Ds, 
and is their H.C.F.; it is not a factor of ¢,, since the transformation is not 
degenerate. 


5. P-surface corresponding to an F-point of contact. 

Next, let O' be a simple F-point of contact, not lying on @’, and therefore 
with two branches of c’ through it. Let «’ be the fixed tangent plane; then 
p =w'™ a! +0? u, (a, y', 2) bose 
By a suitable choice of the frame of reference in S, we may take g, of this 


form, and 
pa’ SAU Nala (Ch aiee ) ee en =e eo 
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Then if P’ (&¢, ne, Se, 1) > O' along the general line J’, the coordinates 
of P are to a first approximation 


(Ue, 1 s ; f) €’, Up, 9€*, Us, 3€7, Ee), 
and P — the fixed point A, (0, 0, 0, 1), provided € is finite. 
But if €=0, and /’ lies in a’, all the coordinates of P are small of the 
same order as e. If & is small of the same order as ¢, say £=&e, then 
P’ (E,€, ne, Se, 1) > O' along a conic touching a’, and P — a definite point 


Q (Uo,1 (0, n; c): Un, 25 Us, 3 & ate Us (0, 1; c))s 


which is a general point of a quadric cone je, vertex A,, which is the 
P-surface which ~ O’, and whose points are in 1,1 relation to the set of 
conics determined by the two parameters & : 7 : €. 

Now P has the same limit Q if P’ moves on any path osculating the 
associated conic. In particular, if P’ moves on c’, then P moves on a line 
whose two intersections with j, are associated with the two passages of c’ 
through O’. 

If f’ passes through 0’, it loses two free intersections with c’, the degree 
of f is lowered by 2, the P-quadric j, being dropped; hence j, is the H.c.F. of 
¢,, $2, 6. Since both branches of c’ touch a’, if f’ also touches 2’, it touches 
each branch of c’, two more free intersections are lost, and another quadratic 
factor, g say, 1s dropped. 


2 
Now f awe a +(e, YY, 200, Y,.2, wv) 
and the result of substitution is ; 


jot = bt bs + (bi $a» 0 brs for ber Pai 


Hence g is a common quadratic factor of ¢,, $2, ¢;, and therefore identical 
with 7,; and since it is not a factor of ¢,, it 1s a repeated factor of qy. 

Regarded as a P-surface, j, plays a double part, corresponding both to 
the F-point O’, and also to the contact condition at O’. For an example, 
see p. 292. 

If O’ lies on ow’, then of the two branches through O’ of the total inter- 
section of ¢’, w’, one is w’ and one c’; and J, is a plane. The system o’, 0’ 
is in many ways equivalent to ’ and a distinct simple F-point O’ lying near 
it; as O’ > a point of w’, one of the variable intersections of »’, c’ becomes 
fixed at O’, and the degree of the P-surface jg, which ~ all the general points 
of w’, is reduced by 1, the plane j, breaking off from it. 

For example, let w’ be the line «’ =y’=0. With the above notation, 
each u, lacks the term in 22; the coordinates of Q are linear in », €, &/n. If 
P’ > O' along a path touching o’, then both & and 7 are small, say &= &e, 
n=me. Since u,(0, 0, £)=0, we find that Q is (0, 0, 0, &) and coincides 
with A, unless &, is small. But if &=&6, and P’ (&, me’, Se, 1) > 0’ 
along a path touching w’ and osculating 2’, then uw, approximates to an, Fe’, 
and Q becomes (a6, d2m 6, as7:6, & +m), a definite point of a line x, 
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through A,, lying on j, and also on jg, and is the limit, as Q’ > O', of the 
P-line which ~ a general point Q’ of o’. 

If w’ is of higher multiplicity 7’, a similar analysis shows that as Q’ > 0’, 
the corresponding P-curve «; breaks up into a line x lying on j, and 
a residual «j_,, which in general does not. If a surface /f’ passes through OF 
then j, is dropped, and the proper homologue f contains «;_,. Thus to 0’ 
there corresponds, not a single P-element, but a P-system composed of 7,, Ky. 

If f’ touches a at O’, then j,? is dropped, and f contains «j;_,. If /” 
contains the whole of w’, and therefore also O’, both j, and jg are dropped, and 
Ff need not contain «_,; and if f’, like ¢’, passes through ’ and also touches 
x’ at O', then jqj,? is dropped. This case is exemplified by 7_., when the 
F-point lies on the F-conic. 

If two branches of w’ pass through 0’, and therefore none of c’, it is no 
longer an isolated F-point, and the corresponding P-element is no longer 
a surface but a curve «, being a particular member of the sets of P-curves 
which ~ the two branches of w’. It is either a double curve on a P-surface, 
or a curve of intersection of two distinct P-surfaces, according as the two 
branches of w’ belong to the same or different #-curves. The contact at 0’ is 
a necessary consequence of the passage of (¢”) through w’, and does not present 
any further conditions to either (¢’) or (c’); it has no effect on either 
postulation or equivalence, and is not to be regarded as a separate F-element, 
but rather as entirely incidental to w’. This case is exemplified by 7,_,, when 
the F-conic breaks up. 


6. P-surface corresponding to a multiple F-point. 


If O’ is a double F-point, not lying on @’, then c’ has four branches 
through O’, and the corresponding P-surface is a quartic j,. We have 


ph Wiig Con eZ ey ton ura\ al eee) 


and if P’ > 0’ along /’, then P -> Q, whose coordinates are uw. (&, n, £), 
quadratic functions of the two parameters &: 7 : € and whose locus is therefore 
a rational quartic, its points being in 1, 1 relation to the star of lines at 0’. 
If O’ lies on w’, one of the four branches through 0’ of the total intersection 
of ¢’, y’ belongs to w’, and three to c’; hence 7 is cubic. The four cones 
Ur,a (E, , €) have a common generator, namely the tangent to w’, and the 
degree of the eliminant is reduced by 1. If there are two branches of o’ 
through O’, then 7 is a quadric; in this case, the passage of (¢’) through o’ 
would make 0’ an F-point of contact; one further condition makes it a d.p. 
If there are three branches of w’ through 0’, not all touching the same 
plane, j is a plane. Now the d.p. at OQ’ is a necessary consequence of the 
passage of (p’) through w’; but though O’ does not affect the postulation, it 
is still an isolated F-point, affecting the equivalence, and it still ~ a P-surtace. 
But if all four branches belong to w’, then Q’ ceases to be an isolated F-point, 
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and it ~ a P-curve « which is common to all the sheets of P-surfaces which 
~ the four branches of ’. 

In the same way if O’ is an 7’-fold F-point, not lying on ow’, then 
O’ ~ a rational surface j of ene 2°, whose points are again seaocinted with 
the star of lines at O’. If w’ has a Heanchies through O’, whose directions are 
not such as to make the tangent cone have a fixed part, then the degree of j 
is reduced by a. 

The P-curve which ~ a_general point Q’ of any of the a branches has 
a definite limit as Q’ > 0’; if any component of one of these does not lie 
on j, it must lie on the proper homologue of any surface through O’, and is 
part of the P-system which ~ O’. In the extreme case, w’ has 7 branches 
through O’, whose tangents lie on 2}! proper cones of degree 7’; then 0’ 
ceases to be an isolated #-point and j is replaced by a P-curve which is 7’?-fold 
on the aggregate of P-surfaces which ~ o’. 

Different features arise if the tangent cone has a fixed part. For example, 
let O’ be a binode with a fixed biplane w’ and a variable biplane 1,’ : 

C= We Ue, Ye 2) Hw eu, os 

If P’ (&e, ne, fe, 1) > O’ along Il’, then PQ whose coordinates have the 
form &u, (€, n, €), and whose locus is a plane j,, provided €#0. But if &=&e 
is small, and P’ (£,¢%, ne, e, 1) > O’ along a path touching «’, then P> Q 
whose coordinates are &,u, (0, 7, £) + u; (0, 7, €), and whose locus is a quartic 
surface j,. This answers to the fact that there is one branch of c’ touching 1’, 
and four touching a’. 

If f’ passes through 0’, both P-surfaces are dropped, and J, 7, is a factor of 
dr, $2, 63. Iff’ also touches 2’, then j,72 is dropped, and this is a factor of ¢y. 

Any branch of ’ through the multiple point 0’ reduces the degree of 
the P-surface corresponding to the sheet of the tangent cone to ¢’ touched 
by o’. If all the branches touching this sheet belong to ’ and not to c’, the 
P-surface disappears. If any part « of a P-curve, which ~ 0’ regarded as a 
point of a branch of w’, does not lie on the surviving aggregate of P-surfaces j, 
then « is a separate element of the P-system 27, X« which ~ 0’. An example 
is worked out on p. 342. 


7. P-curve corresponding to a point of an F-curve of first species. 

Let O’ be a general point of an F-curve o’,,, of first species and of multi- 
plicity «’. The corresponding P-element is a curve xg of degree 8 whose 
locus is a P-surface jg which ~ the whole of o’. 

The simplest case is when 0’ (€, 7, 0, 0) is a general point of a simple 
F-line o,', 2’=w'’=0. Then 

¢’ = (2’, w' hx’, ik tg a Ves 
If P’ (E+ &e, 1 + me, Se, Oe) > O' as «> 0, then P > Q, whose coordinates 
are of the form (f, OW&, , 0, 0)", which are rational in the two parameters 
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£/n and ¢/0. If O’ and therefore &/n are fixed, as ¢/@ varies () describes a 
line «,, whose points are in 1, 1 relation to the pencil of planes through o,’, 
and whose locus as &/n varies is a surface jg, of degree d = 2n —2 unless 
some reduction takes place; this being the number of intersections of @,' 
with its residual. If these are all variable, there is no reduction; but if a 
of them are fixed, being either intersections with other curves ’, or fixed 
intersections with c’, at points of contact or of higher multiplicity lying on 
w,’, then d is reduced by a. Since o,’ is of first species, some of its inter- 
sections with c’ are variable, d >0, and 7 is always a surface. 

More generally, let O’ (0, 0, 0, 1) be a general point of an ordinary 2-fold 
curve w’, and let X’, y’=2'=0, be the tangent to ’ at O’. Then 


ba = wt upaly’, 2) + (a', y’, a Wat, Une es Nam's 
Let P’—> 0’ along the line /’, a’: y’: 2’ =&:n:€; then P— the definite 
point Q, whose coordinates are u;,.(7, €). This is fixed if »/¢ is fixed, that is, 
if P’ lies on a fixed plane p’ through 0’, and the locus of Q is a curve « of 
degree 7 as /€ varies, that is, as p’ rotates round n’. 

If P moves on a plane through Q, then P’ moves on a homaloid having 
one sheet touching p’ at O’. 

This fails if O’ is an intersection of two simple F-curves @,’, w,’; here 
every ¢’ touches the plane ¢’ containing the tangent lines Aj’, 2.’ to @,’, we’ ; 
all the functions u,,, are multiples of ¢’, and @ is fixed. Now 0’ ~a P-line x, 
part of the intersection of 7,, 7., and a common particular position of xj, Kp. 
The association of points of «, with planes through A,’ is improper at 0’, 
and also that of points of «, with planes through \.’; every point of « is 
associated with ¢’, and every plane through either 2,’ or ),’ with one special 
point of «. 

In the same way, if w,’, w,' are of set multiplicities 7,’ = 2,’, the tangent 
cone to (¢’) is t’”, ” and is fixed; the P-curves «,, ., both of degree 7,’, coincide 
in x, every point of which is associated with t’. 

But if %' > 2’, the tangent cone consists of t’” and 2,’ — 7,’ variable planes 
through d,’; and «, breaks up into x, all of whose pointssare associated with 
t’, and a residual of degree 2,’ — 7,', whose points are in a proper 1, 1 relation 
to the planes through Aj’. 


ty, 


If ’ is a general curve, since any plane meets it in m’ points, any ¢ 
contains m’ curves such as «. Its remaining intersection with j consists 
of F-curves only; for if @ contains any general point Q of j, it contains the 
whole of the particular « through Q, all of whose points present the same 
condition to ¢. The degree d of j is, as we have seen, the number of variable 
intersections of w’, c’. 

Each « is rational; if w’ is ordinary, the points of « are in 1, 1 relation 
to the pencil of planes through the ee line to w’; but j need not be 
rational. 
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The degree 8 of « is the number of times that O’ must be considered 
incident with any ¢’. This is a loose phrase that requires careful inter- 
pretation. It is only in the simpler cases that it is the same as the multipli- 
city 2’ of O’ on (¢’). é 

The intersection of « with a general plane p consists of 8 points Q, each 
of which ~ 0’. The neighbourhood of « on p consists of 8 quite separate 
patches, with no continuous passage from one to the other, which ~ the same 
number 8 of patches of ¢’, all adjacent to O’, but distinct, with no con- 
tinuous passage from one to the other, belonging to different sheets of ¢’. 
Corresponding to a line / in p through any particular Q, there is a c’ through 
O’ lying on the corresponding patch of ¢’, aud therefore there is a W’ meeting 
f’ in c’, one of whose 7’ sheets touches this sheet of ¢’. In general, / meets 
« in one point @ only, and there is not another pair of sheets of $’, w’ in 
contact at O’. As / rotates round Q in p, this c’ rotates round O’, describing 
this sheet of ¢’; the other sheets of ¢’ correspond not to Q but to the 8-1 
other intersections of p, «. If w’ is an ordinary curve, the 2’ tangent planes 
to ¢’ at O’ are distinct, there are 7’ distinct patches of $’; hence in this 
case B=’. 

If p touches x, two of the patches in S are merged into one; hence at 0’, 
two sheets of ¢’ coalesce, and O’ is a pinch-point of this ¢’. 

But if w’ is a cuspidal F-curve of simplest type, then at the general point 
O’, two tangent planes are coincident for every 6’, and the number of separate 
patches of ¢’ is reduced by 1. Then as / rotates once about @ in p, so c’ 
rotates twice about O’ on @¢’, always touching the double tangent plane, and 
describing the two half-sheets of ¢’, there being a continuous passage from 
one to the other. 

A similar description applies to cycles of more than two sheets; in such 
cases we have 8B <1’. 

For example, in the 7;_;, 

ea ace 0 ee Or ee ny ce ew (ee) we ee); 

a: y!: 2:0 =aow(2+w):yw(e+w): a ee, 
there is a cuspidal F-line o,’, 2’ =w’=0, with 2’ as fixed double tangent 
plane to every ¢’ at every point of w,’. The homologue of a general plane 
through a fixed point 0’ (, 7, 0, 0) of ,’ is 

b = 6, (nu — Ey) w (z+ w) + (2+ ew) 2, 
containing the P-line x, z=n«#— &y=0, along which it touches the plane 
nw — &y, which is fixed when O’ is fixed. Here 
Capea LL, 

The locus of «, as O’ varies is the plane j,, z = 0. 

Since any two ¢’s through «, touch the same plane along it, and it counts 
twice in their intersection, we can regard x, taken twice as the P-conic which 


mw the point 0’ of the double F-line. 
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In general, consider two different sheets of $’ at O’, corresponding to 
Q,, Q., two of the 8 intersections of p, «. In S, any fixed pencil of planes 
meets p in a pencil of lines J through a fixed point P of p; let / rotate 
about P from the position PQ, to PQ; then one of its intersections Q with 9 
describes a continuous are Q,Q, of the curve of intersection of p, j, and in 
each position determines one « through Q. 

In 8’, we have a pencil of homaloids w’, each meeting ¢’ in ac’; in the 
first position, one of the intersections of c’, w’ les at O’, and on the first 
sheet of ¢’. As / rotates, this intersection moves away from 0’ through a 
series of other positions Q’ on w’, and then returns to 0’; the adjacent part 
of c’ moves continuously on ¢’, starting from the first sheet of $’ at O’ and 
returning to the second sheet. It has therefore, at some other point Q’ of @’, 
passed from one sheet to the other, Q’ being a pinch-point or point of higher 
multiplicity of ¢’, and corresponding to a position of PQ which touches, 
properly or improperly, the « through Q. Thus any two sheets of ¢’, on 
which it is possible for a branch of c’ to le, become merged at some other 
point of w’. 

There may be other sheets of ¢’ through w’, but they cannot contain any 
position of c’; in respect to them, w’ behaves as if of second species. They 
contribute nothing to the degree of «, and if there is such a sheet, again 
8<2. This occurs in the example of Chapter xv. The strip along o’ of this 
sheet of $’ corresponds to a part of p not met by any general J, that is, a 
patch and not a strip, lying about an F-point, and whose locus as p varies 
is a strip along an #’-curve also behaving as if of second species in regard to 
the sheet to which this strip belongs. 

To find what circumstance in S does always answer to the multiplicity 2’ 
of w’, consider, as on p. 263, a general line /’ through 0’, meeting ¢’ in 
n' —v' other points. Their homologues are the free intersections of a general 
plane with the variable intersection, of degree n’—1’, of two homaloids of the 
net through «. The homaloidal twisted curve c, that ~ l’ breaks up into 
this and a fixed part, consisting of x, which may be repeated, and possibly 
some F-curves ; and 7’ is its total degree. Hence 2’2 £. 

oa 


8. F-curves of second species. 


If w’, is of second species, the corresponding P-element is also an F-curve 
@m of second species, and every point of each curve corresponds to each point 
of the other. 

The degree of w is the number of intersections with a plane, and is equal 
to the number of times that ’ must be considered incident with ¢’; as 
before, this is not necessarily the multiplicity 2’ of w’ on ¢’. It was thought 
to be so by Cremona and subsequent writers, till the other possibility was 
recently pointed out (272). 

Since now the neighbourhood of any point O of » ~ the whole neigh- 
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bourhood of w’, two sheets of $’ may constitute a single incidence for the 
present DEETOss if there is continuous passage from one to the other at any 
point of w’, without the two sheets DSU at every point. 

There is a simple example with 7’ > m, a common particular case of two 
types of 7_, discussed by Cremona (85), where w is a double line on a cubic 
homaloidal family. 

Consider the 7_; given by the symmetrical bilinear relations 


ge =z2e', ywi'=wy', ze’ = ww’, 


, 


or explicitly, wy ie w= aw: y2*: zw: 2. 
The general homaloid 
= CDW? + CoyZ? + Zw (c3W + C42) 


has the double F-line w,, z=w=0. As e—0, the point P(Eé, 7, &, Oe) 
—> 0(&, n, 0, 0) along the line 


nx — Ey = 0z— Sw=0. 
The homologue of P is P’ (E@, n&?, C@"e, £7), which — O’ (€62, n&2, 0, 0), a 


general point of @,’, z’ = w’ = 0, along the line 

nora’ — EP y’ = Fz’ — Ow’ = 0. 
Hence o, is a P-curve of second species, and each of its points corresponds to 
every point of @,’. 

The symmetry of the bilinear relations shows that the nature of @,’ in S’ 
is Just the same; we have a pair of F’-lines of second species, each of degree 1 
and multiplicity 2, so that 1’= 2m, 7 = 2m’. 

If O is fixed, and P rotates round O in the fixed plane p, nz — &y, then 
E/m is fixed, and ¢/@ takes every value once and only once; P’ describes the 
whole of w,’ twice, passing any point O’ for two equal and opposite values 
of £/0; but the paths of approach of P’ to O’ are different for the two 
passages, lying on the two different sheets of the ¢’ which ~ p. The homo- 
logue of a small closed curve in p surrounding O is a curve close to @,' and 
covering it twice. 


9. Relation between multiplicity of w and degree of w’ (225°I, 272). 


More generally, let be of degree m and multiplicity 7; first let there be 
no contact conditions, so that at a general point O of @, all directions, except 
that of the tangent to », are on the same footing for the transformation, 
Let a plane p meet in m points O. As P ag O by a path in p, so P’—> 
some point O’ of w’ by a path lying on the definite ¢’ which ~ p- If P>O 
in turn from all directions in p, so P’—> each point O’ of ’ in turn, but the 
correspondence between directions round O and points of o need not be 1, 1. 
On account of the uniqueness of the transformation, one direction at O gives 

a unique point 0’, but the correspondence is not necessarily unique the other 
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way. As OP rotates about 0, so O’ runs along w’, and may describe it more 
than once. A certain number, § say, of directions round O may correspond 
to the same O’ counted 8 times, and approached along different paths lying 
on @ different sheets of ¢’. 

On account of the generality assumed, 8 is the same for every pair of 
points O, O’; the 7’ sheets of ¢’ fall into m sets of B each, corresponding to 
the m intersections of p, a. Thus 7’= 8m, and similarly 1 = B’m’, where 8, f’ 
are integers. We can further show 8=8’. For the intersection of p with a 
general ¢ is a plane curve & having 7 branches through each of m points of @ ; 
the homologue k’ is the intersection of ¢’ with a general plane, and has 7’ 
branches through each of m’ points of w’. The mz points of k, adjacent to w 
along mi different paths of approach, correspond to the m’i’ points of k’ 
adjacent to w’. Thus 

m=mi; m= 1/m=B= Pp’. 
Hence we have the theorem: , 

For a pair of homologous F-curves of second species without contact, the 
multiplicity of each is the same integral multiple of the degree of the other. 

Consider a general point O of w, and an adjacent point P of S. Now 
P ~a definite point of P’ of S’ adjacent to o’, that is, to a point O' of a’, 
and determining a line J’ through O’, which ~ a certain c through P, that is, 
meeting at O. Now since is of second species, no general ¢ passes 
through O; so this ¢ is special, and breaks up into counted @ times and 
a residual of degree n’— Bm. For the number of free intersections of ¢ and a 
general plane is the number of intersections other than O’ of /’ and a general 
$’, which is n’— 2’ =n’ — Bm. 

Thus any two homaloids ¢, , which ~ two planes p’, p,’ through I’, 
meet in ac which breaks up in this way, and therefore ¢, ~ have 6 sheets 
in simple contact along , and have higher contact at the one point 0. 

If ¢, ¥ could have simple contact at O and not at all general points of , 
then a proper c,, would pass through O, which cannot be. The condition that 
vv touches ¢ at O ensures that y also touches it all along w, and, as we have 
seen, with 6 sheets. We may think of P as determining a P-curve x, lying 
on ¢, aoc to » and covering it 8 times, once on each sheet of the set; 
¢ contains m’ such P-curves, and if y contains any one point P of ve it 
contains the whole P-curve. 

If p,’ rotates about O’ in any way, y changes but is always in contact 
with 8 sheets of ¢, and, by continuity, with the same set of 8 sheets. But 
the point O of intersection of Cy_gm, @ Moves on @, describing it 8 times 
as l’ rotates once round 0’. 

Thus the points of @ are in 1, @ relation to the lines through 0’ in p’; 
it follows that is rational, and similarly o’. 

If is not a chord of w’, then p’, p,’ have no other point O’ in common, 
and the remaining 7 — 8 sheets of y do not touch ¢, either along or at any 
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of its general points. First let w be a line,z=w=0. Then the tangent 
planes to ¢ are given by a rational expression of the form 


t=(4, whe, yy = U (¢= A,W), 
a=1 


where A is a function of a, y, only which may be irrational; then TI contains 
all the conjugate irrationals, and ¢ falls into a certain number of rational 
factors t=IIt, of degrees 7, say in 2, w. 

If y touches one sheet of ¢ along , the similar expression derived 
from wy has one factor z— Aw in common with ¢ for all values of aly; being 
rational, it has all the conjugate linear factors also, and therefore the whole 
of a factor ¢,, and W necessarily has 7, sheets in contact with gd as a con- 
sequence of having one sheet. But we know that this number is 8. Hence 
each 7,=8, and ¢ falls into m’ factors each rational in w, y and rational of 
degree 8 in z,w. Each function t, represents an algebraic surface on which 
w is 8-fold only, touching one set of 8 sheets of @; and no algebraic surface 
can touch some but not all of the 8 sheets along o. 

If w is of degree m>1, since it is rational, we can find an auxiliary 
transformation 7’, for which » is an ordinary curve, and which converts it 
into a line w,”; for example, a 7’, (p. 310). This 7 converts (#) into another 
homaloidal family (f”) for which @,"" is an F-line of second species, and for 
which we can determine f,” as above. The homologue of ¢,” is a surface f 
having @ sheets only through w and touching one set of sheets of ¢, but 
it is not possible for any algebraic surface to touch fewer sheets. We have 
the result : 

If w,» is an 2-fold F-curve of second species, the 7 sheets of ¢ fall into m’ 
sets of 8, such that if an algebraic surface touches one sheet of ¢ along a, 
it must touch all the other sheets of the same set, but need not touch any 
other sheet of ¢, or have any other sheet through a. 

This is not true if there is any contact condition for (f) along w. The 
whole argument, including the relation 7’=@m, breaks down, for there are 
certain directions round O in p which are on a different footing from the 
rest, and may correspond to a different number of sheets of ¢’. 

Thus it is only in one class of cases that the degree of @ is equal to the 
multiplicity of w’: when each sheet of ¢ touches a separate surface having 
one sheet through . 


10. Example: cubic F-curve in a type of involution. 

Examples of all this are given by the involutory transformations, op Se 
being superposed, in which the rays joining conjugate points are chords of 
a cubic 3, the involution on each chord being determined by two pairs, one 
being the intersections with @, and the other given in any definite way. 
Then any two points O, O' of » correspond to each other, in the involution 
upon the chord 00’; hence is an F-curve of second species; we can show 


7 18 
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that it is always at least triple, three sheets of any homaloid touching three 
separate quadrics. In this case 


(= == = 3). =k 


Let OO’ be any chord.of » and p the plane through it and the tangent 
line to w at O. If P > O by a path touching p, the chord of » through 
P+ 00’, and P’ > O’. Hence if ¢ touches p at O, it ~ a plane through 
0’, and conversely any plane p’ through O’ ~a ¢ which touches p at 0. 
If O’ is fixed and O describes w, then OO’ describes the quadric cone g which 
projects w from 0’. Since ¢@ touches OO’ for all positions of O, it has one 
sheet touching g along w. Now p’ meets ® in three points 0,’, O,', O;'; 
hence ¢ has three separate sheets through w, touching three cones such as q, 
whose vertices vary with p’. 

With the usual parametric representation of @, (p. 218), the expression 
for p’ 1s 

CH" + Coy" + 6,2" + CW", 
where Cy Cy 2 Ch 2 Cy = T1T.Ts 1 — DMT 2 2 — 1. 


At a general point of w, the tangent plane to each q, is a linear function 
of the parameter 7, of its vertex, and ¢@ is symmetric in 7), 72,7; or linear in 
Cy, Co, C3, Cx, Which enter effectively : (6) can have no other parameter, and any 
other sheet of ¢ through w» must touch a fixed surface. If there is such a 
sheet, there may be branches of c on it meeting , and with respect to it, 
w may be of first species. An example is afforded by the J,_, described on 
p. 325. 


11. An important property. 


The #-curves w of second species have another important property: the 
passage of (¢) through them is a necessary consequence of its passage through 
the isolated F-points and F-curves of first species. For the transformation is 
determined if, instead of (¢), we are given the o+* set of curves (c) which 
~ the lines of 8’; then a homaloid can be defined as the locus of ac which 
passes through a given point and meets a given c. Since (c) does not meet w 
except at isolated #’-points, it is completely determined by the other F-elements 
without reference to w, and () is determined also. Thus » does not 
present any additional condition to the family already containing the other 
F-elements (192). 


12. Incidence relations (167°2). 


The incidences of the F- and P-elements of all the different kinds involve 
a host of incidence numbers and of complicated relations between them. 

Tt will be shown later (p. 382) that, by composition with auxiliary trans- 
formations of certain simple types, any Cremona transformation can be reduced 
to ordinary type, for which each #-system has no isolated F-points or 
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contact conditions, and consists of ordinary curves only, free from multiple 
points and multiple intersections, 

For an ordinary transformation, the only incidences of F-elements are 
simple intersections of two ordinary curves; the incidence relations become 
manageable, and the formulae for any more general case can be deduced by 
tracing back the composition with auxiliary transformations. 


We therefore assume H to consist of a set Z@,'* of o ordinary curves of 


first or second species, and H’ of o’ curves So’,”, where w, is of multiplicity 
%, degree ma, genus pz, with d, intersections, all variable on w,, with 
a general homaloidal curve c, and D4g intersections with wa. If it is of first 
species, w, ~ a P-surface j,’, of degree d,, with 7g sheets through o’,; 
and a point of w ~ a P-curve x,’ of degree i,. If it is of second species, 
@, ~ an F-curve ’,’ of second species, and we make the convention that this 
is regarded as a P-surface of degree 0, with —1 sheets through itself, and 
none through any other P-curve; that is, in this case we define 7’v.=— 1, 
va =. This device is found to make the formulae extend to F-curves of 
either species. 

Between these numbers there hold many relations, including the simplified 
forms of the equations of p. 225. The following are the simplest. Here 7 is 
the lower of 2%, %, and 27, the lower of 7’, tsa; also Don= Dag if tg >t, 
and, =Ouit 03S 24 

To prove these, we combine various methods. Some directly express 
certain known geometrical relations; thus we obtain 

(3) from the degree of J’; 

(4) from the multiplicity of w’, on J’; 


(ier O es Bh) . (8) from the numbers of intersections of 
Di Cw id Ka Os. Kp jan vespectively 
(12); (13) from the degree of the intersection of 
On Pedals IB! respectively. 


Others arise from equating the numbers of free intersections, before 
and after transformation, of three surfaces incident or coincident in certain 
ways with the F- and P-elements; another set follows from applying the 
formulae already proved to the transformation compounded of two ordinary 
transformations with a common #-curve (cf. p. 20). Yet others are deduced 
by summation. In particular (1) is proved by summing (9) with regard to a’; 
it expresses that the total number of F-curves is the same in each space. 

It follows that the total number of F-elements is the same in each space 
for a transformation 7’ of any type, provided that any one F-point or F’-curve, 
that is not of a kind admitted in an ordinary transformation, is reckoned as 
involving as many different elements as there are ditferent #-curves arising 
from it, when 7’ is reduced to ordinary type by a standard method. 


CREMONA SPACE TRANSFORMATIONS CH. 
/ 
o =o", 
> Pa = Sp’. 
Sd7 = dn’ — 4, 
an ee = 4q’,—1. 
Dte =nn —1. 


2 da taa! i nid’ a. 
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Ste dats =n’ y. 
a 
ae . net 
> ae ie eae oe (a! = 6’). 
a 
Stee HOt 
a 
DteM — 40 = De emg — 4n’. 
a a’ 
Dia? Mae =n—n’'. 
a 
De %aa! Me =Nd e—tqm' a. 
a 
Pare Vap! Ne = dl’ dg = ay D' vp 5 (a’ oe Co. 
a 
>t, Dap = St" va (Vata +1) ma + MaMa — da (da + 4). 
B a’ 
dig Dap = St aa Ma + nme — 2a (Pa- 1) — 4a. 
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‘ e f2 * . 
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8 a! 
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B a! 

Dtpa Dag — da: Ma + Waw (Pa — 1) 
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car 2t'pa Dap — d,M'g + 20’ ata GP rare 1). 
B’ A 
ate U Ba! Dap =* : (tp = ta) (tear _ Naw) Dar 


= (Ntaa’ + tag’) Ma — ta Vat (4Ma + 2p, — 2)— taal a. 
* ta ipp’ Dag cs x (2 pa’ — Yaa’) (tgp = tap’) Ds 
= (d'qtap +’ grtaa’) Ma — Va! tap! (47% + 2. — 2) — 07a D' ap’, 
| Rahs, (ol + 8) 
= pa Dag = > (Ua ca Lad Da, 
B 


= 2d’ ata! Ma — aa! (47M + 2pa— 2) | 
+ dq Mg — Vara (4a + 2's — 2) — ES ("pa — Uva) D' ag. 
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13. Tummarello’s theorem (167°2, 400). 


Equation (2) expresses that the sum of the genera of all the F-curves is 
the same in each space. We have a more precise theorem: the irrational 
curves of H, H’ are associated in pairs of the same genus. This is proved on 
the following lines. 

An intersection Og of two F-curves o., ws, of equal multiplicities 7. = 7p, 
is an %4-fold point of total contact of (¢). Its nature is a necessary con- 
sequence of the ordinary multiplicities of @., wg, and it does not present any 
contact condition to (p). There is a net of (fb) having Ogg as an (7, + 1)-fold 
point; this ~ the net of planes through a point which can be shown to be of 
the same nature as O,g, and symmetrically related to it. 

If an F-curve w,, with p,>0, acquires a d.p. O, without breaking up, 
T' ceasing to be ordinary to this extent, we can show in the same way that 
O, is associated with a point O’y of H’ of the same nature. One F-curve o'a, 
has also acquired a d.p. without breaking up, and its genus was p’.>0. Now 
@, can acquire p, d.p.’s without breaking up; since the equation c=o’ 
continues to hold, and « remains unaltered, so does o’; hence w’, does not 
break up on acquiring p, d.p.’s, and p’y 2 pa. Similarly, p. 2 p's, that is, 


Pa = pa 
Hence the irrational F-curves of H, H’ are associated in pairs of the same 
genus, such that if one of a pair acquires a d.p., so does the other. 
If 7 is not ordinary, a corresponding theorem holds, provided the F-genera, 
explicit and implicit, are properly defined (p. 383). 


14. General analytical investigation (12, 209). 

With Cartesian coordinates, let-O’ (0, 0, 0) be an 2’-fold F-point, and for 
the present let us make no assumption as to the type of F-element to which 
it belongs. Then 

hb Huy (2, Y’, 2) + Ua + ee F Un, 
and for the four base homaloids, at least one of the wy does not vanish 
identically. 

Let P’ (£e, ne, Se) be any point which > O’ along a path k’ as e > 0. 
The homologue P has coordinates, from which we can cancel e”, but no higher 
power of e, 

Deets Ne, Oe > Ds 2 Day 
where ha = Uy,a (E, 7, §) + ert (& 7 $) + -- 
As ¢« > 0,80 P > a definite point Q whose coordinates are 

a:y:2:l=uyi(& 0, ©): Ua,2t West Wee 

These functions w; do not all vanish identically ; they are explicit rational 
functions of degree ¢’ of the three homogeneous parameters ene 


(i) If the two parameters &: 7: ¢ enter independently, that is, if the 
Jacobians of the w,, do not all vanish identically, and if no reduction takes 
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place, the locus of Q is a rational P-surface j of degree 1. The degree of j 1s 
reduced by y, if the functions w,a(&, 7, €), interpreted as a family of plane 
curves, have common base points of equivalence y. The set of values, say 
&:»:¢=1:b:6, at one of these points, gives an exceptional direction at Ge 
and a fixed generator of the tangent cones wu’, to (¢’), due either to a branch 
of an F-curve w’ through 0’, or to an implicit isolated #-point in the first 
neighbourhood of 0’. 

To explore this further, we must assume that » — b&, ¢—c& are small of 
first order, equal to m,¢, Ge say, so replacing , ¢ by the other parameters 
m, 6. Then each wy, has ¢ as a factor; in the expansions for #, y, z, w we 
can cancel ¢’+, and we must retain the next term of each series. This is 
equivalent to assuming that k’ touches the fixed generator. This process may 
give another surface locus for Q, indicating an adjacent isolated #’-point; or 
it may fail to give a surface, and lead to a P-curve, as explained below, 
see (ii), indicating a branch of ’; and in either case it may also point to 
exceptional values of &: 9, : &, which must be explored in the same way by 
assuming that certain of their combinations are small, and retaining higher 
terms of the expansions. This is equivalent to fixing the osculating plane 
and curvature of k’ at O’, and examines the nature of certain points in the 
second neighbourhood of 0”. | 

There is also a reduction in the degree of 7 if the u;,. have a common 
factor fg of degree 8 <1’; then if ff 1s finite, the locus of Q is a P-surface of 
degree = (v’ — 8). There is a whole sheet of exceptional directions at O’, and 
wu; has a fixed component, 0’ being a point of partial contact. 

If B= 1’, then if fp is finite, & », € disappear entirely from #:y:z2: uw, 
Q is a definite point O, and there is no P-surface 7. Then the whole of uw; is 
fixed and 0’ is a point of total contact. 

We must now consider the assumption fg = @e, arising when k’ touches 
the fixed tangent sheet. We can then obtain w: y : z: was finite functions, 
free from e, of the four parameters & , € @, connected by the relation 
Te (& 1, €)=0. The locus may be a surface, curve or point ; we can no longer 
assert that it is rational, or assign a limit to its degree depending only on ¢. 

(ii) It may happen that, after any common factor of the Uy, has been 
removed, the two parameters do not enter independently, but through a single 
rational combination 6 = fg,/7/~.2.. Then the Jacobians of the Uy,q Vanish 
identically, and u,;,. reduces to a rational function of @ of degree y say, where 
By 7; the locus of Q is a rational curve of degree y= 2’. The exceptional 
directions at O’ are now given by fg,1 =f, = 0, and are fixed y-fold generators 
of the w;,,. These must be explored by assuming that Fa1, 42,2 are both small, 
so introducing two new parameters instead of 6; but at the final stage, when 
e= 0, we have &, , € connected by the two relations 


Tp & Up f) = fa.(&, 7; g) = 0, 


and again the locus may be of any kind, degree and genus. 
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(i) The parameters may disappear entirely if the w;,, are all multiples 
of the same function of &, 7, & This case arises in (i) if 8 =2’, and in (11) if 
8=0. Then O’ is an F-point of total contact and Q is a fixed point, and has 
no locus unless we make special assumptions. It dan be shown that, since the 
four functions ¢, are linearly independent, at some stage we find a set of 
assumptions for &, 7, 6, and a form of k’, that give a surface or curve as the 
P-element which ~ 0’, 

By this process, we can explore the F-points existing in the successive 
neighbourhoods of O’. If O’ is isolated, and if it has implicit isolated F-points 
adjacent to it, the corresponding P-surfaces emerge at the different stages, 
and their number is finite. If there are branches of F-curves w’ through 0’, 
then P-curves emerge, and in this case, however far we go in exploring paths 
k’ touching @’, there is always a further exceptional assumption, of higher 
contact of k’, w’. A proof that a complete exploration is possible depends on 
the theory of resolution of singularities of a surface, treated in Chapter XVI. 


15. The Jacobian (115, 310). 


On p. 161, we stated without proof the theorem: the P-surfaces are the 
sheets of the Jacobian J of the family (¢). This usually gives the quickest 
way of obtaining the P-surfaces in one space, without having recourse to the 
other space. 

The Jacobian is defined as the locus of variable d.p.’s of members of the 
family, which is the same thing as the locus of points where two linearly 
independent ¢’s touch one another. A d.p. at a given arbitrary point of 
space imposes four conditions, and is not possible on the «* family (¢). 
Exactly as in the plane (p. 15), we can prove that the condition, that the 
homogeneous coordinates of @ must satisfy in order that Q may be a possible 
position for a d.p. of some 4, is 


_| 0d: Of, O6, Og, | _ 
J = 0x’ oy ’ oz? = 0, 


ow 
Od, 06, dbp O06, 
Oe dy 7028") Ou 
Of; 06; Ob; Of: 
Cie OUe OF Ow 
Ob, Of: Ob. Os 
ow =8dy’ dz’ ow 


where ¢y, ... ¢, are any four linearly independent members of the family. 
This is therefore the equation of the Jacobian. ale 
Its degree is 4(n—1). We have shown that an isolated i-fold #’-point is 
(4¢ — 2)-fold on J and that an 7-fold F-curve is (4a — 1)-fold on J (p. 161). 
There may be certain points of S that are d.p.’s on two linearly mdependent 
¢’s, and therefore on the «' ¢’s of the pencil which they determine; these 


280 CREMONA SPACE TRANSFORMATIONS [ cH. 


are double on J. For if each of ¢,, ¢, has a d.p. at P(0, 0, 9, 1) every term 
in the first row of the determinant is of degree 21 in a, y, 2, and J is of 
degree 2 2. 

Conversely, a d.p. of J is either an F-point, or is double on two linearly 
independent ¢’s, or is a binode on one. Let Q (0, 0,0, 1) be double on 
$,=w"~u.t+.... There are two other linearly independent ¢’s through Q. 
If these touch at Q, a linear combination of them, independent of ¢,, has 
ad.p. at Q. If not, take their different tangent planes as y, 2: 


Co =U a, EDa = Weer tee 


If ¢,=aw" + wu, +... and a=0, then Q is‘an F-point; if not, take a = 1. 
The only terms of J linear in 2, y, 2 arise from 


Viens se oe) toe rien: ue 5 0 = nin oe : 
| 0 5 Ui 0 5 0 
0 i Ono Tyee 0 
wr eo 5 wn S oe Ou, 5 nw 
a 
. Ou. ok ey 
If Q is double on J, then wes 0, wu, =(y, 2), and @ is a binode on @¢,, whose 
Ox Y 


edge, y = z = 0 lies on the tangent plane to every ¢@ through Q. 

We shall first show that every P-point @ les on J. Each of the «0? ¢’s 
through Q contains the whole P-element to which Q belongs, either containing 
a P-curve « or breaking up into a P-surface 7 and a second component. 
In the former case, the tangent planes at Q all contain / the tangent line to «, 
and are 001 instead of oo”; hence two linearly independent ¢’s have the same 
tangent plane, and one has ad.p. at Q, namely that one @ which can be made 
to contain Q and two points adjacent to @ in directions not coplanar with J. 
This ¢ ~ the plane associated with Q in the 1,1 relation of p. 268. Hence Q 
lies on J, and so does its locus x. 

In the latter case, one more condition makes the second component also 
pass through Q, which is double on the «1 ¢’s which can be made to contain 
Q and one point adjacent to Q in a direction not lying on the tangent plane 
to 7; and Q is double on J, and so is its locus 7; the whole sheet is reckoned 
twice in J, 

Conversely, we shal] next show that every point of J is principal. All the 
points of S are either ordinary points for the transformation, or P-points, the 
latter including all #-points. If ¢ contains an ordinary point P, the tangent 
plane is free to take up any position through P, for all points adjacent to P 
are ordinary, and ¢ can be made to contain any two of them without becoming 
singular. If the tangent plane is found to be restricted, the point is not 
ordinary but principal. 
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Now if ¢, is the homaloid which has a d.p. at any point Q of J, and dy, , 
are two other linearly independent ¢’s through Q, we have 


o= Ch, = Coo + C33 + CrP; 


where o, = Wn + o20, 
d, = WE Uo ba sig 
d; = RUA jeg iaeks 


ale Pin ea Gt ses 


If @ passes through Q, the condition is c,=0; then the tangent plane is 
2U;,2 + C3t,3, Which contains the fixed line J, #,. = 2%4,,; = 0, and is not entirely 
unrestricted. Hence the point Q is not ordinary, but principal. 

Any ¢ through Q also contains the point Q, adjacent to Q on 1; and Q, Q, 
present the same condition c,=0 to ¢, and ~ the same point A,’ in 8’; thus 
A,’ is a point whose homologue is not unique, and is an F-point of 8’; and 
Q and Q, are P-points of S. 

Thus every point of J is principal, and J consists entirely of P-surfaces 
taken a proper number of times. 


16. Multiplicity of the sheets of J. 


If there are no contact conditions, we can verify that this accounts for the 
total degree of J. The 4 family (c’) is selected, from the « *” family of all 
rational curves in S’ of degree n, by 4n — 4 conditions arising from incidences 
with H’. An F-point through which there pass « branches of c’ presents 
2m conditions to (c’), and ~ a P-surface of degree w reckoned twice in J. An 
F-curve meeting c’ in d variable points presents d conditions to (c’) and 
~ a P-surface of degree d reckoned once in J. 

Hence the total degree of the P-surfaces in J = 22+ Xd 

= the number of conditions for (c’) = =4n—4 
= the total degree of J. 


When there are conditions of contact, particularly of partial contact, 
things are more complicated. For example, if the tangent cone at O’ breaks 
up into a variable sheet of degree 2’ and a fixed sheet, with simple contact, 
of degree 1’ —7’’, then c’ has 7’? branches touching the variable sheet, 
each meeting y’ in 7 points and subject to two conditions; and c’ has 
(v’ — i") (4 +7" +1) branches touching the fixed sheet, each meeting x’ in 
2’ +1 points and subject to three conditions (p. 240). The total number of 
conditions, for all the branches through O’ of any one c’, is not an integral 
multiple of the total number of branches, as it must be in the simpler cases, 
and O’ ~ two quite different P-surfaces. 


It is a matter of taste and convenience whether, in any context, we regard 
Q’ as one complex F-element with a degenerate P-surface, or as two adjacent 
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distinct F-elements, each with its own proper P-surface. The latter is on the 
whole the more satisfactory view, especially in regard to certain theorems on 
the total number of F-elements (p. 275). 


In general, let O’ be an 7’-fold F-element, either a point or a curve of first 
species, and Q a general ‘point of j, one of the set 2yo of P-surfaces 
which ~ 0’. The 0? lines J through Q ~ an ©? set of branches of curves ¢’ 
incident with O’, each meeting y’ in a certain number o of points at O’ and 
subject to a certain number, 7+2 say, of conditions, of which two are 
determined by the position of Q on J, and the remaining 7 are characteristic 
of the whole sheet 7; and may be replaced by a partly or wholly different set 
of conditions if Q lies on another P-surface of jo. 


Thus the branches of any one c’ incident with O’ fall into sets; let w be 
the number in the set satisfying the conditions characteristic of 7. This is 
equal to the number of intersections of J, 7 and therefore the degree of 7 
1S po. 

If two ¢’s pass through Q, they both contain the whole P-element on 
which Q lies, and their variable intersection c breaks up. The residual is the 
proper homologue of a line /’ incident with O’, and its degree is the number 
of the other intersections of J’ with a general ¢’, which < n’ —v’. 

If any surface f” satisfies such conditions at O’ that it has a intersections 
with each of the w branches of c’, then every Q is a-fold on the homologue, 
which breaks up, having j* as a component. In particular, if 7° breaks away 
whenever /” contains O’ simply, then /” has p intersections with each branch, 
which is superlinear if p > 1, having a p-fold point. If 0’ is the point (0,0, 0, 1), 
then 7? is a common factor of ¢,, $2, d3; 1f O’ is the line z’ = w’ = 0, then 7° 
is a common factor of $3, dy. 

If /’ is a general ¢’, then a=a, and the complete factor that breaks away 
is G; hence the multiplicity of j in G is a. 

It is also true, but longer to prove, that the multiplicity of 7 on J is 7; 
it is best treated by eliminating the contact conditions by means of auxiliary 
transformations (p. 382), and so reducing this case to the simpler one already 
discussed. Py 

If O’ isa simple F-point of contact, ~=2,¢=7=3. With the notation 
of p. 264, 1f a definite point Q of j is given, then the parameters &,, 7, € are 
uniquely determined, and the curves c’ which ~ lines / through Q are subject 
at O" to the conditions of touching the fixed plane p’ = ty’ — 2’, and 
osculating the fixed quadric q’ = nfa'w' — &y'z'. Consider the quadric 
family 

P= A9y' + Aege’ + Ads + AsQs y 
where qa =p'pr 
and jp,’ is a general plane, and q,’, q,’ general quadrics. Then gq; osculates 
and q,' touches every c’ which ~ a line through Q; but q'; Je touch different 
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planes at O’, no q’ has a d.p. at O’, which does not lie on the Jacobian 
of (q’): 
Je Se qh q ) 
a (a, y', 2, w') ” 
Now (q’) ~ a family (fin), with j a factor of fr fo but not of f,, fi; also f, 
has three intersections at Q with every J, that is, has a triple De at Q, and 
similarly f, has a d.p. 


In J; hf Jo» Fas Sa) Fe) 

O(a, y, 2, Ww) ~ 

row and simple on each element in the second; thus Q is triple on J;. 
But I, Y, Z, w) = Y (di, Po; ds, $s), 


_o (hr, do, ds, co) 
Jp= 0 (a, Y, 2, W [Yo], 


, the point Q is double on each element in the first 


where in the second factor we put ¢,... for a’ .... Now this factor does not 
vanish for #’ = y’ =z’ =0, and does not contain Q; hence Q is triple on the 
first factor, which is J. This holds for every point Q of j; it follows that 7 is 
a triple sheet of J. 

Again, if O’ is a binode of partial contact, then for the fixed biplane, 
w=4, o=7=3, and for the variable biplane, w=1, c=r=2 (p. 240). 
We can apply a similar argument to each set of branches in turn, and show 
that each of G, J has the factors 7,77,2. For the set of four branches we can 
use a family of quadrics as above, and for the single branch we can use 
instead the family of planes. 

A similar argument applies whenever the + + 2 conditions, satisfied by c’ 
at O’ when / passes through Q, can be interpreted as those of 7,-point and 
T-point contact with two surfaces, each passing once through O’, and not 
touching each other there, with 7, + 72=7+ 2. 

Another example is worked out in detail on pp. 348, 351. 


17. General curves on P-surfaces. 


If a general curve k’ moves so as to pass through an F-point O’, the 
degree of the homologue & is lowered; this means that & breaks up. If 0’ is 
a point of an F-curve, and ~ a P-curve «, this is the part that breaks away ; 
if O’ is isolated, and ~ a P-surface j, the part that breaks away is not fixed, 
but depends on the way in which k’ approaches 0’. 

For example, let k’ be a line, p’, p’” two planes through it, and first let 
neither pass through 0’. The homologue ¢ is the free intersection of $, . 
Now let p’ be the plane k’O’; then ¢ breaks up into j,¢,_,, and c does not 
break up, being the free intersection of ~, ¢n_,. The intersection of y, 7 18 
a set of eas since 7 is a P-element and y is a general homaloid (p. 260). 
Next, make p” pass through 0’; then k’ also passes through O’, approaching 

it in p’. Now w breaks up also: into jWp_,., and k breaks up, the proper 
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homologue lying on dn», Wn», and a part breaking away which lies on 
j, Onn» This does not consist of F-curves only, but contains a curve on J 
which ~ the points of p’ adjacent to 0’, and therefore depends on p’, that is, 
the plane of approach of k’ to O", 

If k’ is a general curve, ‘as it approaches O’ the part near O’ ultimately 
determines a plane p’ through O’, and from & there breaks away the curve on 
j which ~ the neighbourhood of 0’ on p’. 

If O' (0, 0, 0, 1) ~ jy, then dx, de, $3, which ~ planes through O’, have 9 
as a factor, and ¢, has not. If there is no contact at O’, the factor is 
simple, and . 

be =fubrme (@=1, 2, 8) 

Let f’ have O’ as an 7-fold point, the tangent cone being u;(2’, y’, 2’); 
after substituting and dropping 7’, we have f a sum of multiples of 7 and 
Ui (bn—w,1, Pr—w,2 Pn—u,s), and the form of uw determines k the curve of inter- 
section, residual to F-curves, of f, 7, which selects from the o? points of 7, 
all of which ~ 0’, the «1 which ~ O” regarded as a point of /”, and 
approached by paths which lie on /f’ and therefore touch u’; that is, k ~ the 
neighbourhood of O’ on w’. : 

Conversely if k is a given curve on J, it ~ the neighbourhood of O’ lying 
on a certain cone. For example, let f be the cone projecting k from a general 
point of S; then f~ an /’ through O’, whose tangent cone has one sheet u’ 
associated with k, and possibly another sheet associated with a residual inter- 
section of f, 7. Then any surface through k ~ a surface touching wu’ at O’. 

Thus a family (/”), having O’ as a base point of simple contact, is trans- 
formed into a family (f) with k as an ordinary base curve without contact. 
This is the simplest case of the theorem on dissipation of contact by auxiliary 
transformation, proved in Chapter XVI. 


18. Determination of the reverse transformation. 


We can now determine the second homaloidal family from considerations 
in the first space alone. We are given either (¢) or H; each determines 
the other. = 

The first step is to find the P-system. All the P-surfaces 7 are given if 
we form J. If the intersection of 7 with a general ¢ consists of F-curves only, 
then 7 is a P-element; if not, it consists of a certain number of elementary 
P-curves. These elements, together with the F-curves of second species, 
constitute the P-system. 

We can usually discover most if not all of its elements without calculating 
J, from the property of meeting (¢) in F-curves only. Also, if any ¢ is 
degenerate, only one of its components can be the proper homologue of the 
corresponding plane, and all the rest are P-surfaces. A common sheet of two 
degenerate ¢’s is always a P-surface, for it cannot be the proper homologue 
of two different planes. 
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Thus we can find all the P-clements; they are of three kinds: 

(i) P-surfaces, meeting (f) in F-curves only ; 

(ii) P-curves, meeting ($) in F-points only; their loci are surfaces 
meeting (f) in F-curves and P-curves; ) 

(ui) F’-curves of second species. 
From these we have to deduce the nature of H’. 


(i) A P-element which is a surface j, indicates an isolated F-point 0’, 
through which there pass a set of » branches of c’. The multiplicity 7’ of 0’ 
is the reduction in degree of the effective part of c when the two homaloids 
¢, W pass through any point @ of j, and therefore break up, having some 
power of 7 as a factor. 

Let ¢:, ¢2, 6; be the three linearly independent homaloids having the 
highest powers, say px, ps, ps, of j as factors, where p, Z p, Z p;. Thena general 
¢ through @ has 7% as a factor and O’ is p,-fold on each of the « branches 
of c¢’. 

If p, = p2 = ps, then all directions round O’ are alike for the set, and there 
is no contact. 

If p; > po = ps, there is a fixed tangent plane p,’ which ~ ¢,, and all the 
» branches of c’ have contact with p,’ of order p,; — ps. 

If p: = p2> ps, there is a fixed generator p,’ =p,’ =0 of the tangent cone 
to ¢’ at O’, and contact of order p,—; with this, but all planes through this 
line are alike for the set. : 

If p, > p.>p;, the w branches have a fixed tangent line and osculating 
plane. 

Conditions of higher contact at O’ can be detected by considering 
quadratic and higher functions of ¢,, ¢2, ¢; that contain additional factors 7 ; 
but the method is not often profitable. 

The multiplicity 7 of 7 in J gives the number of conditions at O’ for each 
branch of c’; two of these are of incidence at O’, the t—2 others are con- 
ditions of contact with fixed surfaces or curves through O’, 

If ¢, ~ always have another common sheet, this indicates that (¢’) has 
another set of sheets through O’, containing a set of curves ce’ subject to other 
conditions; then O’ is a point of partial contact. If ¢, y have in common 
a P-curve not lying on a common sheet, this is a sufficient but not necessary 
condition for an F-curve through 0’, see (11). 

Gi) A P-surface jg, which is r-fold on J, and is not a P-element but 
a locus of P-curves x,, of which m lie on every @, indicates a P-curve w’ of 
first species of degree m, through which ¢’ has a set of v separate sheets, and 
which meets d branches of c’ at variable points, each branch subject to 
+ conditions, of which one is of incidence with o’, and + —1 are of contact 
with a fixed surface through o’. 

When ¢, contain a point Q of j, they contain a whole x, and c breaks 
up and contains «, taken 7’/v times; the reduction in degree of the effective 
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part of c is the multiplicity 2’ of w’ on ¢’, and 7’/y is the multiplicity of 
each separate sheet. 

(iii) An F-curve w of second species, of degree m and multiplicity 2, 
indicates an F’-curve w’ of second species, of degree 7/8 and multiplicity m8, 
where £ is the number of times that » breaks away from c, when w is made 
to contain a point of ¢ adjacent to a general point of o. 

If a P-curve has a point in common with a different P-element, there 
must be a component in common, which however need not be the whole 
curve. If the common part is not an F’-curve, then the two F-elements in H’ 
are incident. 

By these and similar considerations, H’ can be completely determined, 
and therefore ($’), and the reverse transformation in all its details. 


CHAPTER XIV 


SPECIAL SPACE TRANSFORMATIONS 
I. TRANSFORMATIONS OF LOW DEGREE 
1. T._,, F- and P-systems (61, 66, 6519207 2413): 


The transformation next lowest in degrees, after 7,_,, is T,_,, whose first 
homaloidal web consists of quadrics, and the second of cubics. There is only 
one such type, and the nature of each F-system is completely determined by 
the degrees of the transformation. 

The F-curves in S are of total degree 22—3=1; the quadrics have there- 
fore one F-line, and the rest of H consists of points. Now for a line on a 
quadric web, P=3, H=4(p. 213); since a general quadric has 9 parameters 
and three such meet in 8 points, the set of isolated points has 


P=9-3-3=3, H=8—-—4-1=38. 


This is given by three simple points, and by no other system; therefore H 
consists of a line J and three points 0,, 02, 03. 

The variable intersection of two of the quadric homaloids ¢, w, is a 
twisted cubic ¢, through O,, O,, O;, meeting J twice; it meets a third homa- 
loid y¥ in these five F-points and one free point, and c, ~ a general line. 
Thus O,, O,, O; ~ P-surfaces meeting a line once, and therefore planes, and 
i ~ a P-surface meeting a line twice, and therefore a quadric. These are the 
only sheets of the second Jacobian J’; for since the three planes ~ isolated 
F-points, they are reckoned twice in J’ (p. 281) whose degree 4(3 —1)=8 
is thus accounted for. 

To determine H’, we find its homologue, the first P-system, that is, the 
set of surfaces and curves meeting (¢,) in F-points only. Now the line and 
three points of H suggest four planes to examine. 

The plane 0,0,0, meets ¢ in a conic «, through 0,, O2, O; and a fourth 
F-point X, the trace of J on the plane; and «, meets y in these four #-points 
only, and is a P-curve of degree 2, one such lying on each @; it therefore 
~ a point of a double F-line l’ of H’. 

The plane /O, meets ¢ in / and another line «, through O,, meeting J, 
and meeting wW in these two F-points only; «, is therefore a P-line, one such 
lying on each ¢, and ~ a point of a simple F-line J," of H’. Similarly, the 
P-planes 10,, 10; ~ two other F-lines /,’, J,’. 

The planes 0,0,0;, 10; have in common the line O,X, which both is 
a P-line «, of 10,, and also forms with O,0, a P-conic x, of O,0,0,; 
hence J,’ meets l’ in one point, and so do /,’, /,’.. But the planes 10,, 10, 
have nothing in common except the F-line /; hence 1,’, 1,’ do not meet. 
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Therefore H’ contains a double line /’ and three simple lines 1,’, Lele 
meeting J and skew to each other. 

The total degree of F-curves in H’ is 3’—2=7, and since the double line 
counts for 4, the four lines exhaust it. The degree of J is 4(2—1)=4; the 
four planes exhaust this, J has no other sheet, and there are no isolated 
F-points in H’. 

The postulation of the double line /’ on a cubic family is 10; that of l,’, 
by itself, is 4, but this is reduced by 2 on account of the intersection of J,’ 
with l’ (p. 225). The total postulation of the F-lines is 


6 
10 +3(4-2)=16 =(3) —4, 


which is the required total for (¢,’). 

The equivalence of l’ alone on (¢,’) is 20; that of J,’ is 7, reduced by 5 

on account of the intersection with J’. Hence the total equivalence of H’ is 
1 Ne SW Ue ails) al hei aa 
as required. 

The variable intersection of $’, yy’ 1s a conic meeting each of I’, 1,’, 1,’, Ll,’ 
once; it meets x’ in these four #-points, the first counted twice, and one 
free point. 

One treatment (66) of the resolution of higher singularities of a surface f 
aims at the elimination of all isolated multiple points; an auxiliary trans- 
formation, such as 7_,, with an isolated F-point O’ in S’, would introduce 
an accidental isolated singularity of f’ at O’, which must then be eliminated. 
This is avoided by the use of 7, instead of T,_,, since H’ consists of 
lines only. 


2. Equations of T,_;. 
Take O,, O,, O; and a general point A, of J as tetrahedron of reference, 


and take the unit point on /, whose equations are then v=y=z. Then all 
the base homaloids can be sets of planes: 


, 


a sy’:2':w' = a(y—z) : y(w—z) : wly-z) : w(«a—2a), 
e:y:z2:w=eaHu' (e—w'):y'2 (2 —w'): ew’ (a —y'): Zw’ (2 — w’). 
J =2w (y—2z) (2-2) (a@-y), J’ =— 32?w? (2 — ww’) (a’w’ — y'2’). 
The F- and P-systems are : 
[rep Ll w=y=z2 ~ P-quadric qd =a'w'— y'2’, containing l’,1,’, 1’, 4 
a 


F-point O, (1,0,0,0)~ P-plane 2’, if raat 6 
4205 (0,150/0) is ak Spee | i 
Dees, CAST Uae 0 TREO) Dr a z—w', . Vals 
P-plane 0,0,0, w  ~ double F-line I’, g=w' =0 
I » | 10, y=e.~ simple gx oh a= 2'=0 yy 
| Sil, Stes wa ee Lik y=w' =0 


/ , 


» LO; OU Sow ” ” by, a —y'=2 —w'=0 
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A general point (€, 7, 0, 0) of l’ ~ the P-conic «= nx (y — z) — Ey (a — 2), 
in w, through O,, O,, O, and X (1,1,1,0). A plane 92’— fw’ through Ul’ ~ the 
plane 6 (y— 2) — €(#—2) through 1; the two pencils of planes are projective, 
and between corresponding planes 7',_, sets up the homography | 

ory i:2:w=0(C—6)x' :C(C—@)y': CO(a@'—y'): 0 (€—6) 2’, 
Len 2: Uh = bx ; Oy : fw : Ow. 
In this, a general point Q (&, &, & 1) of lw Q’ (Ef, £6, €, 6), and/ ~ the line 
Ox! — Sy’ = 02’ — Fw'=0, a generator of gq’ of the opposite system to J’, which 
describes q’ as the planes rotate round J, l’. If Q remains fixed, Q’ describes 
the P-line «’— &2’=y'— Ew’=0, a generator of g’ of the same system as U’. 

A general point (0, , 0, @) of l,’ ~ the P-line «,, Oy — nw =y—z=0 
through O,; a plane a’ — &z’ through J,’ ~ the plane f& — Ew through 0,03, 
which meets /O, in a line of the pencil vertex (0, 1, 1, 0), the intersection 
of 0,03 with O,X. 

To examine a general plane p’ of S’, say aw’ + by'+ cz’— w’, which ~ a 
certain homaloid ¢ =10,0,0;, we can project the homologue P, of any point 
P’ of p’, from O; into P, in the plane /0,; then 


w =an'+ by'+ cz’, wW=%, 
CA = enw Sw ye 12 
= a’ (ax’ + by’ + cz’) : yz : 2 (ax + by’ + cz’), 

Hy :2 = wm(w,—by,) :4,(am+ew): w(w,— by), 
giving a 7’, between the planes p’, /O,, in which the F-points in p’ are the 
traces of J’, l,’, J,’, and in JO,, the traces of the line w, — by, = az, + cw,= 0, 
and of O,0,, and the point O,. The point (0, 1, 0, b) of 1,’, p’ ~ the same 
P-line y — z= w,— by, = 0 in this 7, as in T,_5. 

If p’ passes through the intersection of l’ with J,’ or 1,’, then b=0 or 

a=0, and the plane 7, has two adjacent F’-points. 


3. Application to a quartic surface. 

By means of 7,_,, certain singular quartic surfaces can be reduced to 
lower degree, in particular, an f,’ with a double line /’ and another d.p. O’ 
(p. 198). By means of T,_;, the quartic f,/ = 1” can be reduced when it has 
no other d.p. 

There are eight pairs of intersécting lines on /,’, all meeting 1’; take 
three skew lines as ly’, 1,’, J,’. A general f,’ ~ 7s= (10,0,0,); from this we 
drop the P-plane 0,0,0; twice and the three P-planes /0,; the proper 
homologue of f,’=1”? is f; = 10,0203. Thus 7,’ is mapped on the cubic, and 
all the curves on f,’ can be studied by means of their images on f;, considered 
in relation to J, which is any one of the 27 lines, and to the three general 
points O,, O2, O; of fs. 

Of the 26 other lines, five intersecting pairs meet / and ~ five of the 
eight pairs of lines on f,’ meeting /’; the other three pairs lie in the P-planes, 


if 
HeCut 9 
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and each consists of J,’ and a line meeting /,’ and J’, which answers to the 
tangent plane to f, at O,. The remaining 16 lines of f; ~ 16 conics on f,’, 
meeting J’, U,’, 1,’, 1,’. If f,’ has a line skew to I’, we can take U,’, 1,’, ls’ to 
meet it; then it is a P-line, and ~ a point of / double on fj. 


4. Resolution (160). 

The general 7,_, is compounded of two 7,.’s, in each of which the 
F-conic breaks up. To the quadric family (¢,) =10,0,0, apply a T2-., be- 
tween spaces S, 8”’, whose F-system in S consists of Q,, / and a line through 
O, meeting J, and in 8S” of O71" 1,”. 

The homologue of (¢.) arises from dropping the planes STi acon 
(d,’) =(0'0'"L,, and is therefore (,") = 0l,""; it also contains O,’’ and the 
P-line l,’", meeting J,””, which ~ O,, and absorbs 0” as an ordinary point on it. 

Then 0O,”, 1,”’, J.’ are the F-system of another 7,_, which converts ($,’) 
into planes. The transformation compounded of the two 7;,_,’s converts (2) 
into planes, and is therefore a general 7’,_.. 

The equations of p. 288 can be replaced by the two sets of quadratic 
equations : 


ety .e toad (of —2) 2 wo e202" -y) 27-27) we —s 
ee w= “2 Y—e2) s w (@—2z)—2(“£@—-y) > e(y—2) : wly-z) 

By Zw = PU e-w): (e-yYtw)e¢-w) : 2e@-y) :7(¢-Yv) 
i 2s 2s wi =x" 2" —w") =" (a = 2) +2" (a —y") sw" (e —w") sw (—"). 


5. F-line of partial contact. 

As a particular case, in S’ let one of the simple F’-lines J,’ > the double 
line J’. In the limit, one sheet of every ¢,’ touches, at every point of I’, the 
limit of the plane J’l,’, and l’ is a double F-line of partial contact, with a 
contact condition for one set of sheets only. 

Let the equations of J,’ now be ¢ (a’— y') + 2’=2'— w'=0, those of I’, 1,’, 1,’ 
being as before. Then as ¢ — 0, so J,» 1’, moving in the fixed plane 2’—w’. 

The general cubic homaloid is now 

ds = (2 w' + cy'2’ + 6,2’w") (2’— w’) + o52'w' fe (Ce —y’) + 2't. 
At any point (&, », 0, 0) of U’, the pair of tangent planes to ¢,’ are 
te’ = (¢, Ew’ + cz’) (2'— w’) + ge (E— 7) 2'w’. 
This does not in general fall into factors rational both in 2’, w’ and in E, n, 
and there is no surface with only one sheet through /’, touching one sheet 
of ¢,. But if e=0, then ¢,’ falls into the two rational factors 
a —w', Ew + cz"; 


one sheet of ¢,' touches the fixed plane z’—w’, the same for every homaloid 
and for every point of /’; the other sheet of ¢,' touches the quadric 


OY, at 
CU W + OY Z, 
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and the tangent plane varies for the different homaloids, and for the same 
one at different points of U’. 

Now the P-quadrie gq’, which ~ J, breaks up into the two P-planes 1’1,’, 
I’l,’, which ~ O,, 02; hence O, and Q, lie on l, or rather are adjacent to it, 
the tangent planes to (¢,) at these points being fixed. The equations of 
transformation are 


CEE caw = LZ > y(z—w) : ew: w(z-w) 


ery:2:wa=a'u' (—w'):y'2' (2—w'): 22’: ew! (2’—w') 


and (¢,) contains 1, z=w=0 and O, (0, 0, 1, 0), and touches z at the point 
(1, 0, 0, 0) of J, and z — wat (0, 1, 0, 0). 


6. Ruled cubic homaloids (85, 86, 159, 216, 287). 


The transformation just considered is the first of a series in each of which 
one homaloidal web consists of cubic surfaces with a double line J, and there- 
fore ruled, since any plane through / meets ¢, in J counted twice and one 
other line. 

Now if (¢;) already has / as a double line, the postulation and equivalence 
of a generator, which meets /, are each 2, as for two simple points. The cubic 
web of 7',_, remains homaloidal if any one of the three fundamental generators 
is replaced by a pair of points. But since the total degree of the F-lines is 
reduced by 1 by the change, n’ is increased by 1, and the transformations of 
the series are as follows : 

(i) T,_,, considered above ; the cubic homaloids have a double F-line and 
three simple generators. ; 

(ii) Z,_3, with a double F-line, two generators and two simple points (13). 

(iii) 73-4, with a double F-line, one generator and four simple points. 

(iv) Z,_5, with a double F-line and six simple points. 

All these can be compounded of 7_,’s. To the cubic family (f5) of (iv) 
apply an auxiliary T,_, whose #-system consists of one of the six points, A, say, 
and a conic breaking up into / anda line /, meeting / and passing through A,, 
another of the six. From the homologue there fall away the plane 1’ A,’ twice 
and the plane Il,’ once, and the degree of (/’) is 3.2—2-—1=3. This cubic 
family contains /,’ twice; in place of A,, which is a P-point of 7,_,, we have 
on (f;') a line J,’ meeting 1,’ and absorbing A,’, which is simple ; and four 
simple points arising from the rest of the original six. This is the homaloidal 
family of (111). aN 

We can repeat the process, at each step losing two points and gaining 
one line, and so reduce (iii) to (ii), and (ii) to (i), which we know to be 
compounded of two 7,.’s; or these families are converted directly into 
quadrics by a 7, applied to J, a generator and a simple point, either 
isolated or on another generator. 


TOs=2 
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7. T,_,; F-point of contact (18, 83, 85, 86, 160, 216, 234). 

The only other quadric transformation is that whose reverse is quartic 
(p.169). There are no F-curves in H, which consists of a point of contact O, and 
three simple points O,, 0;, O,. The homaloidal curves are (c,) = 0,°0,0;0,, 
both branches at O, touching the fixed tangent plane of (¢.). 

The quartics in S’ are a web of Steiner surfaces, and H’ consists of three 
double lines meeting in a point, which is necessarily triple on (¢,'), and a 
simple conic meeting the three lines. 

The simplest forms of the equations are 
ay saw = ap ew 7. yr oe, Swhere p= yee as 

a:y:2:we=ayduw':dwd:ywd:y277, where qd =2wu'tyw'+yZ, 
and J=2yzwp, J’ = 4y?2?w?q”. 

This is compounded of the two 7,_,’s 


ay tr tt : w = aw’ : z’w’ : yw : Ye, 


Ys e 
and Cy Tes Oe Sw a pas P Mae pe 

If a surface f passes through O,, the factor q’ falls away from /’; if f 
touches p at O,, then q’ falls away. 

Consider more in detail the correspondence between the F-point of con- 
tact O, and the P-quadric q’. Let P— VU, along a general line /, not lying 
in p, say : 

Gf SEAN =e Cae; 
then the path of p’ is the line 
YSZ Wt CO Be aI 
and as P -> 0,, so P’-> A,’ and to no other point, giving no indication that 
O, is an F-point. 

But if J lies in p, then for all positions of P on J, we find that P’ is the 
fixed point Q’ (0, £0, 70, €@), which lies on the F-conic in 8’; for now I is 
a P-line and all its points ~ one F-point. We cannot make P’ approach a 
general point Q’ of q’, until we give up lines of approach of P to 0,. 

Let P’ > Q'(E, n, & 0) where q’ (n, 6 0) =0, along the general line 

Oa! — Ew’ — Oy’ — nw’ _ Oz’ — Sw’ 
GPS i eee eee 
The path of P is 


Oxp—Eyz (Ow—ny)z_ (Ow — &2)y 
a b pe C ; 


This has two branches through 0,, one whose tangent depends on a, ), c, 
associated with the second intersection of J’, gq’, and one associated with Q’, 
touching the line ny = z= Ow of p, and osculating the quadric Cap — Eyz, 
which is a member of a certain pencil of quadrics touching p at O,, which 
~ the pencil of planes through A,'d,’, and are thus in 1, 1 relation to their 
intersections with any generator of g’, such as A,’Q’. 
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The intersection of (¢,) with p consists of two variable lines of the 
pencil (0,). Apply a 7,_, with p as P-plane, and otherwise general: (¢,) ~ 
a quartic homaloidal web, which has, at the isolated F-point of T,_., a binode 
with a fixed edge arising from Q,, and two variable biplanes (p. 238). 


8. T,_,, Steiner quartics (5, 85, 216, 259). 


There is another homaloidal web of Steiner quartics, the F-system 
consisting of the three double lines /,, /,, /; and three simple points O,, O,, O03; 
the reverse is of the same nature. The equations can have the form 


BY 22 SW =O295 2 Osqh | 10a 2 BYZW, 
where OR ROE Po OL 
No, Ge, Eon. 
363, GG E,n; 
the quadric cone containing J,, J,, 1;, O2, Os. 

Here J, is y=z=0, and 0, 1s (&,, m, &, 0), etc. The P-surfaces in S are 
the three planes 2, y, z, each containing two F-lines, which ~ the three 
simple /-points in S’, and the three quadric cones q, q, qs, each containing 
l,, J,, ls and two of the F-points, which ~ the double F-lines in S’. The 
triple point (0, 0, 0, 1) is not an isolated #-point. 

This 7,_, is compounded of three 7,,'s or of two of the T._,’s just 
described. 

If O,, 0,, O; lie by pairs on planes p,, po, p, through J,, J, 1; respectively, 
then gq, breaks up into «p,, and so for q,, gz, but q,’, q’, gs) are proper. 
If 0,, O., O; lie on a quadric cone g through 1,, J, and /;, each of q, qo, Gs 
coincides with g. The above equations break down; we can replace q.q; by 
qyz, etc. The section of y by w =0,0,0, meets (¢,) in nine fixed points and 
is fundamental; the transformation reduces to 7,_,. 

The involutory case of this 7’, is discussed in 259 


9. T,_,, square of T,., (86, 97, 160). 

The simplest example of composition of Cremona space transformations 
is afforded by the square of the general 7,_,. With tetrahedra of reference 
in general positions, let V be a T,_, between S, 8’, given by (p. 201): 

Diese ) Da i Ds Pe 

= Pr (&, Ys 2 W) Ps (, Ys 2 W) : PoPs t PsPs + | (Pr Pay Ps): 
Pi(®, Y, 2% W) + Pot Ps * Ps 
= pi (a’, y', 2, w') ps (a, y', 2, Ww"): paps’: paps + q( Dr's Do's Ps')s 
where py, ... ps are any eight linear functions; and let W be a (eon the 
same form between S’ and a third space S”, given by replacing @, ... a’, ... 


by 2’, ... v”, ... in these equations. ois. . 
A general point P of S Va general point P’ of S’, and this W a point 
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P” of 8”. This constitutes a Cremona transformation 7’ = W.V, compounded 
of V and W, between the points of S, S”. 

Let the two F-systems of V be 0), , in S, and O’y, ow’, in S’; and let 
those of W be O’,, w’» in S’ and O”, w” in S. If the T,_, is quite general, 
the two F-systems in 8’ have no special relations, and no F-element of 
either is incident with an F-element or lies upon a P-surface of the 
other 7... 

A plane of 8” Wa quadric in S’ through O'y, wy; as regards JV, this is 
a general quadric, and it # a quartic surface ¢, in S with the first F-system 
of V as double elements, and also passing once through the point O, and 
curve @, which % O'y, wy. Here O, is a general point of S as regards V, 
and w, is a quartic curve with two branches through 0, and four intersections 
with w,; it lies on the quadric ¢,= 0,2, which ¥ the plane of w’y. Thus 
the transformation 7, between S, S” is quartic, and the first homaloidal 
web is (¢,) = 020,020,. The same argument with S, S’” interchanged shows 
that the reverse of 7',_, is of the same nature. 

The homaloidal curve c, of 7,_, ¥ the c,’ which f¥ a general line of S”. 
Now oc,’ passes through 0’, and meets o’ y twice; it has no incidences with 
O',, w’,, but meets the second P-plane of V twice and the P-cone four times. 
Hence ¢, is a quartic through O, meeting w, twice, with two branches through 
O, and meeting , four times. The residual intersection of ¢,, yy, consists of 
«, counted four times and w, once; the 16 intersections of ¢,, vy, are 1 at O,, 
2 on @,, 4 at O,, 8 on w, and 1 free. 


10. T._,,, square of T,_,. 


The square of 7,_, is a 7',_,¢, interesting as being the simplest 7,_»2 which 
is not monoidal (p. 308). The quartic homaloids are the homologues in 
a T,, of the quadric homaloids of a 7_,. The first F-system of Ty, is 
therefore made up of the first #-system of one 7,_, taken twice over, together 
with another system of the same nature taken once; it consists of a point 
where two separate sheets of (¢,) touch the same given plane, that is, 
a tacnode, three double points, one simple point of contact and three simple 
points. There is no triple point and the quartics are not monoids. 

The explicit singularities of (¢,) are all d-p.’s, and do not present any 
conditions to any adjoint (p. 166); but ¢, has an infinitesimal double line 
implicit at the tacnode, which would lie on the first adjoints, of degree 0; 
this system is therefore self-contradictory, and does not exist. 


II. THE BILINEAR 7,._, 


11. Three bilinear equations (61, 85, 86, 133, 158, 223, 287, 343, 386). 


We have considered all the three essentially distinct. quadratic trans- 
formations ; there is just one for each of the possible degrees, 2, 3 and 4, of 
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I~. The number of distinct cubic transformations, of degrees 3-2 to 3-9, 
is 75 (Table VI). 

There is only one 7,_,, the reverse of 7,_,. There are four T., 83 besides 
the one non-singular type, there is one with an ordinary double F-point, 
whose involutory case is the Arguesian transformation (p. 822); the third 
has a double #-point of contact, and the fourth a double line (p. 291). 

The non-singular cubo-cubic transformation was the first space trans- 
formation, other than collineation, to be discovered (40). It is in many ways 
simpler than 7,_,, and a more natural extension to space of the plane 7;. 

It is defined by three equations linear in each set of variables: 


Bt, + y't, + 2't, +w't, =0, where t, = Gia® + Gay + gad + Osa W, 
Uy $Y’ Uy + 2'Ug + WU, = 0, where a = dit + Deny + Dine + dia, 
#0, + y'U, + 2's + w'v, =0, where V2 = Ca®+ Ca¥ + CraZ+ CaW. 
These can be rearranged in the equivalent forms 
at,’ + yt, + 2ts) + wt, =0, where t./ =a,%" + Gan’ + as2’ + Aa,w’, ete. 


If x, y, 2, w are given, one of these equations gives a plane in S’, and defines 
a space correlation ; our 73_, transforms a point into the intersection of three 
planes, its homologues in three given correlations (381 and p. 40). 

When the equations are solved, a’, y’, 2’, w’ are given explicitly, pro- 
portional to the four determinants, cubic in 2, y, z, w, 


di; do; ds; hs = hh; to, ts, ty > 


2 


Uy ) Us ? Us ? U4 


| Vy > U2) U3 > U4 
for example 


ae 1yY =o: bo=t| Us, U4 | Us | Oss Vel Us lotge, “ts 
Us, 4 (ie Ua 
2th || di. Wee | Ohl Uy On| ON ia ta) (1) 
Us, U4 jomet, Deere on ee 


Similarly, 2, y, z, w are proportional to cubic functions of 2’, y’, 2’, w’. 

Thus Z is cubic both ways; the degree of the F-curve in each space 
is 3:-3=6. The total intersection of any two homaloids breaks up into 
a fixed sextic w, and a variable twisted cubic cs. 

Now ¢y, ¢, pass through the twisted cubic 


Ui HORS 4 Oe COTS, ake Hepa sree Neer cate ect (2) 
which does not lie on $3, ¢, and is the particular position of ¢; for the pair of 
homaloids ¢;, ¢:. The residual is the F-curve , of genus 3, with seven 
apparent d.p.s and in general no actual d.p.’s; it meets ¢, eight times 
and absorbs all but one of the intersections of ¢, W, y. There is no other 
F-element of any kind, H consists of w only. In S’ there is an F’-sextic w’ of 
the same nature, which constitutes H’. 
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A point Q’ of ’ is simple on (¢’), and ~ a P-line « in S. This meets (¢) 
in three points which are all F-points, and « isa trisecant of w. The Jacobian 
J, is the locus of these trisecants; on it is triple, for the quintic cone 
projecting @ from a point O of itself is of genus 3 and has three double edges, 
which are trisecants of » through O. The six intersections of ’ witha variable 
plane ~ six variable P-lines lying on one ¢, which with o* make up the 
intersection of ¢, J. The eight intersections of w’, c’ ~ those of J with 
a general line. 

Thus a general line / ~ a cubic c;’ meeting w’ in eight points; if / meets 
w, a trisecant «’ is separated from c,’, and / ~ a conic meeting o’ in five 
points; while a chord of w ~ a chord of a’. 

We know (p. 170) that there is only one type of non-singular 7_,, and its 
F-system consists of one curve ;. If such a transformation T is given, we 
can form bilinear equations to represent it. For two of its homaloids ¢,, $e 
have a residual intersection c,, which can be represented, in many ways, in 
the form (2). Since ¢,, ¢, contain c,, we can express them, again in many 
ways, in the form (1). The twelve functions ¢,...v, then determine a bilinear 
transformation, with ¢,, ¢, as two homaloids and o, as F-sextic. But T is 
determined by its F-system, that is, by w, alone, and is therefore identical 
with the bilinear 7;_, which we have constructed. For a geometrical proof, 
see 316. 

In its general form, 7;_,; 1s as simple as a transformation can be. There 
are no multiple #-points or contact conditions; the F'-system consists of one 
curve and the P-system of one surface; J coincides with G, each having one 
sheet counted once; and 7'~ is exactly like 7. 

It is the only T,_, with only one F-element in each space. This must be 
an F-curve of first species; let H consist of o',, and H’ of w’",,. Then the 
first P-surface is counted once in J and 7 times in G: 


nn’ —1 = 40 (n— 1), 
whence n(n’ —1)=(4¢—-1)(n—-1), 
and similarly n’ (n — 1) = (40’ — 1) (n’ — 1). 
Thus each of n —1, n’— 1 is a factor of the other. But nn’ > 1, since there 
is an F-system; hence 1=2', n=n'=4i-1. Then from the degree of the 


F-curve, 
Pm =n? —n' = (44 — 1) (4¢ — 2) = 2 (mod 2), 


(=1, n=" =3, m=6, 


and we have the 7._, under discussion. 


12. Singularities of w,. 


In practice, the general 7,_, is not so useful as some of the many 
particular cases where is singular or breaks up. Then there may be 
different types of trisecants, according as their intersections with fall on 
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the different components, or at the multiple points of w; if so, J breaks up. 
Then o’, J’ may behave in the same way as @, J, or differently. We consider 
various examples. 

If w acquires an actual d.p. O, it still has seven apparent d.p.’s, and its 
genus 1s reduced by 1. Then 0 is @ point of contact of ($), which touch the 
plane p containing the two tangents to @; it is not an isolated F-point, since 
c does not pass here; it ~ a P-line x’ double on J’. Any line through O in p 
is a chord of w, and ~ a chord of ’ meeting x’. Hence p ~ a ruled cubic gp’ 
with «’ as double line; this meets any other g: in a ky’ =e, .c;’ with three 
double points on x’, which cannot all lie on c’ as this is not plane, and one is 
a d.p. of w’. Hence w’ acquires a d.p. whenever w does, and they are of the 
same genus. 

If w acquires a triple point O, there are two distinct cases according as 
the three branches of w do or do not all touch a plane p. In the first case, 
w still has seven apparent d.p.’s, and is rational; O is a point of osculation 
of (p), and «©? ¢’s have a binode at O with p as one biplane. There is one 
proper trisecant « = OQ,Q, through O, and O ~ a trisecant x’ = 0'Q,'Q,' of a’, 
triple on J’, where O’ ~ «, and Q,’, Q.’ ~ the other two trisecants «,, kK. 
through O, which are generators of the osculating quadric of (). Now « is 
a double line on one homaloid ¢, the cubic cone projecting w from O; this 
does not contain «, or x,, and meets any plane through O in three chords 
of w through 0. Hence ¢ ~ a plane p’ containing O’ but not Q,’, Q.’ or x’, 
meeting any ¢’ through x’ in three chords of w’, which meet «’ and therefore 
pass through O’ the trace of «’ on p’. Thus each of these «0? homaloids ¢’ 
contains four lines through the F-point O’, three lying in p’, and has a binode 
at O' with p’ as a biplane; and O’ is a point of osculation of (¢’) and a triple 
point of w’. Thus again o’ has the same singularity as o. 

In the second case, when the three branches of » do not touch a plane, 
O is a d.p. of (¢) and absorbs one apparent d.p. of , which is of genus 1. 
Now c passes once through O, which is an isolated F-point, and must be 
reckoned as a distinct second F-element of H, although it is a necessary 
consequence of the first F-element »; and O ~ a P-surface of degree 1, 
counted twice in J’, meeting (¢’) in F-curves only, that is, a P-plane j/’, 
meeting ¢’ in an F-cubic @,’, of genus 1. Hence o, breaks up into o,' and 
a rational twisted cubic w,’, meeting @,’ in the three points where @,’ meets 
j;'. Now J” breaks up into jx counted twice and the locus J,’ of chords of @,” 
meeting w,’. Any chord of w through O meets (¢) in three F-points, and is 
a P-line, and J breaks up into the cubic cone j, = 0%, and the locus 9; = 
of proper trisecants. 

Conversely, if w’ breaks up and part is a plane cubic, its plane ~ an 
F-point O through which passes one branch of ¢; this is therefore double on 
(@) and triple on o. In this case, w, w’ behave quite differently. In each 
space we have two F’-elements, one being irrational of genus 1; but the 
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second element in H is an isolated double F-point lying on w,, and in H’ it 
is a rational curve. 

If w has four branches through a d.p. O of (¢), it is not an isolated 
F-point. Now , must break up into o, and a line w, through O; for if it 
all lay on the quadric cone j, projecting it from O, then ¢ would consist of J, 
and a general plane. Now the generators of j, = @; are P-lines, and so are the 
chords of w; meeting w,, whose locus is j,;=@,'@;. The rest of J, = o,°o;° is 
a quadric through @,;, that is, 7, over again. Now j, meets > in w, and one 
line, hence 7, ~ a simple F-line w,’ of H’, which is a line of contact of ($’) 
because 7, is counted twice in J. And j, meets @ in @,’, and four lines, and 
~asimple w,. Hence @,’ breaks up into two, components, a line of contact 
and a quartic. 

All the F-elements are rational. 

Since a triple point of double on (#) absorbs one of the seven chords 
of w drawn from any point of space, and two of the eight intersections 
of ¢3, @, it is convenient to say that any curve through O meets two branches 
of » and misses the third (p. 223); with this and similar conventions, we can 
count up the seven apparent d.p.’s in all cases when @ is singular or 
degenerate. . 

A further convention is needed if » has a repeated part, that is, a curve 
of contact. The definition of the contact condition must give a fixed surface 
touched by (¢), preferably the surface of lowest degree. For a line of contact 
w,, this degree is 1, 2 or 3, according as there are 2,1 or 0 d.p.’s of (f) on a. 
If ($) touches a plane, the two lines that coincide in o, are the limit of two 
intersecting lines, and have one actual and no apparent intersection ; if (¢) 
touches a quadric, they are the limit of two generators of the same system, 
and have no actual and one apparent intersection. But if (¢) does not touch 
any surface of degree < 3, the case cannot arise as a limit, and we can count 
the seven apparent d.p.’s of » only if we admit the paradox, that the two @,’s 
meet in — 1 points and have two apparent intersections (p. 259). 

If », is counted four times in ,, it may be an F-line of four-point 
contact (63); or it may be a double F-line, giving a particular case of the 
ruled cubic transformation of p. 291, when the two‘ isolated F-points lie 
on @,, becoming F-points of partial contact. Then w, is met by c; in these 
points only, and is of second species; there is an F’-line of the same nature in 
S’, and this is the simplest example when the multiplicity of a curve of second 
species is not equal to the degree of its homologue. A particular case is 
worked out on p. 269 (158, 309), and another is given on p. 160. 


13. Projective pencils of planes (287). 


etel ss convert a pencil of planes uw, — av, into a pencil wu,’ — av,’ Then 
one of the bilinear equations is 


Uy ve ai VU, = 0, 
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which is not general, being two-membered. Conversely, if one of the equations 
has this form, there is a pair of projective pencils of corresponding planes. 

If a plane contains J, the axis of the pencil, its homologue is a plane, and 
a P-quadric is dropped; hence J is an F-line that meets c, twice. But it 
meets its total residual four times, and is therefore a chord of the other 
F-curve @;. Then o, has three apparent intersections with /, and four 
apparent d.p.’s, and is of genus 2. 

If there are two such pairs of pencils of corresponding planes, then in each 
space the F-curve is a quartic of genus 1 and two chords. 

Now let there be three pairs of projective pencils, with axes 1,... l,’. 
This is another natural extension to space of a construction for the general 
plane 7, (p. 39, 9, 116, 201, 378, 391). 

Let Uy — OV, © Uh! — ayy, 

Uz — Ag, ¥ Us — Ag)’, 

Uz — AsU3 Y Us, — AgVs\. 
The three two-membered bilinear equations are 

UV, — U,Uy, = Ugly — Valle = Ugs — Ug ls = 0. 
If P lies on 1,, then u,= 2, =0, and dy, a, are determinate but not a,. The 
locus of P’ is the P-line 
Uy, — AyVy’ = Uz; — Av; = 0, 

where Ga Ue Un a =a Ve: 
which describes a P-quadric through J,’, 1,’ but not 1,’. 

A line l’ meeting J,’, /,’, J;’ meets $’ in three F-points and is a P-line; 
its locus is a fourth P-quadric 7,’, which completes J,’. Now lI’ ~ a point Q, 
intersection of three planes of the pencils which are projective with the 
generators of j,’, and therefore with each other; and Q describes a twisted 
cubic w,; meeting each of the axes twice. 

Conversely, if w; breaks up into a cubic and three chords, the trans- 
formation is of this type, with three pairs of projective pencils. 

Any cubic curve with J,, J,, J, as chords ~ another such cubic. If the 
transformation is repeated, in one space, the axes being fixed in coincident 
pairs and the F-cubic varied, we obtain a group of transformations which 
permute this family of cubics (414). 

Let two axes intersect in a point O, lying in a plane p which belongs to 
both pencils. The last P-quadric breaks up into p and Ol;, and Os) breaks up, 
part being the line ,’, intersection of the two planes of the pencils (/,’), (l2’) 
each associated with p, and the other part a conic @,’, meeting «,’, J,’, J, once 
and J,’ twice. Now , does not break up; it meets /,, /, each twice, but a only 
three times: hence it passes through O without touching p there ; 0 is triple 
on @, and a d.p. of (), and ~ the P-plane meeting (f’) in a plane F-cubic 
,', Is. Now O is an isolated F-point, and there are five F-elements in 


each space. 
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If the three axes form a triangle, this is a fundamental plane section of 
(fp); and w; passes through the corners, which are double F-points. Then ($’) 
has three fundamental plane sections and one double F-point 0’, and @,' 
breaks up into three lines through O’ (362). 

If in each space the three axes form a triangle, each F'-cubic breaks up 
into three concurrent lines through the corners, and @,, @,' consist of the six 
edges of a tetrahedron (p. 301). 

If there are four pairs of projective pencils with skew axes, then @, breaks 
up into the axes l,, J,, J;, 1, and their two transversals /,, J, (14, 158). There 
are four P-quadrics, each containing three axes and J,, /,, and ¢c; meets each 
of 1, ... 1, twice and does not meet J;, J;, which are of second species, and 
~ 1;', l;, F-lines of second species in S’, We consider the correspondence 
between these in greater detail. 

The transformation can be expressed as follows; a more symmetrical 
notation is given 1n 14. 


F-lines: 
Lo. @ p= ee =O. er cy ae en 
Lb, 9 = w =0, le tay = be =O, 
Lae niby = 2.40 =F ol) eased), 
lL, e+y =ez+dw=0,° 1, ay = wo =0; 
begin GS ge er ON ane eee ee? ae es) 
ie Bo se ye v= OY Pe = ee a) 


Two-membered bilinear equations: any three of 
xe (az'+w')=2(a'+cy’), (awt+ by)2’ = (¢+w)e’, 
y (be +w')=w(a't+dy’), (wty)w’ =(cz+dw)y 
Equations of transformation : 
acy’: 2: w= (ae + by) (daw —cyz) :— (x+y) (axw — byz) 
(2+ w)(daw—cyz) :—(cz+dw)(arw — byz), 
gry :2:w =(a' +cy’') (a'w' —bdy'2’) : — (a + dy’) (a’w' — acy’2’ 
: (az’ + w’) (x'w" — bdy’2’) : — (b2’ + .w’) (x'w' — acy’2’). 
Let P — a general point O(0, 0, & @) of 1,, by a path in the plane 
p=n«e—&y. Then 2, y are small compared with z, w, and are in the fixed 
ratio €: 7; and P’ —> the definite point O’ of /,’, whose coordinates 
0, 0, (€+ 6) (dEO — nf), — (c&+ dO) (4&4 — bn), 
are linear functions of & m and quadratic functions of £, 6. 
If O, and therefore {/0, is constant, and p rotates about 1,, so E/n takes 
every value once and 0" describes J,’ once. We have a homography between 


the pencil of planes through J; and the points of J,/. There is a different 
homography between the same elements for each point O of J;. But if p, and 
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therefore &/n, is constant, and O describes J,, then ¢/0 takes every value once, 
and O’ describes 1,’ twice; for p ~ a ¢’ having J,’ as a double line, and there 
are two distinct patches of $’ adjacent to every point 0’, which ~ two patches 
of p adjacent to distinct points of J,. 


14. Let (3, 9, 20, 55) 69, 120, IgI, 192, 223, 287, 297; 402). 


If w, consists of the six edges of a tetrahedron, we have a very important 
transformation, which we denote by 7. Any three faces of the tetrahedron 
form a degenerate homaloid, and we can take 


a iy: 2: w =yew : zew : eyw-: eye = 


1 
oY : 


. 1 . 
vo 
and the bilinear equations are 

LL = yy = 22 = ww , 
another extension of the general plane 7,. 

Now each vertex is a d.p. of ($) and ¢, passes through each and meets 
twice there; it does not meet any F-line again, and they are all of second 
species, and are a necessary consequence of the four d.p.’s; this is a chief pro- 
perty of the punctual transformations, of which 7’, is the simplest (p. 318). 

There are ten F-elements in H, in two sets: six lines and four d.p.’s; and 
either set is a necessary consequence of the passage of (#) through the other 
set. The only P-surfaces are the four faces of each tetrahedron, corresponding 
to the vertices of the other, reckoned twice in J. 

For one d.p., the postulation and equivalence are P= 4, H = 8. If n were 
high enough, the four d.p.’s would have P=16, H=32; the appearance of 
the F-lines when n=3 does not affect P, since they present no fresh con- 
ditions; but it completely alters “, which falls to 26, owing to the effect on 
the degree of ¢. E 

If the coordinates are proportional to the distances of P, P’ from the same 
planes of reference, then the equations 

ge = yy = 22 = ww’ 

express that the products of perpendiculars from P, P’ to these four planes 
are equal, and P, P’ are the foci of an inscribed quadric of revolution. These 
foci are therefore related by J,.,, the involutory case of 7,,,. If one describes 
a line, the other describes a cubic curve through the vertices ; if one describes 
a plane, the other describes a cubic surface through the edges. In particular, 
if one describes the plane at oo, the quadric is a paraboloid of revolution 
touching four given planes, and the locus of its focus is a cubic (133). 

More generally, let g, be any quadric. With a proper system of tangential 
coordinates (&, 7, £, @), we can take 

Mek + pt Ot P+ nl t bi CE + o&n +d, £0 +68 + f,00. 
Let = ant + b,CE + CoEn + d, EO + e298 + f,60 


be any quadric inscribed in the tetrahedron of reference. If the family 


302 CREMONA SPACE TRANSFORMATIONS [cH. 


1 + 4 contains a pair of points P (a, y, 4, w) and P’ (2’, y’, 2’, w’), then for 
this member 
Qh + Gn = (E+ yn + 26 + wd) (WE + y'n + 2/5 + w'O), 
we have on = yy! = 72’ = ww’, 
and P, P’ are related by Ij... 

In particular, if the family are confocal quadrics of revolution, with q as 
the absolute quadric, then P, P’ are the foci of g, (235, 236). 

Tye, can also be constructed by means of a fixed quadric g and two of its 
points 0;, O,. Let PO,, PO, meet gq again in X,, X,; then P’ is the inter- 
section of 0,X,, O,X,. Thus P’ lies in the polar plane of P, and PP’ meets 
0,0, and also the conjugate chord 0,0, of g. If P describes a line, the locus 
of P’ is the product of three projective pencils of planes, and is a cubic curve 
through the four fixed points O,, U2, O;, O, (69). 

In another construction of J,.,, P’ is the point of concurrence of the six 
planes, reflexions, in the bisector planes of the dihedral angles of a tetrahedron, 
of the six planes joining P to the edges (169, 348). 


15. T,_, in one space; invariant system. 


If the spaces are superposed, we can extend the notation of p. 43, and 
separate each bilinear expression into its symmetric and skew parts S, =, where 


Sq = Ay 22 + Anyy’ + M3322’ + ayww" 
+ Ohos (YZ! + ZY") + Og (200 + £2") + Aye (ay' + yx") 
+ ay, (aw" + wa’) + do (yw'+ wy’) + As, (Zw + wz’). 
Ya = Ags (y2’ — zy’) + Ag, (20" — #2’) + Ay (ay’— yt’) 
+ Ay, (xw’— wa’) + An (yw — wy’) + Ay (zw'— we’). 
At an invariant point, «=2', etc., }=0; the bilinear equation S,+>,=0 
reduces to qa, = 0, where 
Ja = Ay @? + Agyy” + A532? + Ay W? + 23 YZ + 2g, 2H + Aayyoxy 
+ 2a,xw + 2ayw + 2a,2w, 
and the invariant system is that common to the three quadrics qq, q, qe, 
which can have any relative positions. One or two of them can vanish 
identically, but if all three vanish, 7_, reduces to identity. 
The invariant system is therefore in general a set of eight points, but 
may have any of the forms: 
eight points, 
a line and four points, 
a conic and two points, 
a twisted cubic, 
a quartic of genus 1, 
a plane and a point, 
a plane and a line, 
a quadric. 
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16. Bilinear involutions I,_, (55, 99, 126, 316). 


If 7; is involutory, the two F-systems coincide and also the two 
P-systems, and w, breaks up in the same way in each space. Exactly as 
for the plane J, (p. 50), the equations hold with P, P’ interchanged, and 
by adding and subtracting we get six equations, three symmetric a three 
skew, of which three are independent. Each symmetric equation S, = 0 
represents reciprocation with regard to a quadric qa, and correlates P to 
its polar plane, on which P’ lies; each skew equation =, =0 represents 
a null-system, and correlates P to a plane through P, on which P’ lies. 

Three null-systems lead only to P= P’, the identical transformation; and 
there are three main types of bilinear involutions, given by 

three reciprocations, or 
two reciprocations and one null-system, or 
one reciprocation and two null-systems. 


17. Reciprocation with regard to a net of quadrics (40, 131, 153, 223, 
373, 378, 379): 

If the three independent equations are all symmetric, P, P’ are conjugate 
with regard to qa, qo, Gc, and therefore with regard to any quadric of the net 
which they determine. 

Since an F-point O does not determine a unique homologue, its polar 
planes are collinear, meeting in the P-line which ~ O, and form a pencil 
instead of a star; one is therefore indeterminate, and one quadric of the net 
is a cone vertex OU. Hence @, is the locus of vertices of cones of the net. 

A point of any base curve of the net is an F-point, for the polar planes 
are tangent planes and meet in the tangent line to w; thus O ~ the tangent 
to wm at O, and w is an F-curve, part of as. 

If a line J contains two pairs of conjugates, it meets its homologue Cs 
in four points, and ce; breaks up into / and two P-lines; hence / is self- 
corresponding, and contains two #’-points and two invariant points. Now 
an invariant point lies on each of its polar planes, and therefore on each 
quadric, and is a base point of the net. Conversely, a line joining two base 
points is self-corresponding, and contains two invariant points. 

If the quadrics (q) have a pair of skew base lines, PP’ meets both and 
the transformation is linear. If they have a common conic, and therefore two 
other common points, we have seen that the transformation is I,_, (p. 207); 
the plane of conic drops away from (5). If (q) have a common plane, this 
drops away twice and the involution is linear. Thus there are three cases 
of this type of Z,_;, with invariant, systems 

(i) eight points, (ii) a line and four points, (iii) a twisted cubic. 

(i) With eight invariant points, the simplest example is J,., where 


= = 7/2 2 — 72 2 
Gaf—W, Gey w, Gear, 
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and the invariant points are (+1, +1, +1, 1), lying by pairs on sixteen self- 
conjugate lines through the double F-points, and twelve meeting pairs of 
opposite edges of the tetrahedron. 

(ii) With a base line w, and four isolated points D,, D,, D;, Ds, every 
point of @, ~ @,, and it is an F-line of second species. Four other F-lines 
are the intersections of pairs of planes such as ,D,, D,D;D,. No other 
point can be vertex of a cone of the net, and », must count twice in #,. We 
find that it is an F-line of contact, along which (¢) touch a quadric, having a 
variable double point on ,. There are four pencils of self-conjugate lines, each 
through one D, meeting ,; and six isolated self-conjugate lines joining two D's. 

(iii) If the base of the net of quadrics is a twisted cubic »,, then P, P’ 
lie on the chord of @; through P, and divide it harmonically. The associated 
complex reduces to the congruence of chords of @;, each of which is self- 
conjugate (48, 104, 133, 152, 333, 349). 

Any quadric cone through @, has its vertex on the curve, and o, consists 
of w, taken twice, being an F’-curve of contact. The P-lines are the tangents 
to w, and J, is their locus 7, taken twice. 

Let w; be given in terms of a parameter t by 

Die Yeh), Nee Tec ae Tas 
Three independent quadrics of the net are 
da=*z-Y, Q=tw-yzZ, G=yw-s2. 
The bilinear equations are 
a2! + 20’ — Qyy' = aw’ + we! — ye! — zy’ = yw' + wy!’ — 222 = 0, 
and the web of homaloids is 
| Cue Oy, ae ROU IE 
[ely Sno" gf an 
that is, | Panga me 
di: fo: hs: bs = 24a — LY : 2a — Ge : WYa— Ye : WY — 22Ge- 
The tangent plane at the point 7 to the general homaloid 
CrP + Cops + Cys + Cathy -* 
is (G+ TC, + TCs + T°C,) (a — Bry + 87z — w). 
The first factor gives three values of t at which the tangent plane is 
indeterminate, and ¢ has a d.p.; these are not double F-points, but vary on 
w; with the parameters c,... c, of & (48). The second factor is independent 
of the parameters, and is the fixed tangent plane to (f) at t. It is also the 
osculating plane of : 
x Y, 2, w | =2(Pe2— 3ry + 372 —w), 
Lhe slip gciee hes 
OR Tears 4372 
0:0 w2alGr, 
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and its envelope is the locus of the tangent line to w,, common to the three 
tangent planes to qa, qo; Ye} 


tg=7a—Wwy+2, hare — Py—TZ+W, Th=Ty — 272+ Tw. 


= th, tk. 
By eliminating r between any two of these, we find the P-surface 
Js = 4QaGe— We 


18. Pencil of quadrics and one null-system. 


If two of the bilinear equations are symmetric, and one is skew, P, P’ are 
conjugate with regard to the quadrics qq, q, and to the pencil which they 
determine, and the invariant system is the base of this. If qa, qp have a 
common plane, the involution is of lower degree; hence the invariant system 
1S a proper or degenerate quartic 6,. A general chord of 8, contains no con- 
Jugate pairs other than the two whose points coincide at the invariant points. 
There are «©? chords that are rays of the associated complex, each containing 
one conjugate pair, and a finite number of common chords of 8,, w;, which 
are self-conjugate lines and bear ! conjugate pairs. An example is given 
by (158 J 6) 

ay’ + ya’ — ww’ = (“2+ y) (a+ y') — 22’= ay’ — ya’ =0, 
Here the null-system is special, and PP’ meets the axis #=y=0, which is 
an F-line; 6, breaks up into two conics 
“+y=+42, 2ry—w'=0, 
and w, consists of a line of contact and four other lines. 

If the two quadrics touch the same plane j, at O, and also j, is related 
to OV in the null-system, then O is an #-point and ~ 7, in J,_;. It follows 
that O is a d.p. on (¢) and triple on @,, and also that 7, meets (¢) im a plane 
F-cubic w;. The residual F-cubic k; cannot be plane, for w, cannot be wholly 
in two planes; hence k; has one branch through O and @, has two and is 
rational. Now a general ray of the congruence of chords of k, contains two 
F-points and one general point of j,; hence it ~ a ray of the star (O) (246, 
316 and p. 309). 


19. One quadric and two null-systems. 

With one symmetric and two skew equations, the one quadric with regard 
to which P, P’ are conjugate is an invariant surface A,. The two null- 
systems determine a pencil of null-systems relating to P, P’, and two of 
these are special; hence PP’ meets the fixed axes 1,,1,, which are F-lines, 
and the involution is skew (p. 179). The associated complex reduces to a 
bilinear congruence, and any ray contains two F-points of 1,, l,, two invariant 
points of A,, and «? conjugate pairs. If J,,/, met in O, then PP’ would pass 
through O, and the transformation would be central, and reduce to quadric 
inversion. 


1 Gd 
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Altogether there are five kinds of bilinear I,., distinguished by their 
invariant systems: 
eight points, 
a line and four points, 
‘a cubic, 
a quartic, 
a quadric. 


III. MONOIDAL TRANSFORMATIONS (37, 100, 287, 369) 


90. Definitions. 


A monoid is a surface >, of degree n with an (n—1)-fold point 0, called 
the vertex. The type includes all planes, quadrics, singular cubics, Steiner 
quartics, etc. For a plane, any point of space can be considered as the vertex, 
and for a quadric, any point of the surface. A line through O will be called 
a ray; it meets d again in a single point, and projection from O gives a 1, 1 
representation of @ upon a plane: every monoid is rational. 

The word monoid has also been used in an extended sense, which we 
do not adopt, of a surface meeting all the rays of any congruence in only one 
point not singular for the congruence (249). 

A transformation 7 is monoidal if the first homaloidal web consists of 
monoids with a common vertex. Then 7 need not be monoidal; if it is, 
T is bimonoidal (396). If the vertex is variable, we do not call 7 monoidal, 
though every ¢ is a monoid (325). 

If 0 (0, 0, 0, 1) is the vertex, the general monoid is 


b = WUn—1 + Un, 


where u,,-; 18 the tangent cone at O, and wu, the cone vertex O standing on 
the section of @ by the general plane w. On ¢ there lie the n(n —1) rays 
given by up = Un,.a= 0. 

Let = wnz+»t+, be another general monoid vertex O, the. tangent 
cone Vp, at O having no sheet in common with that of%. The intersection 
of d, y is projected from O on to w into the plane curve k,_,; given by 


Un Una — Un—-1VUn 


of degree 2n — 1, passing through the n(n—1) traces 2A, of the rays on ¢, 
which are the base points of the plane representation. The net of homaloidal 
curves (¢,) on d projects into a plane homaloidal net, say (k,)= 2A,%aSX,g%, 
where the X’s are the projections of the isolated F-points on ¢, and @ projects 
into a curve through all the dA’s that are not base points of (k,). 

If @ has no other (n —1)-fold point, the rays on ¢ are on a different 
footing from any other lines that may lie on ¢, and different plane trans- 
formations always lead to different space transformations. But if ¢ has two 
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(n—1)-fold points O, O,, any type of space transformation, in which O, O, are 
differently related to H, arises twice, the plane family being altered if the 
parts played by O, O, are exchanged. 

Since each ¢@ is at most linear in w, so is any common factor of a set 
of ¢’s; hence if there is an F-point, or F-line of first species, in S’, the 
corresponding P-surface, being part of three or two ¢’s, is a monoid or cone. 
In particular, if 7’ is bimonoidal, each vertex ~ a P-monoid. 


21. Limits for n’. 
If cy has 8 branches through 0, it projects into k, of degree 

wan — B. 
Each of these branches projects into a part of k, meeting the trace of the 
tangent cone wp_; in a point other than 2A. Let the ray OA, be t4-fold on 
Un—, bhen 

B=p(n-1)— 2taye: 
If ¢ is a general monoid, no ray on ¢ is a multiple edge of wu», and every 
T,=1; then 

v=p+ B=pn— Ua. 
But since }A,% are some or all of the F-points of (k,), 

2a = 3 (u—1) 
n’—-nZ(w—1)(n—8) 

nant we 3: 
and if n >8, we have n’=n only if w=1, and &, is a general line of w, and 
Cn a section of d by a general plane through O. The fixed plane curve, image 
of w, is Kyn—» = A, and the F-curve of T is 


@n(n—1) = O (n—1) (n—2) j 


meeting Cy in 2(n—1) free points; O and constitute H, and 7'~’ is of the 
same nature. 

Thus, provided there is no contact of (f) at O, and no multiple edge of 
the tangent cone to ¢ at O lies on ¢, we have n’Zn, and if 7’ is bimonoidal, 
nzn’ also, whence n=n’'. But if any of the rays on ¢ are multiple on up, 
we can have 7, bimonoidal with n’< n, for example 7',_,, where the Steiner 
quartics have three double rays. There are three base points A and &, is a 
conic through them, image of a conic. 

If » =3, the condition n=n’ is not sufficient to make 7 bimonoidal; the 
cubic web of the bilinear 7, can acquire a d.p. without the second web 
acquiring one also (p. 297). 

All values between the limits n,n? are possible for n’. For example, there 
is a monoidal 7, en»), Where $’on—-s is a de Vries’ surface, with an (n— 2)-fold 
F-cubic (398). 


20-2 
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22. Transformations with no F-curves (18, 396). 


If n’ has its maximum value n?, there is no w; any fixed part kya, of 
the plane ky,-, 18 an exceptional curve of the projection, which does not 
represent a curve on ¢. The cone t=O (kn+-~) meets in rays only, and 
any other generator of t meets ¢ at O only; ¢ is a sheet of the tangent cone 
to , common to ¢, y, and O is an F’-point of partial or total contact. 

If there is no such contact, there is no fixed curve in the plane, w= 2n—1, 
all the A’s are base points of (k,), and are simple since there are no F-rays. 
But the plane homaloidal net has at most 24 —2 simple base points: 

n(n—1)52(2n—2), 
nS 4, 
We can have n= 2, 3 or 4, and there is one monoidal 7,,_,2 of each of these 
degrees, with no contact at the vertex; in each case there is contact at a 
simple F-point elsewhere. 

For all values of n, there exist several kinds of 7,_,2 with contact at O 
(161 and p. 314). 

Conversely, we shall now prove, by the method of adjoints, that any 
transformation with no F-curves is monoidal. In other words, if any 7,_,’ is 
not monoidal, it has an F-curve, either finite or infinitesimal. The former 
reduces n’ below its maximum n?, the latter does not; hence if a 7,2 1s not 
monoidal, it has an infinitesimal #-curve, and therefore an F-point of self- 
contact, at least a tacnode: for example, the 7'_,, of p. 294. 

Let n= 4a+ 8, 8=0, 1, 2 or 3; then since no adjoints exist, some of the 
F-points }O' survive on the a adjoint gg and prevent it existing. We review 
the various minimum sets of points impossible on a surface of degree < 3, 
and exclude sets that would prevent (¢) existing, and also sets with 2,+2,>n, 
since then 0,0, would be an F-line. In all the remaining cases there is a 
(8 +1)-fold point O, that destroys gg, and 7,2 2a+8+1. 

Let 4,.= — 2y—e where e=0 or | according as n —7, is even or odd; then 

n-12%42n—-2a+1, 
Osysa-l1. 4 
If y=0, then 7,= 7 —1, and T is monoidal. Assume y > 0 if possible. Then 
y is a possible order for an adjoint g of degree n — 4y; on this, O, is of multi- 
plicity 7 —2y=n—4y—e, and does not by itself offer any contradiction. 
Hence the next highest F-point O, survives on this adjoint. But 
%Sn—1t which = 2y +e, 

and its multiplicity on g is at most eS 1. Hence e=1, 7,=2y+1, and the 
only multiple F-point on g is Oj. 

To prevent g existing, there survive on it simple F-points in number 


aia: 


eee 


Ne ee, 
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These are all (27+ 1)-fold on (#), and together with O, reduce its freedom to 


—2 
O37) etre) 


This can be expressed as 
— By (y +1) [(m — 4y — 4) (Qy + 4) + (n — dy — 4) (207 + 81) + 36y + 54} 1. 
On the assumption y >0, we have a2 y+1, n—4y2 4, and this freedom 
would be negative, (¢) would not exist. Therefore y = 0, and 7 is monoidal. 
It follows that if H has no F-curves, there is at least one F-point of 
contact. For if there is no contact at O, the intersection is a proper rational 
cy =O"" If n >1, the rational cones of degree 2n —1 projecting (c) from 
O are singular, and have a fixed multiple edge J as part of their base. Since 
1 is not an F-line, it meets ¢ and ¢ in one point only other than O, which is 
therefore multiple on every ¢ lying on @, and is an F-point of contact. 


23. The star (O) and its corresponding congruence (246). 

A general ray meets ¢ in n—1 points at O and one free point, and the 
star (O) ~ a congruence C” of first degree of lines meeting (¢’) in n’—1 
F-points. If C’ is a star, its vertex is (n’—1)-fold on (¢’), and 7 is bimonoidal. 

A monoid has no multiple curves except rays, hence if 7 is bimonoidal, 
C’ is either ; 

(i) lines through a fixed (n —1)-fold point, or 

(ii) lines meeting an (n— 1)-fold line, or 

(iii) lines meeting an (n—2)-fold line w,’ and a simple F-curve om 
meeting ,’ in m—1 points, or 

(iv) if n=8, lines meeting two branches of simple F-curves. 

Case (iv) does not arise for the 7'_, with a nodal F-line (no. 5 of Table VI) 
which belongs to (it); nor for the other two types of singular 7'_,’s (nos. 3, 4 
of Table VI): for in the general case of each of these, the congruence of chords 
of @, is not of first degree, and therefore C’ is the star (O’), and 7’ belongs to (i), 
both in general and in any special case, however @, breaks up. Hence (iv) 
can only arise for the bilinear 7;_,, when this becomes bimonoidal. Now if 
(¢) is monoidal, with a d.p. O triple on w,, the septimic congruence of chords 
of @, breaks up into the star (OQ) and a sextic congruence of proper chords. 
In 8’, in general ¢’ has no dp., w,' consists of a plane cubic ,;' and a twisted 
cubic @,” (p. 297); there is a congruence of first degree of chords of @,'’ and 
a sextic congruence of lines meeting w;, and @,'’; the former is C’. This 
relation survives when (¢’) also acquires a d.p. Thus in case (iv), C” is 
the set of chords of a twisted cubic (316 and p. 305). 

When we know ©” and the correspondence between the rays of the two 
congruences, any correlation determines a T in which P’ is the intersection 
of the ray which ~ OP with the plane correlated to P (249). 

In the involutory case, where n=n’, and the two homaloidal webs coin- 
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cide, all four cases are possible, and there are two varieties of the first 
according as the corresponding stars coincide or not. If not, each vertex 
is an (n—1)-fold F-point of (), and their join is an (n— 2)-fold F-line 
(p. 327). 
An involutory case of (11) is given by the equations of p. 271: 
Day 12 Ww = wa ZW eae 
A ray of the star whose vertex is the (n—1)-fold point (&, 7, 0, 0) can be 
represented by 
na = Ey + aw, bz = w, 
where a, b are parameters of the ray. The homologue is 
n2a=béEy+ab?w, z= bu, 
through the variable (n—1)-fold point (b?&, 7, 0, 0), which describes the 
linear congruence of tangent lines to the surface naw®— Eyz* at the points 
of 2z=w=—0: 
The reduction of monoidal space involutions can be made to depend on 


that of the two-dimensional transformation between the star (O) and C’ (369 
and p. 96). 


24. Ty. 

We denote by 7'y or Ty,-, the first bimonoidal case, when the rays of 
(O) ~ those of (O’) in a two-dimensional Cremona transformation 7. Some 
examples of 7'y;_, and 7'y;_; are described in 309 and applied to the resolution 
of a singular point of a surface. 

In particular, if 7, changes the planes of (Q) into those of (0’), then 7, 
is a homography (37, 112, 229). 

In the general 7'y, let 7, be given by 


BOY <2 = by (CYy2) Pe tas 
my: 2= byl (a, yf, 2): Wels Xl 
These can be taken as two of the equations of 7',,; since the three are 


rationally reversible, the third is linear in each of w, w’, and 7’, can be 
expressed by 


OY 22 2 WwW = bed oud > Xa) 2, 
where P= Win bin. 
} = Wyn + Un_ns 
and y is the P-monoid which ~ O’. It meets ¢ in an F-curve w of degree 
n(n—p); and H consists of O, w and any F-rays of 7, that lie on ¢. 
The solution 7',,~! is 
OY ZU if a ae pen. 
where Fi P= WX Un—pa— 2 Una — W'X ye Uin—p + 2’Un; 
when on the right we substitute $,’, Wu’, x,’ for a, y, 2. 
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Now from the properties of 7, if any y.-fold P-ray 1, ~~ a P-cone gq; 
and G’= IIg.”, 
Xu (dus Vn’, Nu Se’ Gis 
Thus z’ can be cancelled from the expression for j’/¢’. 


Also un (fu’, Wu’, Xn’) is the product of the homologue of u, and the set 
of P-cones which ~ the F-rays of T,, lying on up. Thus if up, tp, have any 
/, in common, g, can be cancelled also. After making all these reductions, 


, , , yA 
0) =Ww Unit Un’, 


Oe Saath Bact, , 
J =W%U n—u- + n'—pB> 


where 
G Un—p (hu! ) ve > Xe ) oie. Un (bu) Wu's Xu 2 ous: Gian (CS iE) j 
w n'—1 w nv - Gee 
= es (hu! > ve ; Xu) melee cn 
u’ ee ae Lp Y, 


where Gj’ is a set of P-cones of 7, ane apart from sheets that are P-cones, 
the cones 
DE ee Unite ia oO Ga, 
are the respective homologues of 
Un—n> Un> Un—w—-1 > Un—-i+ 
Of these, up, ur, Stand on the sections of ¢, 7 by the general plane w, 
and Un, Un—p—- are the tangent cones of ¢, 7 at O. 
Another pair of corresponding cones is 
Uon—pa = UnUn—p—-1 — Un—1Un—p » 
standing on w and the cone of the same nature in 8’. 
Unless G,’ contains the whole of G’, there is a common factor of w’y_,, 
U'y—~—1, and a fixed sheet of the tangent cone to (¢’) at O’. 
In the involutory case, n’ =n, and w’y...U'n—»—-1 are the same functions 
AS Un...» Un—p»—1; the cones tn, Un—p~ are self-conjugate, and W,-7, tn-n are 
conjugate, as can be seen directly. By varying the plane w, we obtain «° 
self-conjugate cones such as wp, standing on the sections of the homaloids 
by their corresponding planes, and oo? pairs of conjugate cones such as w,_,, 
Un», being the tangent cones at O to the homaloids, and the cones standing 
on the sections of j by the corresponding planes. 
Now the degree of G’ is u?—1 and that of G,’ is n(w—1); we see that 
Un—»» Un—u contain the same set of F-rays Xl,Pa say, and each of wn, Un; 


contains =/,8atYe, 
In one space, if the vertices coincide, the invariant system of 7’, is given by 


Pu _ Wu _ Xe _ d 

x y 2 Wy 
and consists of the intersections, other than O, of ef — wj¢, with the system 
of invariant rays of 7. In general there are » +2 such rays, and two inter- 
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sections on each, altogether 2 («+ 2) isolated invariant points of Ty. If T 
has a cone of invariant rays, then 7’, has an invariant curve ; and if 7, 1s 
identity, there is an invariant surface A, = ¢ — w)j, on which O is (n — 2)-fold 
(112). 

25. F- and P-systems of Ty. 

On corresponding rays J, l’ of the stars, 7, sets up a homography, in 
which the one free intersection of J, 6 ~ that of l’ with the plane which ~ ¢. 
If O is regarded as a point of J, it ~ the free intersection of l’, 7’, and the 
intersection of 1,7 ~ O'. 

If J meets w, in Q say, but is not an F-ray of Ty, it 1s a P-ray and 
a generator of Wena and l’ of w’sy—-,-1, meeting ’ in Q’ say. The homo- 
graphy is improper; a general point of J ~ Q’, and is associated with a definite 
plane through the tangent line to o’ at Q’; and w ~ the cone standing on ’. 

Thus, apart from possible F-rays, there is a 1, 1 relation between the 
points of the two F-curves, and they are of the same genus; if one breaks 
up, so does the other, and the components are associated in pairs of the same 
genus, such that the P-surface which ~ each of the pair is the cone standing 
on the other. 

Besides these F-curves, there may be F-rays of 7, of two kinds. 

G) A ray common to j, @ ~ a definite ray 1’, and both are of second 
species; 1 meets the residual F-curve w in two points Q,, Q say, and gives 
an apparent d.p. of » as seen from O. Each of Q,, Q..1s an F-point of 
contact of (p), the fixed tangent plane containing OQ; l’ is of the same 
nature, and each of its two intersections with w’ is associated with a definite 
one of Q,, Q.. There are the same number of such F-rays in H, H’; however 
w, o break up, the components are associated in pairs of the same genus; 
but the association of points breaks down for homologous rays. 

If » has an actual d.p. Q, the fixed tangent plane to (¢) does not in 
general contain O, and OQ is not an F-ray. 

(ii) The second kind of F-ray of 7, is an F-ray J of 7’, that lies on ¢ but 
not on 7; this is of first species, and ~ a P-cone g’. An s-fold F-ray of 7, 
that 1s not an F-ray of 7), meets ($) in an F-point of s-peint contact. 

If 7, is a homography, n=n’; between homologous planes DD Or 
(QO), (O") there is set up by 7, a plane 7, whose F-points in p are O and 
the 2n — 2 other intersections of p, @; its P-lines join these to O (112), 

If p contains an F-ray 1, which is of second species since 7, has no F-rays, 
then p’ contains l’; the 7, reduces to degree n—1, with 2n—4 simple 
F-points in p, the two intersections Q,, Q» of , J being ordinary points for 7’,. 
hisw/ - 9 noasitadl Sas ordinary corresponding lines, and sets up a proper 
homography between their points; and the homography varies in a pencil as 
p rotates about J. 

If p touches at Q»,, this and the point Q,’, associated with Q, by: 73. are: 
F-points of 7,, and Q, is a general P-point, and ~ Q,' ; if p touches @ at Q,,: 
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then Q, is an F-point and ~ every point of l’, including Q,’. Thus Q, ~ Q,’ 
in two transformations of the pencil, and therefore in them all; and similarly 
Q. ~ Q,’. These are the only points of / that have fixed homologues in 7’; as 
p rotates. 

If p contains an actual d.p. Q of @, not lying on an F-ray, another F’-point 
of T;, is adjacent to Q on the trace on p of the tangent plane 7 to (¢) at Q. 
A general point of l’ ~ a point adjacent to Q on 7, and Q’ ~ all other 
points of J, 


26. Useful kinds of Ty. 


(i) Let there be a pair of corresponding planes not passing through the 
vertices. Take them as w, w’; then uw, =0, and the 7’, 


/ , , 


Teen Wey f OM) = Naif 2 Wey 
transforms w into w’ and effects between them the arbitrary plane trans- 
formation 7,. The characteristic numbers of 7’, reappear in the numbers and 
orders of contact of F-points of 7, on w (188). 

In particular, if the spaces are superposed, with w’=w, and 7, is 
identity, we have a 7'y leaving the plane w invariant. 

(11) If & is any given curve, we can always find a monoid ¢, through it, 
if n is great enough, and construct a 7, that transforms ¢ into a plane and 
k into a plane curve k’; we must take 7 not to pass through &, so that & is 
not an F-curve. 

By the known theory of transformation of plane singularities, there is 
a T,, in which k’ ~ another plane curve k’’ with ordinary singularities only 
(p. 129), and this can be effected by a second 7y,. Then k’’ can be regarded 
as the projection of a twisted curve k’” free from all singularities, and this 
projection can be effected as part of a third 7, such that 7,7 transforms k” 
into k’’".. By compounding the three, we have a Cremona space transformation 
that converts any given proper curve k into one free from singularities (p. 148). 

(iii) We can also construct a 7’, having any given curve k,, as F-curve. 
Choose for ¢, 7 any two monoids through & with a common vertex 0, 
a general point of space. There is always a lower limit for n — w for which 
this is possible (96). 

If k has h apparent d.p.’s, the h chords = of & through O are necessarily 
F-lines of second species, lying on both ¢ and 7. For simplicity, we take 7, 
to be identity; then there are no F-rays of first species, and the only other 
F-element is w the residual intersection of ¢, j, of degree n(n — 1) —-m—h, 
on which O is {(n—1)(n—2)—hJ}-fold. The P-cone en; falls into two 
proper components, jz, say, standing on & and 7, on ; the former con- 
tains &/?, 

If n is great enough, we can assume that w is proper, and free from 
multiple points other than 0. Then ¢, 7 have no common rays other than >/, 
and no ray meets @ twice or @, k each once. We can also assume that the 
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intersections of » with k and with SJ are all distinct and at general points of 
all these eurves, regarded both as curves in space, or as curves on any 
particular surface f, through &: unless the intersections fall at multiple 
points of k which are necessarily singular for any surface through k. Further, 
we can assume that the séctions of ¢, j, by any plane p, are general plane 
curves, subject only to the condition of passing through the m intersections 
of p, k. 

Now consider the effect of this 7’, on the singularity of a general point Q 
of k, regarded as a point of the section k, of f by a general plane p. Since O 
is in general position with regard to f, we can take p to pass through O; 
then we have a 7’,, between p and the corresponding plane p’, with Q as 
a simple F-point; and Q, regarded as a point of &,, is spread out into the set 
of intersections =Q’ of a P-line of 7’; with the section hk’, of f” by p’. 

This has just the same effect on the nature of the plane singularity 
as a T, applied to Q; a point Q’ is of definitely simpler nature on k’, than Q 
is on k,. The plane p’ is not in general position with regard to /f’, since 
it passes through the multiple point O’; but it is general as regards the 
neighbourhood of %Q’; in any case, the section of f’ by a general plane 
cannot have a higher singularity at Q’ than that by a special plane. Thus 
after a finite number of steps, the multiplicity of Q on k, is reduced. 

But this resolution applies only to the general points of k. The same 
transformations may introduce all kinds of other singularities, either accidental, 
due to the transformations themselves, or arising from special points of & 
(Chapter Xv1). 

(iv) We can secure that all the F-elements except k are rational. For 
example, let ¢ consist of the cone wu, = O(k) and a set of planes all passing 
through O except one; and let 7 meet that one in n — 1 lines: 

¢=wu, TW wm, J =Wrnot Iw, 
(x-m—-] (m-1) 
whence ¢’ =w' Iv, J =-— wn ot mu’. 
The F-curves are k, the n—1 lines w= v,=0, the n—m—1 plane monoids, 
sections of 7 by IIw,, and the intersection of j, wm residual to k, consisting 
of a curve of degree (n—1)m—m with (n—2)m branches through O, and 
therefore a set of rays. 

Similarly, H’ consists of a set of rational curves and the plane curve 
w’ =U'm = 0, of the same genus as hk. 

Thus H, H’ have each only one F-genus, that of k, and it is explicit 
in both spaces. This is a type that may possibly be useful in some theory of 
classification or decomposition of space transformations. 

(v) Let O be a point of partial or total contact; then u,_,, invacs DAVE 
a common factor ¢ of degree n — 1 — p say: 


d = Wln ay Uy + Gas 


w = Why» By + Up. 
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The intersection projects into 
kinsv = taVy — UpyUn 
with ny simple base points. If these are all distinct, and if n’ =n°, there is no 
fixed part of k,4, and as on p. 308 
nv S 2(n+v—-1), 
2(n—1) 
no 
Hence if n> 4, there are three kinds of [ope (161): 

(1) v=0: tangent cone entirely fixed; kp subject to no conditions. For 
each value of n there is such a transformation answering to each plane 7’, (393). 

(2) v=1: tangent cone consists of a fixed t,_, and a variable plane ; 
(kn4:) has n simple base points, and is a plane monoidal net. The plane 
transformation is 7’,, and there is one 7’, of this kind for each n (396). 

(3) v=2: tangent cone consists of a fixed t,, and a variable quadric 
cone; (4n42) has 2n simple base points, and again the plane transformation 
is 7, leading to one 7’,, for each n. 

The simplest of these transformations, with total contact at O, is when 
p=1, vy =0, and v,_, = up = O, 


By GE 7 Se 4, 


Vv 


IIA 


, , 


Le OE Gieee STE OP pam pe 20 eeeh  Ig a 
Leese WE UY Oe 

The F-system consists of the (n — 1)-fold point O, the fixed tangent cone w, 
which may be regarded as an infinitesimal simple curve adjacent to O, the 
plane curve w =v =0, and the set of (n—1)? F-rays u=v = 0. 

The (n — 1)-fold point O is a necessary consequence of the #’-rays, for the 
rays do not lie on any cone of degree <n—1; but the contact at O is an 
independent condition. 

There are only two F-genera, one explicit in v and one implicit in w; 
both can be arbitrary. The reverse transformation is of the same nature, and 
the F'-genera exchange positions. In particular, if we take either wu or v to be 
rational, say a set of planes, the 7’, has only one F-genus other than 0, 
explicit in one space and implicit in the other. 

(vi) There is osculation at O if ~=1 and 

(dp) = WUn—i + Un + Un-101, 
the coefficients in v only being parametric; this family is homaloidal without 
further condition (399); there are n(n —1) F-rays Un = Un = 9. 

A monoidal family cannot have total contact at the vertex of order higher 
than this. If t, is a fixed sheet of the tangent cone to (@), there is 4-point 
contact of the sheets of (p) touching t, with a fixed monoid jn_,, also having 
one sheet touching ¢, if vy S $n and 

($) = jou + fon. 
If t, is a plane, z say, we have the extreme case of (n + 2)-point contact, with 


(d) =jry, +2" (p. 247), 
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27. An (n—1)-fold F-line (139, 216, 247, 287, 352). 


(vii) If there is an (n—1)-fold F-line J, the web is monoidal, and any 
point of J may be regarded as the common vertex. This is the general trans- 
formation of genus 0 (p. 172). 

Now / counts (n— 1)? times in the intersection of , y. The residual Con 
meets J in 2n — 2 points; hence if it breaks up, one part is a line meeting J. 
The F-system consists of / and a rays meeting / and £ simple points, where 


2a+8=3(n-1), 9B+a=8(n'-1), nr’ =a+8—n4+2, 


and 7 is of the same nature, with an (n’—1)-fold line, 8 F-rays and 
a simple F-points. Since 

a=2n—n' —1, B=2n'—n-l, 
we can form such a 7,» provided 2n’ >n and 2n >n’. 

For a=0, see 284, 397, 413. Generalizations are given in 263. 

In particular, the homaloids can be cones with vertices varying on 1, which 
is a line of contact and counts n(n—1) times in the intersection of ¢, W; 
hence n’ <n. If the second homaloidal web also consists of cones, n’ =n; 
then n—1 F-rays coincide with each of J, l’; there are no others, and 
therefore n —1 simple /’-points in each space (97, 324). 

Now c, meets / in n—1 points, and /~J’,_,; a line meeting / or plane 
through J ~ a line meeting /’ or plane through 1’, and there is a homography 
between the two pencils of planes. An involutory case of even degree 
n=2u4+2 can be constructed by assuming the involution J, in the pencil 
of planes (J), a rational curve k, and a 1, 1 relation between the points 
X of k and the pairs of planes p, p’ of J;. Then P, P’ are conjugate points 
of Inn if they lie on planes p, p’ conjugate in J, and are collinear with the 
point X related to p, p’. 

Other involutory cases, when the complex of lines meeting / ~ itself, are 
studied in 139, 263. 


28. Transformation of polars (66). 
Like 7,_,, Ty, has a useful polar property. Let f, be any surface and 
LS fe zat 0 0 0 
Jx® ae ay” beaten )s 


ow 


be the first polar surface of any point YX (£, », ¢ 0) with regard to f The 
intersection of f, fy is called the total polar curve of X; parts of this are all 
the multiple curves of f, each reckoned a certain number of times, according 
to the nature of the singularity for f of its general points; the residual, 
variable with X, is called the pure polar curve of X with regard to f (p. 372), 

If a curve k is «-fold on f, it is (¢— 1)-fold on fx. Any implicit multiple 
curve of f adjacent to & also lies on fy; if f has a cuspidal sheet, there is in 
some neighbourhood a simple curve adjacent to k, an essential part of its 
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singularity, lying on fy. A simple curve adjacent to & on an ordinary sheet 
of f does not lie on every fx. 


To resolve the singularity of k, we apply a simple Tym, With k as an 
F-curve, and otherwise general (p. 313): 


a=", yay, 2=27, w=, 
where P=-—wWVaatwn, J =W'as—Wna; 
let square brackets denote that this substitution is effected. 
This is the reverse of 


(2 


Gay eo Sy) 2 272 ph, 
b=WUna t+ Un, J = Wn + Una. 

The F-curves in S form the total intersection of d, j, and consist of k, the 
chords >/ of & through O, and a proper residual w. The J are of second 


species, and the P-surfaces in S’ are the monoid j’ which ~ O, and two cones 
Sah a A 
Jk > Ju» Where 


where 


Ning Ses Bae 4 <a Aaa? , vA 
Jk Jo =U m2 = Un V n—-2 — Un n-1- 


Since & is 7-fold on f and (i—1)-fold on fo = & ; we drop 7’, ne * from 


the homologues: 


Gan @ 
ae ee) =e EAE 
The first polar of 0’ with regard to fs 


Cer forte. 09 0. 02 Om aw o 
BOK 7 wd k ee dat Ow’ ay * Bw" dz * Ow! oe 


acai 


=I, “E 2 (eo + dnt tat |+5 
“npl-+t) [a] 


i (ae {Pa [7] — on» Fal , 
J fo = bh n2f —Jo (fo) 

Thus /’ » is not identical with (fo)’, but their intersections with /” are related. 

Since O does not lie on f, the intersection of f’. 7’ consists of F-curves, 
That of f/’, f’o is the total polar of O’, and consists of the pure polar and the 
multiple curves of f’, which are the #’-curves and the homologues of the 
multiple curves of f, other than &, either explicit on f or implicit in the first 
neighbourhood of k. That of /’, j,’ consists of F-curves and the P-rays of j,,’ 
that ~ the intersections of f, w other than those lying on &; on account 
of the generality of 7’,,, these are ordinary points of f, and the P-rays are 
simple on /’ and are therefore part of the pure polar of 0”. 

Lastly, the intersection of f’, (fo)’ consists of F-curves and the homologue 
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of the total polar of O, that is, the homologues of the pure polar and of the 
multiple curves of f explicit or adjacent to 4, and also any simple curves of f” 
that arise from cuspidal sheets of f along k. 

Thus the pure polar of O’ consists of the homologue of the pure polar 
of O, and in addition, certain simple P-rays lying on 7,” and possibly certain 
simple curves lying on j;’, arising from the neighbourhood of k. 

The relation is simpler if v’,.=0, when j, 7’ are cones, and 7," is a sheet 
of 7’; the vertices are F-points of total contact. Then (/o)’, fo are identical, 
save possibly for certain P-cones; and save for certain branches lying on the 
latter, the pure polar curves of O, O’ are homologues. If we choose j =jg, 
then 7’ =),’, and there are no supplementary sheets in f’g. 


IV. OTHER SPECIAL TYPES 


29. Punctual transformations (74, 75, 120, I9I, 192). 


For a general space transformation, there is nothing to answer either to 
a plane characteristic or to Noether’s theorem. There is however a group 
of transformations, called punctual because each is determined by a set of 
points, which are defined to satisfy an analogue of Noether’s theorem, and 
possess characteristics, and for which we can set up parallels to a good deal 
of the plane theory. 

The elementary transformation, which takes the place of the plane 7,, 
is 7’, and we define a punctual space transformation as one compounded 
of Ty's. In 192 it is suggested that all transformations with no F-curves of 
first species are compounded of 7',,,s; but the so-called proof is admittedly 
“oewagt,” and merits a stronger adjective. Punctual transformations are 
called regular in 74, but this word has a different accepted meaning in 
connection with transformations (p. 58). 

The simplest type of punctual transformation is T’,, itself, and its 
properties that concern us now are: 

(i) it is completely determined by its degree and the number and multi- 
plicity of its isolated #-points; that is, it has a characteristic, n=4; 4?; 

(ii) all the F-curves are of second species, and all the P-surfaces ~ isolated 
F-points. Hence the nature of the homologue of any surface depends only on 
its multiplicities at 20; in particular, each P-surface is completely defined 
by these multiplicities. 

Let a transformation 7 be compounded of any number of Z',,’s. We 
assume that the four ¥-points of each new component 7, are distinct, and 
that each either coincides with an /-point of the transformation V already 
constructed, or is in general position. Then no F-line of 7, can meet an 
F-curve of V, unless the two coincide, being determined by the same two 
F-points. The F-curves of T all arise as homologues of F-curves of the eR: 
are all of second species, and are a necessary consequence of the passages 
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of (¢) through the F-points; () is completely determined by its degree and 

isolated F'-points. Thus 7’ has the same properties (i) and (11) as Ty, and 

has a characteristic . 
Re ieee at 


30. Incidence relations. 


These characteristic numbers are connected by certain relations, and 
satisfy an inequality answering to Noether’s in the plane. We cannot imitate 
the plane proofs, for these start with the two equations of condition, involving 
the total postulation, equivalence and genus. But in space (p. 225) these 
involve explicitly the constants of the F'-curves of second species entailed by 
the F-points, and there is no simple way of expressing these in terms of n 
and 22. We therefore use induction. 


, 


In a punctual 77,_,, let the systems of isolated F-points be 
SO OTs 
a= p=1) 


where the 7,, 7g’ are in descending order, and let 


a 


Op’ ~ je = = 0.'%°, of degree ug, Os ~ ja’ = S0's'*, of degree ju,’. 
B 


These satisfy the relations 


Wh, C=O, 0, = a's lag = 4. poe 
St. =4(n-1), Pa eee) 
lap = Ap’ — il. 2glag = dp n, 
Sap = 2u'a +1, 2 tap tay = 2pep' fly (B+), 


and the similar equations with the spaces reversed. These all hold for 7',., 
when 
w=n=38, c=zo=4, t=7=2, p=p'=1,- t12=0 or 1, 


o 


Now if any surface f,, = & 0.7 is transformed by a 7, with 0, O2, Os, O, 
1 


as F'-points in S, and 0,’, 0,', 0’, O aie sandal 0; .-.e Ogee O.'<).2. 05. We 
have for f’ 


4 a tA ‘f /f 
p= 8 — Dye; = 2H - Uyaty, and so for yo’, y3, Y4> 
a=] a=1 
=P and so for yg ... Yo. 


Let 7 be a given punctual transformation between S, 8’. By definition, 
this has the property analogous to Noether’s theorem, and is compounded 
of a series of J,,’s, between S, 8”; ...; 8”, S’ say. If we isolate in turn the 
first and last of these, we can in two ways regard 7’ as compounded of a Tie 
and a punctual V which has one component fewer than 7. 
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The two homaloidal webs of 7 are respectively the homologues by 7. 
of the first homaloidal web of V in S’’, and the homologues by V of cubics in 
S”’ with four d.p.’s. Similarly, the P-surfaces of 7 are found from those of Tye. 
and V by transformation. From these considerations we can write down 
a large number of relations between the characteristic numbers of 7, Ve 
sufficient to reduce the required relations for 7’ to depend on those for two 
punctual V’s, each of which has one component fewer than T, and so finally 
on those for 7',,, itself. 

In order to keep the same number of terms in the various sums, when 
F-points drop out, it is convenient to define, for a point O, that is not 
an F-point, ; 

Va jig =p 02 he = — 1 (192tand p+ 26); 

The whole calculation is given in 74. 

Some of the relations have simple direct proofs. Thus ¢ =o’ holds, since 
when the characteristic is given, 7’ is completely determined by 3c + 15 para- 
meters, of which 3c are the coordinates of the F-points, and 15 determine 
the base homaloids of the web; and 7 is equally determined by 30’+15 
parameters in S’. 

This is also proved by induction as follows. Let 7=V.W where V, W 
are punctual. In the intermediate space S”, iet V, W have a common F-points 
0” and 8 common P-surfaces 7’. Then the two P-surfaces of V, W that ~ 0” 
are ordinary homologues for 7, and so are the two F-points of V,W that ~ 7”. 
Al) other F- and P-elements of V, W give F- and P-elements of 7’; hence 
if we assume o =a’ for V, W, 


Op=O7=op~ptoy—a-—B. 
Another relation comes by superposing the spaces and considering the 
two isologic surfaces of a general line (p. 174), 
Ona = 30", v4 = DOiaee. 
which are homologues; hence, since n =n’, 
ntl=n(n+1)— Stay’, 
and since 2, = 244’, ‘ 
2(n?-1)=Sig= Sip. 
The analogue of Noether’s inequality is 
H+%+%,+%,2 2(n+1), 
for from the equations for Sz, 27? we deduce 


; 3 o 
(n—1) {+444 +%,—-2(n4+1)} = 5 G.-%) (n-1—-4,) + 3 G4.) 20. 
a=1 a=5 


The inequality expresses that a 7’, applied to the four highest F-points 
reduces the degree of 7 by at least 2. On this rests a theory of normal 
resolution, as in the plane. 
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We can have 7,4 %,+%,+%,=2(n+1) only if either 
w= — Lor tg=t.(a=— 1 2:2 a), 
that is, if 7’ is either monoidal or symmetric. 

Since the P-surfaces in S all ~ isolated F-points in 8’, and are exactly 
determined by their multiplicities at the isolated F-points in S, the whole 
plane argument, about the partitioning of groups of F-points of equal 
multiplicity by P-elements of equal degree (p. 23), holds of punctual space 
transformations; Slebsch’s theorem can be carried over, and also, since o =o’, 
the complete 1, 1 relation between the two sets of F-points. 


31. Special punctual transformations. 
Since 7 = 2u’, every 7 is even, 30? = M (4), and n is odd. The only punctual 
cubic characteristic is that of 7,,,, and the only quintic ism=5; 242 For 
n= 7, there are several for each n. 
The only surfaces completely determined by seven or fewer points are 
Azsd; favs; f=¥"3; fave 
Hence if o $7, every P-surface is of degree w= 4, and 7 can only have the 
values 2, 4, 6, 8. There are nine characteristics with seven or fewer F-points, 
=o 4 n=), 242 Ni) (ie VOSS? ee ip aed OF, 1 PO LEG 
=O S32) gp 14624 =H 135.3848) oe 15S 78 
and 028 ifnz2 16. 
For the symmetric punctual characteristics, we find 
ie 8 (n— 1) 
eee eT 


2 


2 


and besides 7',, there are only n=7; 64and n=15; 7°. The involutory cases 
of these are considered below, pp. 323, 326. 

We can find any number of general characteristics by assigning any law 
of coincidences of the F-points of the component 7',,’s. If all are in general 
positions, we have 

cate me 


= oy “4: 4, a 
If two F-points of each new 7’, are the highest #’-points of the characteristic 
already formed, and all the others are general, we have 
n=Qw+1; (Qu); 
the reverse is similar, and this is a bimonoidal 7;,_, with an (n— 2)-fold 
F-line joining the two vertices in each space (120). 

More generally, let. one F-point of each T,,, be the highest F-point of the 
last characteristic, and let the law of coincidences of the other three #’-points 
in the successive spaces be the same as in the normal composition of any 
given plane characteristic 4; pis’... tg. The space characteristic 1s 


= On lg Dn DT reer ee 


322 CREMONA SPACE TRANSFORMATIONS [ou. 


and is called the-dilation of 7. The example just given is the dilation of T, 
(75). 


Conversely, any monoidal punctual characteristic is a dilation ; for if 


n=2p-1, 1= 2-2, 
we have 
© fa <2 3 (uw ea i); Swat = im =s ik 


and [3 pls’... fle 18 a plane characteristic. 


32. Arguesian I,_, (85, 106, 159, 287, 339, 408 and p. 170). 


We shall now consider a few well-known involutions. 

The simplest singular cubic transformation is no. 3 of Table VI, when 
the homaloidal curves project from the d.p. O into the lines of a plane, and 
are general plane sections of ¢;, with two branches through 0. The F-curve 
is @, = O?; it projects into a non-singular plane /,, and is therefore of genus 3. 

The Arguesian space transformation is a special involutory case of this, 
when P, P’ are conjugate in the involution cut out on OP by a given pencil 
of quadrics. The quartic curve w, of genus 1, base of the pencil, is an F-curve, 
for any point-Q of w, ~ the whole of OQ; and w, ~ the cone 7,= O4w,. The 
other F-lines are the two chords of , which pass through 0; every point 
of one of these ~ the whole line, and they are of second species. 

This is a 7'y3_3,and O ~ a quadric j,= Uw, and Js=j.2j,. The trans- 
formation is central, and in any plane through O it sets up a plane Arguesian 
transformation (p. 116). 


33. A skew I,_,; (135, 318). 


a 


An involution of degree 5, of which some incorrect details have been 
published, is cut out on a bilinear congruence by a pencil of quadrics. 

Let 1,, 4, be the axes of the congruence, and , the quartic of genus 1, 
base of the pencil; these are F-curves. If P lies on 1,, the ray is any line 
through P in the plane Pl,, and P ~ the conic, section by this plane of the 
quadric through P; hence J,, /, are double F-lines. If P lies on @,, the quadric 
is indeterminate, and P ~ the whole ray through P; hence o, is a simple 
F-curve. . 

There are eight rays which are chords of w,; each is a generator of the 
quadric through any point of itself, which ~ the whole ray; these are eight 
simple /’-lines of second species. 

There are no other #’-points, the total degree of F-curves is 


2.44+44+8=20=n?—-n; 


hence n=5. The homaloids are quintics with two double lines. 
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34. Geiser’s I,_, (119, 132, 365, 380). 


The earliest known space transformation, after 7,_, and Ty_,, is the 
involution connecting the seventh and eighth base points of nets of quadrics 
through six given points 0,, ... O35. 

This is the only web with two free intersections determined by simple 
base points only; for if w is the degree and a the number of base points, 

_(H+3 
a=( 3 )-4= 8-2, whence «= 2, a=6 (347). 

The same involution has been approached from four dimensions (10). 

It follows from the definition that : 

The line 0,0, ~ itself; there are fifteen such lines, and they are F-lines 
of second species. 

The twisted cubic o,=0,... O, ~ itself, and is also an F-curve of second 
species. 

The point O, ~ the quadric cone g,=0,0,...0;; there are six such 
P-cones. 

The plane 0,0,0, ~ the plane 0,0;0,; for if P lies on 0,0,0;, one 
quadric of the net through P is this pair of planes, and P’ lies on one or 
other of them. If it lay on 0,0,03, all the quadrics through P would contain 
the conic 0,0,0,P P’, and would not form a net; hence P’ lies on 0,0;0,. 
The intersection of the two planes is a self-corresponding line. There are 
twenty such planes and ten such lines. 

The vertex of a quadric cone of the web is an invariant point of J;_,, 
which has therefore a quartic invariant surface A,, the Jacobian of the 
quadrics. It has O,... O, as d.p.’s, and contains all the /’-curves. 

A net of the quadrics contain w;, and a pencil of these pass through any 
point P and contain the chord of w; through P. Hence P’ lies on the same 
chord, and the associated complex of J reduces to the congruence of chords 
of w;. The involution on any chord is cut out by any pencil of the quadrics 
which has no base point on the chord, and the two intersections with @; are a 
conjugate pair. 

If P moves on a line J, then P’ lies on the f,= ,7/, locus of chords of ; 
meeting J, and also on the one quadric that contains l. These two surfaces 
meet in J and ac, which ~ 1; this meets / four times, passes twice through 
O, ... Os, and does not meet any of the F-curves again. The degree of I is 
that of c, and n=7. 

We can also find this by considering degenerate homaloids. The ¢, 
which ~ 0,0,0, breaks up into: 


q, containing 0,?0,0,;0,0;0;@; and the five P-lines O,0,,.-.. 0, 0g, 


Jo ”? 0,02 O; 0,0; Ogos »” ” ” Die 050%, cis'@ O50. 
Ys » 0,0; OZ 0;0;0605 55 » » » O2043 <2. 0;0., 
p g. 0,0;0, andthe three F-lines 0,0;, 0,0, 049s; 


21-2 


324 CREMONA SPACE TRANSFORMATIONS [cu. 


and is a ¢;=(0;... O,)'@,%. The twenty such degenerate ¢’s do not form a 
net, and any other ¢ is a linear function of them; hence n=, and H consists 
of (0, ... Os)’, @;°, and the fifteen simple lines O.Og. 

These F-curves are of total degree 3 x 3?+ 15=42=7?—7; hence there 
are no others. J,, consists of the six P-cones each taken twice, and there are 
no other isolated F-points. The F-curves have no free intersections with c,, 
and are all of second species, necessary consequences of the six 4-fold points. 
The J,_, is a symmetric punctual transformation, and is normally resolved 
into three 7',.’s. The first, applied to four of the F-points, reduces the 
characteristic to n=5; 2/47; another 7, reduces this to n=3; 4°, that is, 
to a thirdel... 

It can also be resolved into two particular cases of the bilinear 7;_, (p. 300 
and B 1 of 158). The F-sextics of the first consist, in S, of w;, 02.03, 0,0, 0,02, 
and in the intermediate space S’’, of three skew lines (A’”’) and three lines (/’’) 
concurrent at O’’ meeting pairs of (X””). This converts (¢,) into (¢,’”) through 
three generators of the opposite system of the quadric through (X’”), which 
~ 0,, O;, Og, and three lines through 0”, meeting pairs of these, which ~ 
0;0;, O01, 0,05. This is the homaloidal family of a 7_, of the same nature 
as the reverse of the first, and J,_, is resolved into the two. 

This is the simplest example of the argument of p. 273, which shows that 
if a plane p’ meets w; in Q,, Q., Q;, then the homologue ¢ has three separate 
sheets through ;, touching the cones which project @; from Q,, Q, Q; re- 
spectively; these vary with p’ and ¢, and w; is not a curve of contact. This 
also follows from the fact that ¢ has six 4-fold points on @;, and conversely. 

Let ;, be represented as on p. 304. The cone projecting w, from the 
point 7, is 
T1'da — T190 + Ge, 

(7 - T) hy, 
where SOAR ae 


Ill 


h=(n# - y)(mz—w)— (ny — 2? 
and touches Tb — Tl + The 


Ill 


3 
The web (¢,) =@* has the form (qa, qv, G02; Y; 2, w)', and its three tangent 
planes are 


3. 3 * 
ts = (ta, to, THe], 7, 72, 7°) S (te, 401, 7)% 
Now ¢, has six fixed 4-fold points 7,; at each of these, ts =0, and ts has 


we — 7.) as a fixed factor. The remaining factor is (t,, ¢,)? with constant 


coefficients ; it falls into three factors #,t,t, where t,= 7;t, —te, the coefficients 
Ty, Tz, T; depending on the parameters of d. Thus 


te = tytat, I (+ — 72), 
(6) 


and ¢ has three sheets touching q,, q., gs respectively, which are three cones 
whose vertices vary on ; with the parameters of ¢. 
Conversely, if ¢, touches these cones, tg has the factor 


(Tbe — te) (Toba re te) (T3bo, te), 
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whose four coefficients 7,7,73;, =1,T2, S14, 1 give all the parameters of (¢). 
The remaining factor (1, 7)* is fixed for all of (#), and gives six fixed values 
of 7, and six points of @;, for each of which ¢g is indeterminate, and ¢@ has a 
4-fold point. 

This can also be proved by applying an auxiliary transformation which 
converts ; into a line, for example, a bilinear 7,_, whose F-sextic meets 5 
in eight points. 


35. I,_, on the chords of a cubic (360). 


Now let the involution on each chord of @; be determined by two pairs, 
its intersections O, O’ with @, and its other intersections Q, Q’ with a given 
quartic surface f;=;. As before, w, is a triple F-curve of second species, 
and ¢, has three sheets touching three variable quadric cones along w;. But 
we shall find that @ has a fourth sheet through ;, which touches a fixed 
surface, and that with respect to this sheet, w, is of first species. This means 
that there are branches of c’ meeting @;, and they all lie on the sheets in 
contact, not on the first three sheets. 

For the F-points, where J tails, either the chord / is indeterminate, or the 
involution on it is improper or indeterminate. Now / is indeterminate only if 
P lies on @;, and we have seen that from this cause every point O of a; + as. 

If J is determinate, the involution on it is improper if O=Q, and 0’, Q’ 
are distinct; then O ~ both O’ and Q’, and therefore O ~ every point of J. 
Now / touches f, at O, and is the one chord of @; in the tangent plane to /f, 
at O. Thus O ~ the variable P-line J as well as the fixed P-curve »;, and 
@, is at the same time a simple F-curve of first species and a triple #-curve 
of second species, and is 4-fold on (¢). 

If P, > a point P of l, the chord P,0,0,'Q,Q,' is near the tangent plane 
to f, at O, and O,, Q, are points of f, near 0; the plane 00,Q, — the 
tangent plane to f,at O. But P,’ is near O, and Q,, and therefore near O, 
and lies in the plane 00,Q,, and — O in a direction touching f,. Hence 
if P, describes a general plane p meeting J in P, the homologue ¢ of p 
touches f, at O and similarly at every point of w;. Hence the fourth sheet 
of ¢@ touches the fixed surface /, along as. 

Since o, is 4-fold on (dn), and any chord of o; is self-corresponding, and 
meets ¢, in one free point, n=2.4+1=9, and the transformation is J,_». 

The involution on / is indeterminate if O=Q and O’=Q’, for then we 
are given only one pair of conjugates. Any point of / ~ every other point, 
and J is an F-line of second species; it is a chord of , bitangent to /,. 

Let there be a such lines of multiplicity 7%. Now » counts 4+1=17 
times in the aggregate of F-curves, whose total degree is 

9—9=17.3+4 2a, 
whence g=1 a= 21, 
as can also be proved directly. 
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Now ¢,’ does not meet any F-curve of second species, and where it meets 
©; it touches f, and meets a homaloid y in 5 points. Since 80 of its 81 inter- 
sections with y are thus absorbed, it meets @, 16 times. 

Now fi=(Ga> Jo Qe0% Y, 2 wy)’, and touches t= (ta, i015 76 


4 4 
hy = (da> Jo» GeS 2, y, Zz, Ww), » ” te = (ta, tp. 1, 7)’, 
and tg has the four factors tytt.t; and no other. Hence (¢,) has no 5-fold 
points on , unless /, is singular. 


36. I,,-1,, inversion of I, (348). 

There is an J,,;,, an extension to space of the metrical plane J, of p. 122. 

Let O,, O,, O,, O, be the feet of the four perpendiculars on the faces of a 
tetrahedron drawn from the circumcentre O, say. Any sphere q through 
O,0,0, determines another g’ such that the plane 0,0,0, bisects the 
angle between q, q’, and also that between the spheres O,0,0,0, and 0,0,0,0;. 
A point P determines six spheres such as q, and six such as q’; the last set 
concur at P’. By inversion with regard to O,, this is reduced to the con- 
struction of J,., by symmetric planes (p. 302). 

If P=O,, three spheres q’ are indeterminate, and three coincide in 
0,0,0,0;, which is the P-surface which ~ O,; while O, ~ a sextic P-surface, 
as is most easily seen by inversion. The plane O,0,0, ~ itself, after dropping 
P-surfaces of degree 2+2+4+6; hence n =11. 

If, instead, we invert the construction of /,,, with regard to O,, we obtain 
an I,_;, where the spheres PO,0,0,, P’O,0,0, are equally inclined to the 
sphere 0,0,0,0, and the plane O,0,0, respectively; and also the pairs of 
planes PO,O,, P’O,O, are symmetric with regard to the bisectors of the 
dihedral angles O,0,0,, O,0;0,. 


37. The symmetric punctual I,;_,; (75, 77, 191). 

The last symmetric punctual transformation has seven 8-fold F-points 
Q,... O;,. It is generated by the ® family of quarties (f;)=(O,... O,). 
If fp is any proper quartic of the family through P,,and q, q, two inde- 
pendent quadrics through P of the net (q, q, qs) determined by O,... O, and 
the associated eighth point X, then any other of the quartics through P is 


Spt (hn, G0, da» Ys)> 
and contains P’ the other free intersection of fp and the k,=0O,... O,P 
intersection of q,, go. 

One /, has a triple point at O,; this is the P-surface which ~ O,, and (c,) 
have four branches through O, ... O;, and being determined by these seven 
4-fold points, are of degree 15. Hence n=15, 7=8. 

The quadrics g are self-corresponding, and the two-dimensional trans- 
formation set up on any one of them is projected from X into Bertini’s 
plane J,, (p. 127). 


? 
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To reduce J,;-45 normally, apply a 7’, to the four highest F’-points, giving 
in turn | 
n=13; 3946 n=9; 363412 n=5; 9442, n=38; 47; 


hence J,;_,; is compounded of five 7's. 


38. Types of general degree. 


(1) Let there be an (n— 2)-fold line J, and let the remaining F-curve 
be simple and of degree m, meeting / in d points; then n’=4n—4—m 
(216, 225°1, 251, 263). 

Lines meeting J, » contain n—1 F-points, and ~ another congruence of 
lines. If d =m —1, these congruences are of first degree (p. 309). 

Now / meets cy in 4n—8—d points, and ~7'm-s—a; & plane p through 
1 ~a surface of degree n’— (4n—8—d)=d—m+4 If d=m-—83, this isa 
plane p’, and 7’ changes the pencil of planes (/) into another pencil of planes, 
whose axis J’ is an F-line, of multiplicity 7’; say. 

The plane pencil of rays in p meeting /, whose vertex is any point O 
of w ~ 1 lines in p’, and therefore also a plane pencil, whose vertex O’ is 
a point of an F-curve o’ of multiplicity 2’, say, where 7’) +7’, =n'—1. This 
sets up a1, 1 relation between the points of w, w’, and these curves are of 
the same genus; if w is proper, so is w’, and any other F-curve of H’ lies in 
a plane through l’. Any p contains m —d=3 such pencils of rays; hence o’ 
meets p’ in three points O’ not on J’, and meets J’ in d’= m’— 8 points. 

An example is the 7_,, no. 6 of Table VI, when », breaks up into a line / 
and an w, of genus 1 meeting / once; there is also a simple F-point O. The 
P-elements are: chords of w, meeting J, whose locus is a j,=/?,, conics on 
the quadric Ow, and conics in the plane Ol. Then (¢,’) have a simple a,’, 
a double chord /’ of ,’ and a double trisecant of ,’ meeting I’. 

Another example is the 7;_,, no. 12 of Table VI, where / is simple and o, 
does not meet it; there are also two simple F-points. Then (¢,’) have a 
rational w,', a triple chord /’ and two double trisecants meeting /’ (p. 373 
of 385). For n=5 see 21. 

If n=n’, then m=3n—4, d=8n—7. An example is the bilinear 7;_,, 
where w, breaks up into a quintic of genus 2 and a chord (86). It can be 
involutory, the rays of the congruence conjugate in pairs (251). 

(ii) The only other involutions that permute the rays of a congruence 
are Ty and an Ln41)—~n41) With an n-fold F-quartic and 2n simple /’-chords 
(191, 216, 225°1, 256, 287, 320, 368). 

(iii) There have also been studied transformations with an 7-fold and an 
(n—i—1)-fold F-line, which convert the congruence of lines meeting both 
into another such. For example, the I;_, of p. 822 (216, 263). 

A similar type has an (n—3)-fold line and a certain number of triple 


points (397). 
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Other special transformations are described in the following memoirs: 


eT: 

T;-;, no. 23 of Table VI, 49. 
T,-¢, no. 41 of Table VI, 41. 
Te 138 4254s 


254 
255 
257 


ae OS. 
T5580. 
Large numbers of examples are given in: 
6 85 217 
10 86 243 
21 158 244 
23 159 248 


24 160 253 


258 
262 


iL, on 2s. 
T24, 2603 
T9320; 308: 
Dees: 
Cine AT: 
Teds 50 A La: 


265 361 
269 368 
283 370 
316 384 
318 385. 


CHAPTER XV 


A CUBO-QUARTIC TRANSFORMATION 


1. Equations of the transformation. 


Consider the transformation, no. 10 of Table VI, given by the cubic 

equations 
Sey as Ay $y, : db. Ds : ps 
= at + dyzw + ezw?: yw (z—w): 2 (2-—w): ew (z—w), 

where t=yw+ 2+ aew + bw 

We first show that this is a Cremona transformation, by actually solving 
for x: y:z:w. From the three last ratios, 

ON NES Ze :w'=2:u, 

whence Were Wma A) 2.08 ay ay 
and from the two first ratios, 


if 


a’ xt + dyzw + ezu” 


yyw (2 —W) 
a yew + 2p" + az'w' + bw" — 2'w’ (dy'2' + ew”) 
y we (2'w" = w’?) y' 2" (2’w" <= w’?) 5) 

aw" {a (2’ —w’) — dy'2’ —ew"} 

y Y' Uy ’ 
where Uy =y2’ +2? +a2'w' + bw” 
Hence 

AY ace we py SUN Sy tors Bete uve 


=2Z'w' {a (2! —w’) —dy'2’ — ew} : y’2" us! : 2’W' Uy! : WU,’ 
These are the equations of the reverse transformation, which is therefore of 
degree 4. 


2. First F-system H. 


We shall first find the different points and curves of H, and then determine 
their multiplicity, and order of contact, if any. 

The conditions of intersection or contact satisfied by the general ¢ are 
also satisfied by the three degenerate base homaloids ¢., $3, ds. The simplest 
of these is ¢, =2*(z — w); hence all the F-elements lie on one or other of the 
planes z, z— w. 

First consider z; it is part of ¢,, and meets ¢, in the two lines 
y=2=0,z=w=0, the latter counted twice; any F-element lying on 2 lies 
therefore on one or other of these two lines. The first meets ¢, where 
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x. bw = 0, that is, in the two points A,(0, 0, 0,1) and A, (1, 9, 0, 0), which 
are therefore F'-points. The second line lies entirely on ¢,, and is therefore 
an F-line 1; it passes through A, but not through A,. 

The second sheet z—w of ¢, is also part of ¢, and ¢,; it meets ¢, in the 
line z=w=0, which is thé F-line / already obtained, and also in the conic 


z—w=0, afy+(+a+b) 2} 4+ dyz+e2=0. 


This is therefore an F-conic w,; it passes through A, but not through A,. 

Thus there are no F-points other than A, and the points of / and @,. 
Now the total degree of curves in H is n?—n’ =3?—4=5,; hence one or other 
of the #-curves must be taken more than once. 


F-line | of osculation. 
While we are considering the line J, z= w=0, it is best to arrange the 
general homaloid 
co) = Oy oF Cos + C3p3 + Cabs 
in the first instance according to degree in z, w: 
p= c,xyw of degree 1 in z, w 
+o {a(2 + azw + bw*) + dyzw} + c.yw(z—w) of degree 2 in z, w 
+ ¢,62u + 6,27 (2 —w) + o,2w (4 — w) of degree 3 in z, w. 
The tangent plane to ¢ at the point (a, y, 0, 0) of J is given by the linear 
terms, namely c,zyw. Hence every ¢ touches the fixed plane w along l. 

At points of ¢ near / therefore, x, y are finite, z is small of first order and 

w of second. Rearrange the terms in order of smallness: 
p= ae (ywt 2) of order of smallness 2 

+ ¢, (axzw + dyzw) + c,yzw + ¢;2* of order of smallness 3 

+ terms of order 2 4; 
hence ¢ osculates the quadric 

GSU a, 

which is independent of the parameters ¢,,...¢,, and fixed for the whole 
family. :& 

At points of ¢ near / therefore, q is small of third order; the other terms 
of third order depend on the parameters ¢,, ¢., ¢;, and there is no contact of 
order > 2 along /, which is an F-line of osculation. 

We next verify that / counts just three times in the intersection of two 
general homaloids, @ and y=d,¢, + dd. +d3¢;+ d,¢,. First eliminate q by 
forming ¢,y—d,¢, of which the terms of lowest degree z, w are 

(Cd, — Cody) yw (2—w); 
on this / is double and one sheet touches ¢. Then eliminate the factor w 
from the lowest terms, by forming 


A = a (a — dd) — (ed, — d;) (e—w) $, 


xv] A CUBO-QUARTIC TRANSFORMATION 331 


whose lowest terms are cubic in z, w, not having w as a factor; on this, 
! is triple, no sheet touching w along J. Hence J counts just three times 
in the intersection of ¢, A, that is of @ with aw, of which the sheet x does 
not contain /. Thus / counts just three times in the intersection of ¢, w. 

The co-factor of z* in A is a multiple of «; that of w in ¢ is czy. These 
do not vanish except when #=0, at A,, or when y=0 at A,; hence at 
no other point of J does ¢ touch a sheet of A, or J meet its total residual in 
the intersection of ¢, w. It follows that J is an F-line of second species. 

In particular, if we examine the intersection of ¢, with the other three 
base homaloids, we find: 

a single sheet of ¢, through J, touching w and osculating q; 

two sheets of ¢, through J, one intersecting ¢, without touching it, and 
one touching w and ¢, but not osculating g, so that / counts three times in 
the intersection of d,, 2; 

two distinct sheets of $3, one repeated, neither touching w, so that 
/ counts three times in the intersection of ¢y, $3; 

three sheets of ¢,, two intersecting ¢, without touching it, and one 
touching w but not osculating g, so that / counts four times in the intersection 


of gi, du. 


Simple F-conie wo. 

Along @., which is simple on every ¢, each of do, $3, @, touches the plane 
z—w,and ¢, does not. Hence , is not a curve of contact, and counts once 
only in the intersection of ¢, . 

But w touches ¢ at one point of w, given by 


CG {doy + (ds + ds) 2} = dy {coy + (Cs + C4) 2}, 
which is the one variable intersection of w, with c the variable intersection 
of ¢, wv. 
Thus the F-curves of H consist of J counted three times and , counted 
once; the total degree is 3 x 1+ 2=5, as it must be. 


Simple F-powt A,. 

We have seen that the only F-point which does not lie on / or w, is 
A,(0, 0, 0,1). Here the tangent plane to ¢ is ¢, (be + ez) — ey — cz, and 18 
variable with the parameters; A, is a simple F-point without contact, and 
c passes through it. 

It remains to be seen whether there are any special points on the 
F-curves, which are either of higher multiplicity or of higher order of contact 
than the general points, and which must be considered as distinct F-elements. 
Our attention has already been directed to A, which is one of the points of 


intersection of 1, @.. 
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Double F-point of contact A,. 

In considering A, (1, 0, 0, 0), we arrange > according to powers of x; 
the lowest terms are c,xt. This shows that (#) has a d.p. at A, with the fixed 
tangent cone ¢, which contains / as a generator, and along it touches the same 
plane w as ¢, and osculates the same quadric q; it also contains as a generator 
the tangent line to @., 

z—-w=yt(1+at+b)2z=0. 


The terms of ¢ cubic in y, z, w are all of third order of smallness and 
effectively involve the parameters; there is no higher contact at A,, which is 
a double F-point of simple contact. 

Through A, there pass six branches of the total intersection of $, ~ 
(p. 235), that is, 7 counted three times, @., and two branches of c, each 
touching t and meeting a third homaloid y in three points at A,. We can 
find their tangents as follows. 

By eliminating ¢ we form 


A= oh —d, b= {(d,— cd.) yw + (Gd; — Cd) 2 + (Gd, — e,d,) zw} (2—-w), 


a degenerate cubic cone, not having ¢ as a sheet. The six branches of the 
intersection of ¢, w through A, touch the six common generators of ¢, A. 
The first factor of A gives a quadric cone, which touches ¢ along / and meets 
it in two other variable generators; these are the two tangents to c. The 
second factor of A is the fixed plane z—w, meeting ¢ in J and the tangent 
tO @e. 


F-binode A,. 


To examine the other points of /, we consider that the tangent plane to $ 
is given by c,vyw; this becomes indeterminate not only at A,, where y=0, 
but also where z = 0, at A, (0, 1, 0, 0), the other intersection of J, w,. Hence 
A, is a common d.p. of the family. The tangent cone 

w {co («@+dz)+e,(z—w)} 
breaks up into the fixed plane w and a variable plane passing through the 
fixed line # + dz = z—w=0, which is the tangent to w, at A. 

A, is therefore an F-binode with one fixed and one variable biplane. 
The point is a B,, and there is no higher contact; through it there pass five 
branches of the total intersection, four touching the fixed plane, and one the 
variable plane. The former consist of J counted three times and one branch 
of c, the latter is @,. 

There could be a point of higher contact on J only if, for some value of 
aly, the terms of ¢ of third order of smallness reduced to a form depending 
on the parameter ¢, only. Since these terms include ¢,z*, this does not occur. 
Also there are no special points on @, other than A, and A,; for @, never 


touches the same plane as ¢., ¢; and $,; and there is no d.p. of ¢; on wy, 
except where z= 0, 
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We have now obtained all the elements of H, and give a list for 
reference. 


(i) Double point of simple contact, A, (1, 0, 0,-0), fixed tangent cone 

t=ywt+ 2+ azw + bw’. 

(1) Binode of partial simple contact, A, (0, 1, 0, 0), fixed biplane w, 
variable biplane through fixed line «+ dz=z—w=0. 

(au) Simple point A, (0, 0, 0, 1). 

(iv) Simple line of osculation J, z = w=0 of second species, fixed tangent 
plane w, fixed osculating quadric g = yw + 2°; joins A,A,, lies on the fixed 
cone at A, and on the fixed plane at A. 

(v) Simple conic as, 

z—-w=0, «elyt+(1+at+b)z}+dyz+e2=0; 
passes through A,, A,, touches the fixed cone at A, and the variable plane 
at A.. 


3. Postulation and equivalence of H. 


A general cubic surface ¢ contains (3) = 20 terms and therefore depends 


on 19 parameters; the intersection of two such surfaces ¢, W is a c, meeting 
a third y in 27 points. We shall make ¢@ acquire the five F-elements one 
after the other in the above order, and find the changes in P and £ due to 
each fresh element. 

Ga) If ¢ has ad.p. at A, with the assigned tangent cone ¢, it has the form 

b= cat +(y, 2, wy)’; 
and for this P=9, H=18; there are six branches of c, through A,, each 
meeting y in three points. 

(ii) If ¢ were general, we should have for the binode A,, P=7, H=14 
and c, would be a proper curve (p. 239); but the presence of A, changes all 
this. With ¢@ in its present form, in order that A, may be a d.p., the terms 
in y’, yz, y?w in (y, 2, w)? must vanish; and in order that the tangent cone 
may break up into w and another plane, the term in yz? must also vanish. 
The additional postulation is only 4, and ¢ is reduced to 

b = 0,0t +c, y2w + c2yw? + (Zz, wy’. 
This form shows that ¢ necessarily contains /, touches w and osculates ¢ 
along J, so that c, breaks up into / counted three times and 6, as a conse- 
quence of the conditions at A, and A). 

Of the six branches of ¢c, at A,, three are accounted for by /, and the other 
three are branches of ¢,, each meeting x in three points. Of the five branches 
of c, at A,, four touch the tixed biplane, meeting y in three points, and one 
touches the variable biplane, meeting y in two points; / accounts for three of 
the four; the fourth and also the last are branches of c,. Hence of the 
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18 intersections of ¢,, 7, the number falling at A, and 4,is3x3+38+4+2=14; 
since c, does not meet / again, the other 4 are free, instead of 9 at the last 
stage: the additional equivalence is 5. 

(iii) To make ¢ also contain the simple point A,, the term in w* must 
vanish. The additional postulation is 1 and equivalence 1; and ¢ has now 
the form 

b= cat + cyzw + cgyw" + 2 (2, w). 

(iv) All the conditions relative to J are automatically satisfied by virtue 
of the conditions at A,, A,; there is no further postulation or equivalence. 

(v) To make ¢ also contain the conic @,, at points of which 

z=w, st=—2(dy+ez), 


we must have two conditions, which give c =dce,—¢;, and the sum of the last 
three coefficients = ec,. The additional postulation is 2, and ¢ is reduced to 
its final form: 

b =¢, (at + dyzw + ezw?) — c; (yzw — yw") + c,(2 — Zu”) + ¢; (Zw — zw’) 

=. — Cs. + Cybz + (Cy + C5) a, 
which only differs by a change of constants from the form with which we 
started the chapter. 

Now c, breaks up into », and c of degree 4. Of the three branches of ¢, 
at A,, one is w, and two are branches of c; at A., the branch of c, which 
touches the variable plane is ,, and that which touches the fixed plane is c; 
and A, lies on ¢, not on w,. Also ¢ meets , once again at a variable point. 
Of the 12 intersections of c, y, there are 6 at A,,3 at A., 1 at A,, 1 on o,, and 
1 is the free intersection of ¢, yr, y. The additional equivalence of @, is 2. 

The total P and # of H are made up thus: 

Element (i) (ii) (iii) (iv) (v) 
P= 9 +441404+2=16=(5)—4; 


' B=18+54+1404+2=%6= 3 -1. 


In this calculation, the additional postulation and. equivalence of each 
F-element depend on what elements have already been taken into con- 
sideration. This has been shown analytically, and can also be seen by pure 
geometry. 

Suppose, for example, that we first make satisfy the conditions relative 
to the two F-curves. Then each of its sections, by a series of planes p normal 
to J, touches the intersection of p, w, and has the same curvature as the 
section of q by p. As p— A, the vertex of qg, the successive parallel sections 
of q are similar conics of diminishing scale. The curvature of g,and therefore 
of the section of ¢, increases without limit and becomes infinite at A,; this is 
therefore a singular point, and () has a d.p. at A,, as a necessary consequence 
of osculating the fixed cone q along /. This does not fix the tangent cone ¢ at 
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A,; from considerations of continuity, we see that ¢ contains lJ, touches w and 
osculates q; also since w, passes through A,, the tangent to w, 1s another 
fixed generator of t, which is therefore subject to four conditions and has one 
degree of freedom. To fix it requires one more condition. Hence if (d) 
already satisfies the conditions relative to J and ,, the additional postulation 
Of Aaa. 

When p passes through A,, the section of g has a definite tangent and 
finite curvature; near A, therefore, ¢ has a series of sections with finite 
curvatures tending to a finite limit, and cannot have an ordinary conical 
point; if it had a simple point, the tangent plane would be w the tangent 
plane to g. But @, passes through A,, and its tangent line does not lie in w; 
hence ¢ has neither a simple point at A, nor a conic node, but at least 
a binode; one sheet touches w and osculates g not only at adjacent points of 1 
but also by continuity at A, itself. Hence if (¢) already satisfies the con- 
ditions relative to / and @,, those relative to A, are necessarily satisfied, and 
the additional postulation is 0. 


4. Second F-system H’. 


In 8’, the whole of H’ lies on @,’, that is on the plane w’ or on the 
quadric cone w,’. Since uw, is a common sheet of ¢,’, ¢;, $,’, its intersection 
with each sheet of ¢,’ gives an F-curve. The first sheet 2’ of ¢,’ gives the 
line U’, 2’ =w’ =0 counted twice; the second sheet w’ gives J’ again and 
another line 1’, w’ = y’ + 2’ =0; the quadric sheet gives /’ again and a twisted 
cubic o,'. 

The #-points which do not lie on w,’ must he on w’, and ¢,’ shows that 
they lie on either y’ or 2’. The latter gives /’ again, and the former gives 
I’, y’ =w' =0, which also lies on ¢,’ and is a third F-line. There are no 
F-points not lying on one or other of these four curves. 

The three F-lines all meet at A,’ (1, 0,0, 0) through which o,’ also passes; 
I’, U’ are generators of w,’, and meet ,’ again in the points A,’ (0, 1, 0, 0) 
and (d, 1, —1, 0) respectively; J’’’ does not lie on w,' or meet o,’ again. 
Tacnodal F-line (’. 

In considering J’, we rearrange ¢’ according to degree in 2’, w’ ; 
b= C2"2y/" 

+ 2' [ew’ {a’ (2! —w’) — dy'2’} + coy! (2 + az'w' + bw’) + (652 + cw") yw") 
—¢,62'w"? + (c,2' + c,w’) w' (22+ az'w' + bw"). 
Hence I’ is a double line on ¢’, and at every point both tangent planes 
coincide with the fixed plane z’. Also z’ is a factor of the cubic terms, which 
shows that the section by a general plane has a tacnode. 

If we assume w’ small of first order, we find z’ is of second order, say 

yz’ = \'w", where A’ is given to a first approximation by 
coy A”? + (— Oa" + Coby’ + cy’) A’ + eby' = 0. 
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The two roots A,’, A,’ of this equation are irrational functions of x’ |y’. 
If they are regarded as constants, then y 2 — Ay w', y'2’— A,’ w”? are two 
quadrics, which osculate the separate sheets of ’ at the definite pot 
(a’, y', 0, 0). These quadrics depend upon ¢;, ¢:, ¢,, 80 that there is no higher 
contact of (¢’) along U’. ~ 

Now w’ has two sheets through /’, each having simple contact with each 
sheet of $’; and J’ counts eight times in the intersection of ¢’, ’. 

The only point of higher multiplicity on /’ is where the tangent planes 
c,y’*z’? are indeterminate, that is, where y’=0 at A,’, the isolated F-point 
already mentioned. 

At a point of 0’ where one sheet of w’ osculates one sheet of ¢’, one of 
the values of A’ is the same for both surfaces. This leads to a quartic 
equation in 2’, y’ from which we drop the factor y’?a’, corresponding to two 
fixed points, the #-point A,’, and A,’ the other intersection of 1’, w,’, which 
is not otherwise remarkable. There remains a linear equation in «'/y’, giving 
one point of osculation, which is a variable intersection of 1’, c’. 


Simple F-line U’. 
In considering /’’, we arrange ¢’ in the form 

gd =w' 2 {c, (a — dy’) + c,ay'} + (y' +2’). cy’ 2?+wu' (wy +202’, y’, 2’, wy. 
The tangent plane is variable at all general points of 1’’; it is indeterminate 
only where 2’ =0, at A,’; it is determinate and independent of ¢,/c., giving 
a point of contact of (¢’), where x’ — dy’ =0, the other intersection of 1’, w,' 
and not otherwise remarkable. There is no other point of contact of ¢$’, w’. 
Hence /”’ is a simple F-line without contact, and with no variable intersection 
with ¢’; it is therefore of second species. 


Simple F-line U’"’. 
The tangent plane at any point of l’”” is 
w'. 2’? (Ca +052’) + y’ . Coz", 
indeterminate at A,’, but not fixed for any value of w’/z’. Hence there is no 


contact of (’) along l’”’, or at any point of it; there is‘rlo other intersection 
with w,’. But there is one point of contact of ¢’, y’, and one variable inter- 


fe 


section of l’”’, c’. 
Simple F-cubic ,’. 
This passes through A,’ and touches the line 
2 —w'=y'+(1t+4a4+b)2'=0. 


We have already found the intersections of @,’ with the F-lines, and shall show 
that it has two variable intersections with c’. 
Now o,’, U’ are the intersections of the two quadrics 


(7 id 
a (2’ —w') — dys’ ~ ew”? and uy’. 
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Let p’, p” be their tangent planes; these are definite, except p’’ at A,’. The 
tangent plane to ¢’ at any point of a,’ is 


[o2’w"] p’ + [eoy’2’ + c32'w! + cyw"| p”, 
where in the square brackets we substitute the covrdinates of the point of 
contact. This agrees with the corresponding plane deduced from w’ at the 
points of w,’ lying on 
dy (Coy’2’ + ¢32’w" + cw") — o (day'2’ + dyz'w' + dyw"). 

This is a quadric cone, vertex A,’, which meets w,’ in J’ counted twice and 
two variable generators joining A,’ to the points of contact of ¢’, vy’ lying on 
w;. Hence there are two such points, and two variable intersections of 
@x5. 6% 

The tangent plane is independent of the parameters only when it coincides 
with p”’, and 2’w’=0. Now z’ meets w,' at A,’, and touches it at A,’; and w’ 
meets @,; at A,’, A,’ and the other intersection of 1’, w,’. These are all 
points already discussed and do not give fresh F-elements. 

We have now considered all the F-curves of H’, and their total degree is 


84+1414+3=18 = 4-3, 
as it must. 


Triple F-pownt A,’. 
At A,’ (1, 0, 0, 0), we write 
p =a’ .2'w' (2 —w’)+(y’, 2, wv’). 
There are three sheets touching three distinct fixed planes 2’, w’, 2’—w’. At 
points of the first sheet, z’ is small compared with y’ or w’, and the second 


approximation is given by 
— ¢2'2' + c,bw’? =0. 
On the second sheet, w’ is small of second order and approximately 
oe'w' + cy’ (y’ +2’) = 09. 

On the third sheet, 2’ — w’ is the small quantity : 

oa’ (2 —w’) — G2’ (dy’ + €2’) + {ooy’ + (6, + ¢s) 2} fy’ + +44) 2’} =0. 
All these depend upon the parameters, and there is no osculation of ($’). 

The three sheets do not all play the same part in the transformation. 
They all pass through /’, the second contains J” and l’’ and the third the 


tangent to w,. The total intersection of $’, y has twelve branches through 
A,’, four touching each plane, all lying on the degenerate quartic cone 


an’ — dg’ = {(qd,— @d,) y'2’ + (c,d — ¢3d,) 2’w" + (ed — Cyd) w} Up’. 
The four branches touching 7 all coincide with J’; of the four touching w’, 
two are lU’ and the others are J’ and l’”’; of the four touching z’ — w’, two are 
I’, one is w,’ and the last is ¢’. 


22 
HCT 


338 CREMONA SPACE TRANSFORMATIONS [cH. 


We have now obtained all the elements of H’, which we rearrange as 
follows. 

(i) Triplanar point of contact A,’ (1, 0,0, 0), fixed triplanes 2’, w’, 2’—w’. 

(ii) Tacnodal line U’, 2’ =w'=0, through A,’, fixed double tangent 
plane 2’. 

(iii) Simple line l’’, w’ = y' + 2’ =0 of second species, through Ay’. 

(iv) Simple line 1’, w’ =y’ =0, through Ay’. 

(v) Simple twisted cubic @,’ given (with l’) by 

a’ (2 —w')—dy'z’ —ew® =0, u,' =0, 


through 4,’, meeting each of /’, 1” once again. 


5. Postulation and equivalence of H’. 


= 35 terms, and therefore de- 
pends on 34 parameters; the intersection of two such surfaces ¢’, Wy’ is a Ce. 
meeting a third x’ in 64 points. We shall make ¢’ acquire the five 7-elements 


in the above order. 


A general quartic surface ¢’ contains ( 


(i) If ¢’ has the triplanar point A,’ with the given triplanes, 
p= oa'e'u' (2—w')+(y’, 2, wy 
and we know from p. 235 that P=19, H=48. There are twelve branches 
of ¢,» through A,’, each meeting y’ in four points; and there are 16 free 
intersections of G., x’. 

(ii) To make ¢’ have /’ as a tacnodal line with z’ as fixed tangent plane, 
the terms of degree 0 and 1 in 2’, w’ vanish, those of degree 2 are a multiple 
of 2’? and those of deeree 3 of 2’. The additional postulation is 6, and now 

f= 0,0'2'w" (2’— w") + cy"?2’2 + 2’ (2, w' P+ (2, w'). 

Since l’ counts eight times in the total intersection of $’, w’, the residual 
is now ¢, with four branches through A,’, two touching each of the two 
triplanes which are not the tangent plane along /’, and each branch meeting 
x’ in four points. 

As we showed above, J’ meets its residual in two ‘points besides Aj’, at 
each of which c,’ touches each sheet of y’, and four intersections are absorbed. 
The number of free intersections of ¢,’, y’ is therefore 8x 4-4x 4—2x4=8, 
and the additional equivalence of U’ is 8. 

(11) Now J” already meets (¢’) in four points at A,’, and one more 
condition makes it lie wholly on (#’); the additional postulation of l’’ is 1, 
and we have 
b= Oa 2'w' (z—w') + coy'2’? (y' +2") +0528 (y+ 2’) + y'2'w! (2', w') +" (2’, wy? 

Now c,’ breaks up into 0” and ¢,’, with three branches through A,’, two 
touching 2’— w’ and one touching w’, meeting l’ in two points as before, and 
meeting /’’ once at a simple intersection of c,’, y’.. The number of free inter- 
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eee of ¢,’, x’ is 7x 4-3 x 4-2 x 4-1 =7, and the additional equivalence 
OReeis) 


(iv) Similarly, the additional postulation of /’”’ is 1, and now 
pb = Oa 2'w!' (2' — w') + coy’! (y’ + 2’) + yaw! (2, w') $0! CIOs 

Also ¢,’ breaks up into 1’ and o,/ with two branches through A,’, both 
touching 2’—w’, meeting U’, l’’ as before and meeting l’’’ once. The number 
of free intersections is 6 xX 4—2 x 4-2 x 4—1—1=6, and the additional 
equivalence of /’”” is 1. 

(v) Finally, we make ¢’ contain w,'; it now contains the total intersection 
of the two quadrics w’ (z’ — w’) — dy'z’ — ew” and u,’, and ¢’ becomes a sum of 
multiples of these two expressions. 

By comparison with the last form, the only admissible terms are 

Zw" {a' (2' — w’) — dy’z’ — ew"}, us’. (y’2’, 2’w’, w’), 
which gives the original form of the general homaloid ¢’. The additional 
postulation of w,’ is 4. 

Now a,’ passes once through A,’, where it touches z’—w’, and meets 1’ 
and J” again, but not /’’’; hence co, breaks up into ;' and c’ of degree 8, 
passing once through A,’, where it touches z’—w’, and meeting /’ and 1’”, 
but not 1’; also, as we have seen, c’ meets ow,’ twice. The number of free 
intersections of c’, x’ is 8x 4—4—4-—1—2=1, and the additional equivalence 
of w,' 1s 5. 

The total P and # of H’ are made up thus: 

Element (i) (ii) (iii) (iv) (vy) 


P=194+6+14+1+4=31=(5)—4 


BH=48 +8 +1+14-5=63 = 42 —1. 


As before, the additional postulation and equivalence of the separate 
F-elements, as just calculated, depend on the order in which the elements 
are taken. For example, let ¢’ satisfy all the conditions relative to the 
F-curves; we shali show geometrically that. all the conditions relative to A,’ 
are necessarily satisfied. 

First, A,’ is at least a d.p. since it lies on the double line J’. If it were 
not of higher multiplicity, the tangent cone would be the tacnodal plane 2’ 
taken twice. But the tangent cone at A,’ must contain the tangents to the 
three other F-curves through A,’, none of which lie on 2’; hence A,’ is triple 
at least. Then the tacnodal conditions require that the cubic tangent cone 
has two sheets touching z’; it therefore breaks up into 2’ and the quadric 
cone determined by the five conditions of touching 2’ and containing the 
tangents to the three other F-curves. Since two of these lie on a plane 
through lJ’, this cone breaks up into the plane w’ containing Hepes tape Lae 
and the plane z’—w’ containing /’ and the tangent to oy. Hence all the 
conditions relative to A,’ are satisfied. 
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6. First P-system. 


To investigate the first P-system, we consider the J acobian 


J= Od, dd, 0g, =| = 82w(z— wt. 
t, OY mi OZ ow 
Ops Ope 
0, w(z-w), ae A 
0, 0) , of — 22W, = 
0, 0) , 2ew—w, 2— 2zew | 


We also calculate 
Gt = (cyby' + Code’ + Caps’ + Cahs’)/(Cr@ + Coy + C32 + Cw) = Aw (2 — w)'t. 


Both J and G consist of the three planes z, w, z—w and the quadric 
cone t, taken with different multiplicities. These are therefore the four 
P-surfaces, and each meets ¢ in P-curves and F-curves only; so by deter- 
mining these intersections we shall find some at least of the typical 
P-elements. 

The P-plane z meets ¢ in / and a variable conic xz, 

z2=o0(y + bw) —cyw =0, . 
which does not break up in general; it meets / in the #-points A,, A, and 
also passes through A,. Now c meets the plane of «, in four F-points, two 
coinciding with A,, and A,, A,; it does not meet «, in a variable point. 
Also x. meets in six F-points only: three at A,, where it passes through 
the d.p. and touches the fixed tangent cone, two at A., where it touches the 
variable biplane of ¢ and does not touch w, and one at Ay. 

Thus the homologue of «, does not meet a general plane in 8’, and is not 
a curve but an F’-point. Since «, 1s incident twice with every plane in S, 
the F-point is double on every ¢$’; since every ¢ contains one conic such 
as x, the P-plane z, locus of «,, corresponds to a locus of double F-points 
in S’ incident once with every plane, that is, a double F-line, which can 
only be J’. 

The P-plane w touches ¢ along / and meets it in a’ variable line x, 

W=C,0+¢,4=0 
through A,, which meets in three points at A, only, where it passes 
through the d.p. and lies in the fixed biplane. Since « meets every plane 
once, and ¢ contains one such P-line, the P-plane w ~ a simple F-line of 
first species, which is 1’. 

The P-plane z—w meets ¢ in the F-curves /, , only ; hence it ~ a single 
F-point, say O’. It meets any line in S once, hence c’ has one branch 
through O’. If any ¢ contains a general point of z—w, it contains the whole 
of it, and breaks up into the P-plane and a quadric CoYW + 0327 + C2W, 
touching w along / and also containing the fixed line y=z=0; two such 
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degenerate homaloids ¢, y have for their variable intersection a line X only. 
Now ¢, #, X ~ two planes and a line X’ through 0’; since X meets any 
plane once, X’ meets any ¢’ in one free point and three points at O’; which 
is therefore a triple F-point, namely Aj’. 

The quadric P-cone t, which is the fixed tangent cone to (#) at A,, meets 
¢ in J counted three times and in three variable P-lines, each meeting Ww in 
three points at A, and in no other point. This P-surface, meeting every line 
twice, and with three P-elements in common with every ¢, each incident 
once with every plane, corresponds to the simple F-cubic o,’, meeting c¢’ in 
two variable points. 

Thus the sheets of J lead to four out of the five F-elements of H’. One 
simple F-line l’’ has not appeared in this connection, and does not ~ a 
P-surface, being of second species. Thus, though J gives a short cut to all 
the first P-surfaces, and hence to most of the elements of H’, it does not 
exhaust H’, either by finding all its elements or by disclosing the full nature 
of the elements which it does find. 

We shall therefore now attack the first P-system indirectly, from the 
other space, and find exactly what happens in S when a surface in S’ satisfies 
in turn the various conditions relative to the elements of H’, in the order 
given on p. 338. 


7. Correspondence between A,’ and z—w. 


If a general surface /,’ in S’ is made to pass through the /-point A,’, 
each of its terms contains y’, 2’ or w’ as a factor, and after transformation 
the factor z—w is dropped. This P-plane therefore, as we have seen, cor- 
responds to A,’. If f’ had an i-fold point at A,’, by the same argument 
(z—w)' would be dropped. 

The transformed expression, (z— w) f3,-1 say, besides possessing the factor 
z—w, also differs from the function fs, arising from a general f,, in having 
no term in (ayw)*, and being a sum of multiples of yw, 2, zw. Hence / is 
(w+1)-fold on (z—w) fs,-1, and is still y-fold on fs,-1, which also contains 
the fixed line y=z=0. This is not an F-line, and together with / forms a 
particular case of the P-conic «, which ~ A,’ regarded as a point of the 
double F-line J’. 

Now A,’ is also a point of l’”’, and, as we shall see, l’” ~ the plane w, 
locus of P-lines «,; in the present case, «, coincides with /. If A,’ is regarded 
as a point of w,’, which ~ t, similarly A,’ ~ a generator of ¢ which again 
coincides with l. 

If a point P’—> A,’, moving along a general line, we can take the co- 
ordinates of P’ to be (1, ne, Se, Oe), and let e—0. To a first approximation, 


the homologue P is 


(50 (Ga 0) e, 5 Ug. (n, § 0) €*; C0 u,'€4, Ou, €4), 
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and P -> A, (1, 0, 0, 0) along a definite line, unless £0(€—@) is small, of the 
same order as «. We find the same limit for P if P’ > A,’ along any path 
touching the line, 

The case of exception is when either & @ or €—@ isa finite multiple of e, 
and the path is replaced by one touching one of the triplanes. If [= fe, 
then as « > 0, the point P’ (1, ne, Ge’, ce) > A,’ along a conic touching 2’. 
The coordinates of P are approximately (— 6,6?«4, bnf,@%e, bf,@%*, b@*e*) and 
P—>Q(- &, 0, 0, 06), a definite point of the P-line y=z=0. Also P-> the 
same point Q if P’—> A,’ along any curve osculating the conic. 

If, instead, we put 0=O,e, then P’ (1, ne, Se, Oe?) > A,’ along a conic 
touching w’; in the same way we find P > Q(4,, n(n + $), 0, 0), a definite 
general point of J, z= w=0, which is the #-line of second species, and there- 
fore also to be considered as a P-line. 

Finally, if €—@ is small, we put 0=€—8@,¢; then P’ (1, ne, Se, Se — O2€”) 
— A,’ along a conic touching z’—w’, which is an approximation to any 
curve touching z’—w’ and in particular to a general c’. We find that Q 
is (€ (0,— dn — e&?), nu’ (n, & €), Sus’, Sus’), which is a general point of the 
P-plane 7,, z—w. 

Thus the neighbourhood of A,’ corresponds to the aggregate neighbour- 
hoods of four distinct elements of different natures : 


(1) the single point A,, corresponding to all the neighbourhood of A,’ 
except the parts near the three triplanes, 

(2) the ordinary P-line y= z= 0, corresponding to the part near 2’, 

(3) the P-line of second species /, corresponding to the part near w’, 

(4) the P-surface 7,, corresponding to the part near 2’— w’, 
only the last containing points of a general line in S or of a general c’ in S’. 

Not only is A,’ a triple F-point, it is also an F’-point of contact, with 
three separate fixed tangent planes. Suppose next that f’ passes through A,’ 
and also touches 2’: 

je gil gl + (y/, z’, w' Va", yf, Z’, w" ye, 

The result of substitution is | 


(z— w) {h122 4+ (2 -—w) (yw, 2, wh dn, do, bs, bs} 


the factor dropped is still z—w, which ~ the passage through A,’, and no 
P-surface ~ the contact condition. The same is true of the second fixed 
tangent plane w’. But if f’ touches the third plane z’—w’, we obtain 


(2— Ww) {pit 2 + (yur 2, 200 br, bas bs, b.} 
and in this case an additional factor z—w is dropped. This tangent plane is 


on a different footing from the other two, due to the fact that c’ touches 
z’—w' at A,’, but has no branch touching 2’ or w’. 
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More generally, let f’ have an i-fold point at A,’, the tangent cone being 
ui (y’, 2, w’). We drop (z—w)' and the homologue is 


fauna = $F (yen, 24, 20) + (2 — w) (yu, 2, 20 $b, a bs, GPP 5 
answering to u,;’ we have the section of f by the plane z—w, residual to the 
F-curves, | counted times and , counted ~—7 times; this consists of 
7 variable lines through A,, in the P-plane z—w, given ie ui (y, 2, 2). We 
have / a y-fold line on f; all the sheets touch w. 

If the tangent cone to f’ has 2’ or w’ as a sheet, one of the set of 7 lines 
coincides with J, which becomes (u+1)-fold on f. But if z’—w’ is a sheet, 
then u,' (y, z, z) vanishes identically, and the nature of the intersection of f 
with z—w is changed, and no longer depends only on the coefficients of 1;'. 
It consists of / counted mw times, w, counted ~—7—1 times and a proper 
residual of degree 7+ 1, having A, as an 7-fold point. 


8. Correspondence between /’ and z. 
Let f,,’ contain the point O’ (£’, n’, 0, 0) of 1’. Then 
te = (1 a" at Ey’) (a, y’ ea ae (2, w da’, y’, 2, w' ye, 
fae =e (n'y = E' hp) (fi, je + 2 (2 = w) (Z, wir, de, p;, ,)" >, 
and contains the P-conic which ~ 0’, 
z=n «(y+ bw) + &yw=0. 

Next, let f’ contain the whole of /’, and therefore pass through A,’ ; 
every term of f’ contains z’ or w’, the factor dropped is z(z—w), of which, 
as we have seen, z—w ~ A,’, and therefore z ~ the rest of l’. The homo- 
logue is 

jp = (Zz, wv dr, dz, ds, ¢,)" 4, 
on which / is »-fold; ~—1 of the sheets touch w, and the last sheet touches, 
at all points of J, a fixed plane depending on the coefficients of f’. 

If f’ also satisfies the contact condition relative to l’, and touches 2’, 
every term of f’ has either z’ or w” as a factor. We drop 2?(z—w), so that 
not only does z ~ I’, but also z ~ the contact condition along J’, If /’ has 1’ 
as an 7-fold line, we drop z‘(z—w)’, and if one sheet touches 2’, we drop an 
additional z. If two tangent planes coincide with z’, so that l’ is cuspidal, 
no additional factor is dropped unless the terms w’**!(a’, y’)#~™™ are absent 
from f’, that is, when 2’ is a factor of the terms of f’ of degree ¢+1 in 2’, w’ 
and the pair of sheets touching 2’ are tacnodal. 


9, Correspondence between 1” and /. 

If f’ contains /’’, it is the sum of multiples of w’, y’+ 2’. The only factor 
dropped is z—w, which ~ A,’, and there is no P-surface corresponding to 
the rest of l’’, which is of second species. The homologue of f’ is 


Feu2s = (zw, yw + 2 di, bo, hs; opie 
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Since J’ is simple on ¢’ and meets any plane once, its homologue meets 
any plane once and is simple on ¢, and is itself a simple F-line of second 
species in S; this can only be l. Yet J is not of higher multiplicity on 
fo than on the homologue of a general f,’ passing through A,’ but not 
through 1”. 

So far, we have not found anything to correspond to a particular point 
of 1’, for 1 corresponds to them all equally. We therefore assume that f’ does 
not pass through J’, but contains the point O' (1, 7’, — 7’, 0) of 1”, and we 
look for a property of f which effectively depends on 7’. We expect this 
property to relate to J; and since, for all values of 7’, we know that f has 
u sheets through / all touching w and osculating q, we expect it to relate 
to contact of next higher order. We shall show that there exists a cubic 
surface f,, determined by O’, having four-point contact with one sheet only 
of f along J. Hence there are w such cubics, associated with the m inter- 
sections of f’, J’. With due caution, we may say that these « F-points 
~ w P-lines on f all adjacent to J, and that each sheet of f contains 


the line J itself, 

an adjacent line /, in the fixed plane w, 

another adjacent generator /, of the fixed quadric q, 
another adjacent line /, lying on the variable cubic f, ; 


the first three being F-lines, the same for each sheet of f and for every O’, 
and the last a P-line, different for the different sheets of f and for different 
points O’. Since f; is found to have two d.p.’s A,, A, on J, four of its 27 lines 
do coincide in J, which makes this language the more justifiable. As O’ 
moves on J’, we may think of J; as moving, but always adjacent to J, so that 
its locus is a P-surface of degree 0, reducing to J only. 

This is elaborate, but we cannot, as in simpler cases, associate the different 
points O’ with different directions of approach to a general point O of l. A 
general line through O ~ a curve meeting U” in A,’ only, and not passing 
through any general point of 1’. It is only when the curve of approach to O 
touches w and osculates q, that the corresponding curve can pass through 0’. 
Thus the neighbourhood of A,’ ~ the neighbourhood of every general point 
O of | except the set of points whose distances from w and q are small of 
second and third orders respectively ; and this set of points ~ the neighbour- 
hood of every general point O' of 1”. 

We shall also show that if one of the w intersections of f’, J’ comes to A,’, 
one sheet of f ceases to osculate g, and has a different osculating quadric f,, 
determined by the tangent plane to f’ at A,’. Now f drops the factor z—w 
corresponding to the passage of /’ through A,’, and it is the dropped plane 
z—w and the exceptional sheet of f that together replace one sheet oscu- 
lating q. It is still true that f has » sheets through J, each having four-point 
contact along J with a separate surface f,; on which J is simple. 

If a second intersection of f’, 1’ also comes to A,’, no further factor is 
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dropped, for A,’ is not double on f’; the tangent plane to jf’ at A,’ now 
contains 0’; and the last osculating quadric f, coincides with g. The pu sheets 
of f all touch w and osculate q; they fall into two groups: p — 2 having four- 
point contact with separate surfaces /, as before, and a pair which are not so 
separable, either all along / or at any point of it, but form a cycle. The 
simplest surface having more than three-point contact with either of these 
sheets is a quintic with J as a double line, which has contact of the same 
order with both sheets of the pair. 

If more intersections of f’, l’’ come to A,’, more sheets detach themselves 
from the first group, which have separate surfaces of four-point contact, and 
are merged in the second group which form one cycle. When all the w inter- 
sections are at A,’, all the sheets touch w and osculate g; but the next 
approximation to any one has w sheets through J, and there is no surface 
having one sheet through / with four-point contact with one sheet of f, either 
all along / or at any general point of it. 

When we go one step further and make f’ contain the whole of 1”, 
we shall find that the only change is in the very last clause of this description. 
There now exist separate surfaces having four-point contact with f at an 
isolated general point of J, but not all along it. 

We have now to prove all this algebraically. 


10. Analysis of four-point contact along /. 
If f’ contains O’ (1, 7’, — 7’, 0), it is a sum of multiples of 
y’ Pay x’, y’ f os aU, 
and f is a sum of multiples of 
do—ndbi, Goths, du. 
Now f has » sheets through / touching w and osculating q; the proper 
assumptions are : 


z small of order 1, 
2, Ww small of order 2, 
2°, Zw, q, dr, Go, $3 Small of order 3, 


, a, 2w, Ww, 2g, bot bs, b, small of order 4. 
If we neglect terms of order 2 3u + 3, we can replace f by a multiple of 
ts = es os n' dr, 
which is the cubic of four-point contact with one sheet of f, associated with 
the point O’. 
If f’ meets J” in the w points O. (1, "a, — Na, 0), a=1, 2, ..., pw, then 
is / fe / , v. y — 
fs (y! ~ 1a’ e') + (y +2, Qe, Y's 2 wy, 
a=1 


f= Il (b2— 10’ br) + @—W)(G 2WU dis he hs» Pah ™ 
The terms of lowest degree in z, w are (wyw)*II(— m.’), giving p sheets 
touching w. To distinguish between these sheets, which al] osculate g, we 
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make the same assumptions as above. The first group of terms in f is small 
of order 3, and the second is of order 3u+1 and is negligible. The third 
approximation to f is II (¢.—‘.« ¢:), falling into p separate cubic surfaces 
such as f;, associated with the w points O’. 

Now let O,' > A,’; then 7,’ > 0, and the last cubic > ¢,, which has J 
as a double line. Now II’ has y’ as a factor, and f’ after substitution breaks 
up into (¢—w) f+, where 


Fu = yw itt (ho— a pi) + (Gq, 2WU Gi, Ga, $s, bse. 


The terms of lowest degree in z, w are multiples of yw (ayw)"~ arising from 
both groups, and still give « sheets touching w. To find the osculating 
quadrics, we first assume only that w is small of second order; then both 
groups are of the same order 2y, and the lowest terms are 


yw (aq)e TT (— m0"), 9 (egy 

arising from the terms in w’#—y’, #’#4(y' +2’) in f’. 

Thus » — 1 sheets osculate g and have four-point contact with cubics /, 
as before. The last sheet osculates a quadric cone vertex A,, of the form 

fro= gyw t+ he’, 

determined by the intersection gy’ + hz’, say, of w’ with the tangent plane to 
J’ at A,’, and different from q if this line is different from 1’. For four-point 
contact with this sheet, f, is small of third order and q of second; we retain 
the terms of order 24+ 1, which are 


(aq)* fo, yw (aq) {yzw, (ax +dy) zw}, 2zw(xg)*, g (wgq)* (yzw, 2); 
since yw is a sum of multiples of g, f2, we can drop the factor x7*-*g*—, and 
obtain a cubic surface. 

More generally, let 8 S$ yw of the points O’ lie at A,’. Then II’ is replaced 


=f 
by y'8 TT’ (7 — Na x’), and 
a=1 
w=8 
Sua = (yw)? (2— we IT (ps — Na’ fy) + (q, 2wh dr, ho, bs, Ps)¥™. 


There are still ~ sheets touching w. If we first assume only that w is small 
of second order, the two groups are of orders 2u+8—1 and 2u; for 8 >1, 
the first is negligible, we have q repeated yu times, showing that all the sheets 
osculate g. With q of third order, the groups become of orders 3u— 1, 3u 
and the second is negligible. This leads to the « — 8 cubics f,, but fails to 
give an approximation to the @ other sheets. For these, we must assume the 
two groups small of the same order, that is (yw)*z®—(aq)*-® of the same 
order as q(xq)*~, and q of order (88—1)/8. The simplest surface of four- 
point contact is of degree 38 — 1 having @ sheets through J. The expression 
for q in terms of z is irrational in z, w as well as in 2, y; there is no surface 
having one sheet through / with four-point contact with one of these sheets 
of f, even at a single general point of J. 
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If all the uw intersections of f', VU lie at A,’, all the sheets pass into the 
second group, and the simplest surface of four-point contact has J as a p-fold 
line, and along it does not behave more simply than f itself. 

Finally, let f’ contain the whole of U"; then II’ vanishes identically, and 


i paee = (q, zw di, dbo, ds, gy)" , 
giving w, q as the first and second approximations to all the » sheets, and 
q small of third order. For the next approximations, we retain terms of 
order 3u: 


(q, zw\agq + (ax + dy) zw, yew, — yzw, 0)" = (q, zwhe, apyeeh 
This falls into « factors rational and linear in g, zw but irrational in 2, y. 
Hence at any general point of J, with a given value of «/y, there exists 
a quadric having four-point contact with one sheet of f, at that point only, 
and not all along J. This constitutes the difference in behaviour along J, 
of the homologue f;,-, of an f,’ containing l’’, compared with that of an f,’ 
meeting l’’ at A,’ only. 


11. Correspondence between /’’’, w and between o,’, t. 

If f’ contains 1’, every term has y’ or w’ as a factor; the factor dropped 
from f is w(z—w), where, as before,z—w~ A,’, and w ~ the rest of 1’”. 
If f’ contains the particular point (&’, 0, ¢’, 0) of U1’, then f contains the 
P-line «,, 

w= C'a—&'z=0. 

In order to find the P-surface corresponding to @,’, we make f’ contain 
@,' and also 1’, forming the total intersection of two quadrics. Then /” is the 
sum of multiples of u,’ and a’ (z’ — w’) — dy’z’ — ew”, and after substitution, 
of 22(z—w)t and #z(z—wyt. The dropped factor is therefore z(z— w)?t, 
of which z corresponds to l’ and z—w to A,’; the tangent lines to l’ and 
w,' constrain f’ to touch the third tangent plane at A,’, which accounts for 
z—w being dropped twice. Hence t ~ @,'. If we had associated a different 
line with w,/ to make it a complete intersection, f’ would have had a 
different tangent plane at A,’, and z—w would only have been dropped once. 


12. Multiplicities of the sheets of G and J. 
We can now account for the multiplicities of the various sheets of 
G = ztw(z—w)t 
dropped from the general homaloid ¢’ after substitution. We have 
(z — w)? because A,’ is triple on ¢’, 
(z — w) again because one sheet touches 2’—w' at Ay’, 
z® because l’ is double, 
2? again because two distinct sheets touch z’ along V’, 


/ 


w, t because ¢’ passes simply through 1’, @,’, 
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and nothing because ¢’ passes through J” and touches the other two fixed 
planes at A,’, which are elements of second species. 

The multiplicity ¢ of any P-surface 7 in G is the number of intersections 
of each branch of ¢’ with y’, absorbed by the corresponding #’-element ; the 
degree of j is the number of branches incident with the F-element. On the 
other hand, the multiplicity 7 of j in J is the number of conditions presented 
to the branch of c’ by the F-element. We have the following table: 


F-element No. oben Contact o T J 
Ay 1 Simple 4 3 Z—-w 
' 1 Simple 4 2 z 
ie 0) ae Z 
bm 1 None il 1 w 
@3, 2 None 1 1 t 


The columns headed oa, 7 give the index of the factor 7 in the last column 
in G, J respectively, and we read off 
G=(¢-—w)aut, J=(2—w) ut, 


save for a numerical factor. 


13. Second P-system. 


The second Jacobian is 


han ke ee) oe — 
oy 2 Oz" , ow" 
0 , 2 +y'2" a » YU + y'2! = be a 
0 : ‘wy! a , Wy! + 2’w' = ZU + 2'w' i 
0 ; w? a y aa 7 »  2w'Ue’ + w"? ae 


= 42” w"? (2’ — w’) uy’, 
We also calculate 

G’ = (bi + Cops t+ C35 + Cihs)/(c, 0" + Coy’ + 632" + cw’) = 2’w'3 (2 — w’) u,’8. 
Kach of these gives the four P-surfaces. 

The P-plane z’ meets ¢’ in 1’ counted four times and no variable inter- 
section, that is, in F-lines and no P-curve. Hence 2’ ~ an F-point, not an 
F-curve. Since 2’ is a factor of ¢,', f.’, ;’, it is the factor dropped from f’ 
when f passes through A,, which is the F-point which ~ 2’. 
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The P-plane w’ meets ¢’ in I’ counted twice, J’, Ul’, and no variable 
intersection. It therefore also ~ an F-point, which is Az, since w’ is a factor 
Of bis be yide. 

The P-plane z’ — w’ meets ¢’ in 1’ counted twice and the variable residual 

— ey2" (dy' + €2") + leay’ + (cs +00) 2'} fy’ + +a+)2'}, 
which is a pair of P-lines through A,’. This ~ the simple F-conic @,’. 

The quadric cone u,’ meets ¢’ in J’ counted four times, l’’ and @,’, and no 
variable intersection. This ~ the double F-point A,. 

We consider some of these correspondences in more detail. If a general 
surface f,, passes through the double F-point of contact A,, then w’ is dropped 
from the homologue f’. If f either touches the fixed tangent plane w, or has 
a conic node, w” is dropped ; if f has a binode, one biplane being w, then w’ 
is dropped. 

_ IEff passes through A,, each of its terms has y, 2 or w asa factor; after 
substitution, wu,’ is dropped. If A, is z-fold on f, with u;(y, z, w) as tangent 
cone, then after dropping wu," 


/ a fis (i eae y , / t} / , , / — i—2 
ate Oyo (YZ, 2 ww) (ays 2 we, 
The tangent cone wu; at A, answers to the variable intersection of f’, wu’, 


consisting of 27 lines through A,’. If uw; breaks up and has ¢ as a sheet, 
u; = tu;_2, then another u,’ is dropped, and the homologue is 


ee , , Papen Lehi aha eho 
= a (Ye, 2), (ys, 2, wy 
a Un : (a, y’; 2 CO as 
The variable intersection of /’, uw.’ is no longer a set of lines, and is no longer 


determined solely by the coefficients of u;; it 1s a curve of degree 21+ 2 with 
2i branches through A,. 


14. Correspondence between / and 1”. 


If f contains J, it is the sum of multiples of z, w, and after substitution, 
w'us is dropped; these factors ~ the single points A,, A, of J, and there is 
no P-surface which ~ the rest of /. 

We also have contact conditions along J. If f touches the fixed tangent 
plane w along J, it is the sum of multiples of 2, w; and another w’ is dropped ; 
but this is a consequence of f touching w at the single point A,. Similarly, 
if f osculates q, it is the sum of multiples of g, zw, w*, and another uy’ is 
dropped; but this is due to f now having a d.p. at the vertex A, of the 
cone qg. We have not yet discovered the difference of behaviour of Ji 
according as f satisfies the conditions of incidence and contact at the points 
A,, A, only, or all along 7. We find the change to consist in f’ having one 
more sheet through /”. 

First let f, be general, meeting / in the ~ general points O.(&, 72, 9, 9), 
a=1,2,...,. We shall prove the following results. 
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The homologue f’,, of f has « sheets through 1’; any one sheet touches 
a quadric f,’, associated with one of the points O. We may think of the sheet 
as containing the F-line l’, and as a P-line an adjacent generator Olaas 
which moves, as O moves on J, so as always to be adjacent to 1”, its locus 
reducing to l’’ itself. Wé can associate each point O of / with a definite 
direction of approach to any general point O’ of 1’, namely along the inter- 
section of the tangent plane to f,’ and the normal plane to 0”, 

If f touches J without touching w, two points O and two quadrics f 
coincide, and two sheets of f coalesce into a cuspidal pair. But if f touches w 
at O, the pair become tacnodal, and at any one point of 0’, they osculate 
separate surfaces on which J” is simple. 

Similarly, if f osculates / but not g, three sheets coalesce in a cycle; 
but if f osculates g, they become separable, osculating separate surfaces at 
any one point of J. 

To prove this, we take 


fu = 1 (na — Eay) + (6, wha, 9, 2, wy, 
P= AIM (ef + ls) + wed (2, WE, Gel, Obs BE, 
where 
te = Naw" (a’ a dy’) ov; Eat). Cy eet ae aw’), 
Si = — 1a (a + ew’) — Eby’. 
At points near l”’, in the first instance we take 

x, y', 2’, fr finite, 

w', y +2’, Us’, by’, bo fo’ small of first order, 

gs of second, and ¢,' of third order. 

Then the two groups in f’ are small of orders uw, ~+1; the second approxi- 
mation is given by II’ (f,’), and falls into ~ quadrics, one determined by each 
of the points 0’. 

If f touches J but not w, then II has a repeated factor, and two quadrics f, 
coincide. For the next approximation to this pair of sheets we have to 
assume f,”” « w’’, indicating a cuspidal sheet. But if f touches w, its second 
group is the sum of multiples of w, 2 (nw — Ey), 2, and tle second group in f’ 
is the sum of multiples of 

Wile, 2 us (2 Jn + wf), 22w 2 Uys 
and becomes small of order « + 2, the same as IL’. The next approximation 
is of the form (f.’, w’?)’, indicating a tacnodal pair of sheets. 

Similarly, iff osculates J but not q, then II has three equal factors, and f’ 
three sheets in contact forming one cycle. But if f osculates gq, its second 
group is the sum of multiples of 

q, ZW, w, w(na — Ey), 2 (nx — Ey, 
and the second group of f’ is small of order 4 +3. We can assume fy’ o w”?, 
and find three separate osculating surfaces at any one point of 1”. 
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If O, is A,, then &,=1, ,=0, and the last factor of Il’ is — y' Uy ; 
we drop u,’, and l’” is (wu —1)-fold on the homologue 


wal 
f= ye" a (2ifal + wf’) + w! (2', wl Wdy's pe’, hs’, ba )H. 
The two groups are of orders ~—1, w; the first therefore gives ~— 1 tangent 


quadrics as before. 


If also O,-, is A,, then &,=0, 7,-;=1, one factor of II’ is g,'/z’ 5; we 
further drop w’ and have 


, y Zh hy’ fae fT loft / eset / , / 
Nimes = aii Cae +wf') + (2 > W Vd ? de bs ? oF ee 
on which J” is (w—2)-fold. The groups are of orders w — 2, 4 —1 and the first 
still gives the ~—2 tangent quadrics. 
But if f contains the whole of J, then II vanishes identically, and 
eens = Ge wv dy’, des ds 5 ps )e—. 
On this, l’” is (u—1)-fold, and the tangent planes are given by 
qd, Od, Oe 0, ORs 


{w' (a! — dy’), yo! Cy! + 2 + aw')e. 
There are still distinct tangent quadrics, determined by the coefficients 
of z(a, y)*" in f, and therefore still associated with definite points of J, 
namely the ~—1 points where f touches w. 


which reduces to 


15. Multiplicities of the sheets of G’ and J’. 


The behaviour of the variable intersection c of ¢, wr, at its incidences with 
the elements of H, can be tabulated as on p. 348. 


F-element | N° es Contact ed a p 
Ay 2 Simple 3 3 Us! 
A, il Simple 3 3 w' 
Ay 1 None 1 2 7 
L 0) ane 
@2 1 None 1 1 Z—w 


Here o’ is the number of intersections of each branch of c with y, and gives 
the multiplicity of j’ in G’; and 1’ is the number of conditions for each 
branch of c, and gives the multiplicity of j’ in J’, We read off 

GQ =uliw'?s (7 —w'), J’ =uzsw?e4 (2' — w'), 


save for a numerical factor. 
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16. Resolution of T,_,. 

This 7, can be compounded, in several different ways, of a To> and 
another cubic transformation. If we apply an auxiliary transformation V to Ss 
the family (¢) ~ another homaloidal family ($’’) in a third space S”’, which 
determines a third transformation W converting (¢”) directly into the family 
of planes in S’. If we choose V to be a 7,2, with its F-elements coinciding 
with those of ($) in such a way as to make (¢’’) a cubic family, then W is 
cubic and 7,_,= W.V, where V is quadro-quadric and W is cubic. 

If V is general, the degree of $” is 3x 2=6. There is a reduction of 1 in 
the degree of ” if the quadric homaloids.of V have either A, or J as an 
F-element ; 

a reduction of 2 if they have either A, or A, or , as an F-element, or if 
they touch w along /; 

a reduction of 3 if they either pass through , or touch w along /, and 
also have as F-point either A,, A, or A,, of which A, is simple on (¢) and 
does not lie on , or J, and both A, and A, are double on (¢) and lie on both 
@, and 1; 

a reduction of 3 also if they pass through A, and there touch the fixed 
biplane w, the F-conic of V consisting of / and another line neither through A, 
nor in the plane w. 

Thus there are seven distinct ways of making W cubic. If, for example, 
we use w,, A,, the equations of V are 

ey! i 2" sw =a(2—w): y(4—w): 2(2—-w): if ; 
BPS YE Bh oe, Whe Se VE oe YW gee WAY green eee 
where fr=au ty+(1t+a+b) 2} +2 (dy + ez). 


vv 


After substitution, w’’f,’’ is dropped, and ¢ becomes 


(ADA A RN Ad 


p= oy {0"'2!wl’ — (2! — fy") (bal + ez!” —w")} + oy” (Zw — fy’) 
+ ¢,2'240" + ee" (2!w"’ — fy"). 

The F-system of W consists of two lines of contact, a’ = 2’ =0, y” =2'’=0, 
and a conic w’’=f,'’=0. The bilinear relations hold:. s 

yr” + (ba + e2’ — w"") oe" 

+ {+ a+b) a” + dy” + ¢2” — w"’} Te +20 b," = ©, 
alba” = at's” + (bar! + 02! ~ wl!) be! =o) 
a be! — "py" = 0. 


W is therefore a particular case of the bilinear 7'y_,. 


CHAPTER XVI 
RESOLUTION OF SINGULARITIES OF SURFACES 
I. COMPOSITION OF SPACE TRANSFORMATIONS 
1. The general case (209). 


Let there be a transformation Vin between S, 8’ and another Wie 
between 8S’, 8S’. Let a general point P 7 P’ and P’ # P’’; then P 7 P” in 
a third transformation 7 = W.V between S, 8”. 

The first homaloidal web (¢) of T 7 the first homaloidal web (¢’j) of W; 
the second web (¢’’) of 7 W the second web (¢’;) of V. If in 8S’ the second 
F-system H’, of V and the first /-system H’ y of W are not specially related, 
the two degrees of 7’ are n = n,n,’ and n” = n,/n,’’, and 

(¢) = HY Hy, @)=H 7H’. 
where Deel. and) Ae wid ‘p. 
Thus the total number of F-elements in the first F-system H of T is the 
sum of those in the first F-systems of V, W; and similarly for the second 
#-system H’’. In the same way, the first P-system of 7’ consists of that of 
V, together with the homologue by V of that of W; and similarly for the 
second P-system. 

Now can be lowered only by a P-surface of V dropping away from (¢), 
owing to an isolated F-point or F-curve of first species of V lying on (¢’ yw); 
then either H’,;, H’y have a common element in S’, or an isolated F-point 
of V lies on an F-curve of W of either species. In the first case, but not in 
the second, a P-surface of W is dropped from (¢’’), and n’’ is lowered also. 
Thus we have to consider the different relations that elements in S’ can have 
at the same time to V, W. In the first instance we consider only ordinary 
F-elements, and take F-elements of contact later. 

A point P’ of S’ is of one of six kinds in relation to each of V, W: 

(i) general point, 

(ii) isolated F-point, 

(iii) point of an F-curve of first species, 

(iv) point of an F-curve of second species, 

(v) P-point which ~ an isolated /-point, 

(vi) P-point which ~ a point of an #’-curve. 
A curve k’ is also of one of six kinds: 


(1) general curve, 

(2) F-curve of first species, 

(3) F-curve of second species, 

(4) curve on a P-surface which ~ an isolated F-point, 
(5) curve on a P-surtace which ~ an F-curve, 


(6) P-curve. 
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2. Composition of related transformations. 

(i and 1). If P’ is in general position for V, it 7 a definite point P; and 
since the homologue of P in 7 is that of P’ in W, whatever the nature of P’ 
for W, that of P for 7 is the same. Similarly if P’ is in general position 
for W; and also for a curve or surface in S’ in general position for either 
V or W. 

(ii/ii). Let P’=0', be an isolated F-point of V; then P’ 7 a P-surface jy 
of V, whose general point @ is associated with a definite ray l’ through P’. 

If also P’=O',, then P’ Wa P-surface jy, and l’ is associated with 
a definite point Q” of jy. A general surface or curve in S through 
Q * another in S’ touching J’ at P’, and this W another in 8” through Q”. 
Thus Q, Q” are ordinary homologues for 7’, and also j;, 7’, which are not 
P-surfaces. Compared with the general case, 7’ has lost one F-point and one 
P-surface in each space, namely those that would arise from 0’,, O', if they 
were distinct. 

(2/2). It is much the same if V, W have in S’ a common F-curve ’ of 
first species. A general point O’ of w’ ¥ a P-curve xy, which describes 
a P-surface jy; and O’ Wa P-curve xy, which describes a 7’. A general 
point Q of «, 1s associated with a definite plane through the tangent line to 
w’ at O', and this with a definite point Q” of xy. Then Q, Q”; Ky, Kw; 
jv, J ware all ordinary pairs of homologues of 7. The homologues of @’ in 
V, W drop out of the F- and P-systems of 7’, and both degrees of 7’ are 
lowered. This case is important in the theory of resolution of singularities 
(p. 369). 

If «’,, vw are the multiplicities of w’ on (¢’,;), (¢’y), the P-surfaces 


We 
ply 


dropped are ee from ($), and 9’ ” from ($’"); the two degrees of 7’ are 
lowered accordingly, and also the multiplicities for 7’ of any F-elements that 
hie on jy, jw. This may cause other F-elements to be lost from 7. For 
example, if V, W are each bilinear 7,_,’s, with one F-sextic in each space, 
then in general 7 is of degree 9, and (#) = oo. If the two F-sexties in S’ 
coincide, @,, disappears, and we also drop j,=@,° from (@), which becomes 
a general plane, losing both F-curves; 7 is a collineation. 

(2/3). If w’ is of first species for V and of second for W, we have 
jy Vo’ Wow, where wy is also of second species for W. A general point O” 
of w'y is associated with a definite developable f’y of a certain pencil 
through '; any surface through O” WW a surface touching f’ y along w’; and 
this ¥ a surface, from which Jv 18 dropped, containing a definite curve « of 
a certain pencil lying on j;; and « 70”. Thus wy is an F-curve of first 
species of 7, which 7j,. One element is lost from each of H, H’’ and the 
first degree of J’ is lowered but not the second. 

(3/3). If the coincident F-curves w’ in S’ are both of second species, 
there is no P-surface to be dropped from either () or (¢’’). In general there 
are two different pencils (f";), (f’7) of developables through @’, associated 
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by V, W with the points of the corresponding F-curves w;, w’’y of second 
species. Now /’; ia surface f’’; having more sheets through ”’ than the 
developable f”’, associated by W with a point of w’.. This fy 1s the surface 
associated by 7 with a general point of wy, and wy, wy are F-curves of 
second species of 7. Though H, H” have each one F-element fewer than in 
the general case, the increased multiplicities of wy, ” just compensate in 
the total degrees of the F-curves, and the degrees of 7’ are unaltered. 

(ii/i). Next let P’=0', be a general point of an F-curve w’ yw of first 
species. We have j, ¥ P’ ff xy. The different points Q” of «yy are 
associated by W with different planes p’ through the tangent line to o’ y at 
P’. Each ray through P’ is associated by V with a point Q of j,, and all the 
rays in p’ with a certain curve « of a pencil lying on j,. Hence « FQ”, 
jv T wy, and «yy is an F-curve of first species of H”, replacing the 
F-point that would in general arise from O’;. The numbers of F- and 
P-elements of 7' are unaltered ; the first degree is lowered but not the second. 

(Gii/iv). If ’y is of second species, it W another F-curve w’’y of second 
species. Then P’, regarded as a point of w’y is associated with a fixed 
developable f”, with a certain number, a say, of sheets through ’’. Since 
(¢’,) contains P”, it # (’) having a set of z’a sheets through ’’,, touching 
Jt. But ¢’; also meets w’y in a certain number, 8 say, of variable points, 
equal to the degree of the curve wy which V ow’, and ¢” has # other sets of 
a sheets through wy, touching variable developables of the same pencil 
asf’. Thus oy is an a(8+7’)-fold F-curve of 7 of partial contact, with 
a fixed tangent planes at each point Q”. 

Now just as in the last case, Q” WP’ ¥«; and o”’ is of first species 
for T, and 7 j,; but now also Q”’ W every other point of w’jy, and 7 every 
point of wy; and @’’y is at the same time an /’-curve of second species of 7, 
with w,; as corresponding F-curve. This means that wherever a homaloidal 
curve c’’ meets w’’ jy, it touches a fixed tangent plane to $”, not a variable 
one; for a general line / in S meets jy but not wy,and/ Vac’; meeting oy 
at P’ but not elsewhere. 

The numbers of F- and P-elements of 7 are unaltered, provided we 
count wy as two adjacent F-curves. The first degree is lowered but not 
the second. 

(ii/v). Let P’ =O’; lie on a P-surface j’y that W an isolated #-point 
Oy. Then j'y Va proper jy from which jy drops away; and Oy T both 
jw and jy. Now P’ is associated by W with a definite ray I’ through O”, and 
H" has an F-point, answering to O’;, adjacent to O'"yy in the direction 1’’. 

(ii/vi). It is much the same if P’ = 0’, lies on a P-curve x’ y, generator 
of a P-surface j’ 7; then «7 Wa point 0” of the F-curve w’’ w of first species 
that Wj’. Then P’ is associated by W with a definite plane p’’ through the 
tangent line to oy at 0’, and H” has an isolated point, answering to O',, 
adjacent to w’’y at O'’ in the direction of p”. 


a 


23-2 


356 CREMONA SPACE TRANSFORMATIONS [cH. 


In both these cases, H’’ has two adjacent elements, and one P-surface of 
T in S breaks up. 

(2, 3/4, 5). Similarly, if an F-curve ow’, of V, whether of first or serene 
species, lies on a P-surface 7’y that Wan F-point O" 5 or an F-curve w”’ w of 
first species, then ($’’) touches a fixed cone at O’’y or a fixed surface along 
w'’y, 90 that these are F-elements of 7 of partial or total contact ; wR Re has 
an implicit F-curve of the same species as w’;, adjacent to the explicit 
element O” y or @” yy. 

(2/6). If 7’ ~ oy, and w’, not only lies on 7’ 7 but also coincides with 
one of its generating P-curves «’y, which. Wa point O” of o’’yy, then 0" is 
a hypermultiple ¥-point of 7, lying on the F-curve w” wy of lower multiplicity 
than O”” 

(3/6). If now w’; is of second species, it does not meet c’,, and c’’ does 
not pass through O”, whose multiplicity on (’’) is a necessary consequence 
of the passage of ($’) through its F-curves; just as the passage of (¢’r) 
through w’; is a necessary consequence of its passage through the other 
elements of H’,. 

In these two cases, since «’y meets (¢’ jy) in F-points, which lie on o’;, 
we also have one or more of the cases (111, 1v/1i, 111, 1v). 

(iii/i1). Let P’ be a general point of each of w’;, w’w, which have 
a simple intersection there; and first let each be of first species. The two 
homologues of P’ are P-curves xy, x’ y. If Q isa general point of «y, it is 
associated by V with a plane p’ through the tangent line to w’, at P’, which 
does not contain the tangent to w’,; and p’ Wa ” through x’, and any 
general surface through @ 7 a surface through «’’y touching this $y. Thus 
ky, «yw are F-curves of T' of second species, which break away from the 
F-curves wy, o''y of T of first species, that arise from w’y, ’;, reducing 
their degrees; and though 7 has gained an F-element in each space, its 
degrees are unaltered. 

(ii/iv). If w’y is of second species, it is one of a pair wy, oy. As 
before, P’ ¥ «,, and this is an F-curve of J of second species, whose homo- 
logue is adjacent to w’’,. Any plane p in S meets ¢y, ww say 2, 8 times 
respectively, and p ¥ a $’, with an?-fold point P’, on the 7-fold F-curve o’,, 
and meeting ’y in 8 variable points; this ¢’, Wa $” with 1+ cycles 
through w'’;, of which ¢ touch the fixed developable f’’ associated by W 
with P’; and w’’y does not meet c’’ at all. Thus there isa second F-curve of 
T of second species adjacent to ’’ y on f”’. 

(iv/iv). If both w’;, wy are of sevond species, then in each space 7’ has 
two adjacent #’-curves of second species. 

(ili, iv, v, vi/v, vi). The remaining combinations of the possible relations 
of P’ to V, W are all bound to occur in the general case, since in S’ every 
P-surface of either V or W meets every F-curve and P-surface of the other. 

(ii/v). For example, if P’ lies on an F-curve w’, of first species, and on 
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a P-surface j’y that WO’, then it answers to some part of the intersection 
of the P-surfaces j,, jy of Tin S, and toa branch of w’’, through 0”, in 8”, 
(4, 5/4, 5). Similarly the curves common to the various P-surfaces in S 
answer to incidences of F- and P-elements of 7 in 8, S”. 
# (4/6). Let the P-curve «’y be a general curve on a P-surface 7’; that 
Vv O,. Then if «’y WO" y, this is a hypermultiple point of oy, on j’’y. 
Since x’ meets dy only on F-elements of V, hence 0’ is an F-point of 7 
of total contact, adjacent to the homologues of these F-elements. 

The star of planes through O” Wa net of ($’ jp) through «’,,, and these 
Va net of (¢) touching the cone of directions at O; associated by V with 
the points of x’; and the homologue of any given surface through 0”, 
touches them also. This is not a property of the whole web (¢). 

(5/6). If 7’> V wy, then «’y meets $’, on certain variable P-curves «’,; 
NOW fy 18 adjacent to wy on jy; a surface through O'’7, 7 a surface touching 
this sheet of jy along wy; and 0’, is a fixed base point of the pencil («’’,), 
hypermultiple on j’,, but not an F-point of total contact. 

(6/6). Similarly, if x’; = «’y, each of O,, Ow is an F-point of 7’ of total 
contact, hypermultiple on a P-surface. 

The only other kind of coincidence to consider is that of two P-surfaces 
jv=jw- First let both ~ isolated F-points O,, O" 7. A general point of 7’ 
is associated with general directions at O,, O”’, and these stars correspond ; 
but (¢’;) meets 7’ in a set of a, say, F-elements of V, of which 8, say, are 
of first species, one meeting c’; in y >0 points; and (¢’’) has a fixed tangent 
cone at Oy, which breaks up into a sheets, one of which touches y branches 
of c’’, while the P-surface of 7 that ~ O”y breaks up into 8 components. 
Similarly O,; is an F-point of T of total contact. 

If j’ Wan F-curve wy, then w’’y is a curve of total contact of 7, and 
the sheets of (’’) fall into groups, answering to the separate F-elements of V 
on j’; but now ¢’y meets 7’ in a certain number of variable P-curves as well 

‘as F-curves, and Oy is an F-point of T of partial contact, some sheets 
touching fixed cones and some variable members of a certain pencil of cones. 
The branches of ¢ through O, all touch the fixed cones. 

If j’ ~ F-curves wy, w’’y in each of V, W, in general the two sets of 
generating P-curves are different; and wy, o’’ wy are F-curves of T' of partial 
contact, the branches of ¢, c’’ meeting them all touching fixed surfaces. 

We have now to consider F-elements of contact in S’. These may be 
singularities of any complication of the homaloids; a full treatment of com- 
position of transformations requires the general theory of singularities, to 
which the present discussion is introductory. We mention a few simple cases. 

Let P’ be an ordinary isolated F-point of V, and an F-point of simple 
total contact of W, with wu’, as fixed tangent cone of (¢’y). Then by W, 
a general direction at P’ is associated with a general direction at a single 
P-point 0"; anda direction lying on wu’, with a curve «”’ » which generates 
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the P-surface j!’y7 which W P’. By V, these directions are associated re- 
spectively with general points of jy, and the points of a certain curve wy on 
jy. Thus jy 7 O”, and oy T jw, and these are ordinary F- and P-elements 
of 7; contact disappears. 

Let P’ be an F-point’ of contact of both V and W, with different fixed 
tangent cones u'y, uy. Then ¢’; Wa” touching at O” the cone associated 
by W with the general rays of u’;, and meeting jw in the fixed curves x’ w 
associated with the common rays of w’y, uy. Thus O” is an F-point of 
contact of 7 and the «’’, are F-curves of second species, which may be 
regarded as arising from common points of implicit F-curves of V, W 
adjacent to P’; and similarly in S. 

If the fixed tangent cones coincide, an additional j’’ 7 is dropped from $”. 
Then O, O”; j;, 7’ w are ordinary corresponding pairs for 7. 


3. A transformation with an arbitrary F-curve. 


As an example of composition, we construct a transformation 7%, which 
we shall use later. Its main properties are : 

G) # contains an arbitrary curve k as an ordinary F-curve of first 
species ; 

(u) H’ consists of ordinary F’-curves only, of either species, with simple 
intersections, and has no isolated F-points or contact conditions ; 

(iii) & is of higher multiplicity than any other curve of H: this ensures 
that @ has a variable tangent plane at every point of &, including its 
intersections with other F-curves. 

A Tym-n of sufficiently bigh degree n satisfies (i) (p. 313). Here A consists 
of the first vertex O, the given curve k, the set SJ of chords of k through O 
and another curve o, all the curves being simple. H’ is of the same nature, 
consisting of O’, k’, w’, Xl’, where 

O’ ~ jo, a monoid vertex O, containing k, w, 1; 

k’ ~ jy, the cone O (k), containing k, S12, but not w; 
w' ~j., the cone O (w), containing w, but not k or 1; 
Xl’ ~ X1, both sets being of second species. 


To satisfy (11), we must get rid of O’, which is an isolated F-point and also 
a multiple intersection of F-curves. We compound 7’, with another trans- 
formation, between S’, S’’ say, with O’ as isolated F-point, whose second 
F-system consists of curves only. A convenient choice is 7,_, (no. 6 of 
Table VI), for which H”’ consists of a double ,’’, and simple ,"’ of genus 1, 
and H”’ of O' and a simple @,' also of genus 1; and O' ~ the plane of w,”. 


For the compound transformation Vz = 73_,.7'y,, 


(fon+1) =O" (k, Q@, > 1)? Dsn> (Dione) = oy wis @; . Meo eS 
where @n, ~ w; in Ty, and hk”, wo”, 31 wk’, w’, SI’ in Ty_,. 
Since the F-curves of 7’, pass through O’ in distinct directions, general 
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in relation to 7,_,, their homologues meet the P-plane of 7,_, in distinct 
points not lying on @,’’ or ;'’; the multiple intersection at O’ is resolved, 
and all the intersections of F-curves of V; in 8” are simple. 

Now (11) is satisfied, but not (iii), for & is still of the same multiplicity as 
w and XU on (¢en4:). If we had chosen the simpler T,_; instead of T,_,, these 
curves would have been simple, and the last F-curve also would have been of 
the same multiplicity as kh. 

We therefore compound with other transformations, and arrange to drop 
from the first homaloidal family the P-surfaces 7.,, j,, on which k is of lower 
multiplicity than w, SJ respectively. Let V. be a transformation between 
S”, S’”, of the same kind as V,, applied to o” as assigned #-curve, and other- 
wise general; and Vy» another, between S’”’, 8’, applied to k’” which ~ k” 
in V.... Let 

US — Vy . Vun . V;, . 


The successive homologues of planes in S do not acquire isolated F-points, 
or multiple intersections of F-curves, and (11) is satisfied by Ty. 

By Vy, planes in S’’’” ~ homaloids (¢’”) in S’”’, of degree n,2 2 say, 
through ’’’ and other double and simple curves. By Vu, ($’”) ~ ($’”’) in 
S”, of degree n, Z 2n, 2 4, through wk’? and other curves of multiplicities 
2M, MN, 2, 1. By Viz, (6’") ~ the homaloids of 7; in ‘S, from which we drop 
ju jx?, and which therefore contain ?%~o™—™ >} and other F-curves of 
multiplicities m,, 2n., mn, 2,1. Here & has the highest multiplicity, and (1) 
and (111) are satisfied. 

There are isolated F-points in S of higher multiplicity, arising from the 
first vertices of the 7's which enter into the V’s. 


II. RESOLUTION OF SINGULARITIES OF SURFACES 


4, Statement of the problem (66, 124, 205-210, 289, 353). 


In space, both surfaces and twisted curves may have singularities to 
resolve; for curves it is a comparatively simple matter, very like the plane 
problem, and we do not discuss it further (pp. 148, 313). 

For surfaces, we have to apply Cremona transformations to two problems, 
of which the second includes the first : 

(i) to resolve a given singularity of a given surface into its elementary 
components ; 

(ii) to transform a given surface into one having only elementary 
singularities. 

The surface f may be proper or degenerate, but has no repeated com- 
ponent. We regard it as a locus of points, and frame all the definitions from 
that point of view. There is a reciprocal theory of singularities of envelopes, 
which we do not touch. 
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The method.of resolution is to apply an auxiliary transformation 7’ to the 
singular element: that is, to take the element as part of the F-system of 7. 

The definition of an elementary singularity is to a large extent arbitrary, 
and different conventions have been made. The choice depends partly on the 
type of 7’, and the way of applying it; as far as possible, it is convenient to 
accept as elementary both the singularity that is entirely removed by fk 
and the accidental singularities introduced by it. 


5. First definitions. 


A singular or multiple point P of f is a point which is multiple on the 
section c of f by a general plane through P, and is therefore such that any 
line through P meets f in more than one point there. P is ordinary or 
extraordinary on f according to its nature on ¢ (p. 128): thus P is extra- 
ordinary if and only if the tangent cone to f at P has a repeated sheet. 

A singular or multiple curve k of f is a curve whose general point Q is 
singular; and k is ordinary or extraordinary according to the nature of Q on 
f and onc. The tangent cone to f at Q is aset of planes through the tangent 
line to &, and & is extraordinary if and only if two or more of these planes 
coincide for every position of Q. 

The singular point P is isolated if it does not lie on any singular curve, 
and hypermultiple if it lies on one or more of the multiple curves Xk, and is 
of higher multiplicity than any one branch of =k through it. 

Since we regard f as a locus of points, the idea of a singular point is prior 
to that of a singular curve, which is defined as singular points. Yet we 
shall find some reasons, partly intrinsic and partly of convenience, for regarding 
a curve as elementary and not a point. 


6. General effect of transformation (96, 309, 353). 


The singular element, to which T is applied, is spread out into part of the 
second P-system of 7’, which is of higher dimensions unless it is an F-curve 
of second species; we exclude this possibility, which does not seem likely to 
be useful, and all #-elements are assumed of first species unless otherwise 
stated. 

An 7-fold point P of f can be taken to be either an isolated F-point of 7’, 
or a point of an #-curve. This gives two distinct ways of applying 7’ to P, 
which lie at the base of two distinct methods of resolution. With the first, 
P, regarded as a point of S, is spread out into a P-surface 7’, and j'’ is dropped 
from f’, the homologue off. As in the case of a d.p. (p. 199), we consider that 
T removes an ordinary 1-fold point, which is one component of P, explicit 
on f. But P, regarded as a point on f, is spread out into the curve of 
intersection k’ of f", j’ residual to F'-curves, and the other components of the 
singularity of P, implicit on f, are whatever singularities f’ may have at 
general or special points of k’, other than F-points of 7. 
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With the second way of applying 7, the point P, whether regarded 
as a point of S or of f, is spread out into a P-curve x’, which is 7-fold on fee 
There is no P-surface dropped from f’, and no singularity removed from f by 
T’; no implicit singularity becomes explicit. We merely exchange an ?-fold 
point for an 7-fold curve. The advantage is that the neighbourhood of P is 
spread out into the neighbourhood of the whole curve x’, and components 
of P adjacent in different directions reappear adjacent to different points 
of «’. 

All this is discussed more fully below. For use in either way it is sufficient 
to take 7 to be the simplest space transformation 7,_,; and 7,_, will 
also serve, 

If the 2-fold element is a curve k, there is only one way of applying 7, 
which must have k as an F-curve. Then, regarded as an element of space, 
k ~ a P-surface j’, and j’* is dropped from f’; and 7 removes an ordinary 
a-fold curve, which is the explicit singularity of & on f, and the other com- 
ponents of the singularity of &, implicit on f, are those of f’ on or along its 
curve of free intersection with 9’, other than F’-points. 

Here 7 must be of general enough type to have the arbitrary F-curve k, 
such as 7’, or T; (pp. 313, 358). 


7. First way of applying T,_, to P. 

We have already seen how to remove an ordinary conical d.p. from f,, and 
to resolve an isolated binode into its components, by applying a Z,_, in the 
first way. The same treatment can be applied to any 7-fold point P, other 
than a general point of an 7-fold curve. 

Let 7 be a T,-,, with P as isolated F-point, and a general F-conic w. The 
P-plane j’ is dropped 7 times from f’, on which the second F-point O” is 
u-fold and the second F-conic o’, lying on 7’, is (w—7)-fold. These are the 
accidental singularities introduced by 7, and have nothing to do with the 
composition of P. Regarded as a point of f, P ~ the curve k’ of intersection 
of f’, 7’ other than o’. 

The points of j’ are associated projectively by 7 with the rays of the 
star (P), and the points of k’ with the generators of u the tangent cone to f 
at P. If P is ordinary, then u has no repeated sheet, and k’ no repeated part, 
and is simple in the intersection of /’, 7’, and therefore simple on f’. If u has 
no multiple edge, no point of k’ is multiple on 4’ or on f”, except the accidental 
singularities at the intersections of k’, wo’; the original ordinary singularity 
of f at P has been entirely removed by 7. 

If w has a multiple generator, then an isolated point P’ of k’, not lying 
on o’, is multiple in the intersection of f’, j’, and may be multiple on f’. We 
then regard 7’ as removing an ordinary 7-fold point from P; the singularities, 
other than accidental, of f’ on or along k’ are the implicit components of the 
singularity of f, in the first neighbourhood of P. 
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Let P be (0,0, 0, 1); since this is 7-fold on f,, 
f= wht; + wl dia + oe + pe 
The tangent cone to fat P is w= %(, y, 2). 
Take 7,_, in standard form 
BY 2 WH kW YW Zw 2g ; 
after dropping w”, the homologue of f is 
5 hae oC Mame a ee es a Maan 
and k’ is the curve of degree 1, 
w =u,=9. 
If a point P’ of this, not lying on o’, is 7’-fold for f’, and therefore for k’, 
it does not lie on q’, and is 2’-fold for w’;; the associated generator is 2’-fold 
on u;; hence 


<s 
IIA 
S 


and the singular point P’ of f adjacent to P lies in the direction of a singular 
generator of the tangent cone. 

The necessary conditions that P’ should be 2’-fold on f’ are that this 
generator is of multiplicities 7’, 7’—1, 2’—2...1, 


on the cones Uj, Uisa, Uiyo--- Wize_y Yespectively. 


8. Extraordinary singular points (129, 211). 
Things may be somewhat different if P is extraordinary and wu has 
a repeated sheet. In the simplest case of a unode, 
f swt ?y? + wt ust... + Up, 
f=? y? + 7h w'uy +... +0" u', 
and. f’ has three d.p.’s, given by ws’ = 0, lying on the repeated line w’ = y’ =0, 
which constitutes k’, and associated with the lines of closest contact at P. 
But with a tacnode, 
f Sw ?y? + wh yes + Why + oe Ups 
f=? y? + g/u'y'ue + tw? ug +... + wu, 
and f’ has k’ as a double line which ~ P. Thus a tacnode has an infinitesimal 
double line adjacent to it. 
Similarly, if P is 7-fold, and w has a repeated sieey 
Uy = Um? Uj—om » 
then k’ has a repeated component, which is a simple curve on f’ unless u,, is 
also a factor of w;,,, when it is double on f’. 

If any component is 2-fold as a part of k’, it is a line, w’ = y' =0 say ; then 
u,=y", and k’ has no other part. If y is not a factor of u;4,, then k’ is simple 
on f’, which has ¢+ 1 d.p’s on ’, given by w’;,,=0. More generally, if 

Ws Maar ees (a < 2) 


have af, Vege Le (iat 
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as factors respectively, but y is not a factor of Uj+a, then k’ is an a-fold line 
on f’, on which lie +a points of multiplicity a+1, given DYietea = 0. -LE 
a=7—I1, then k’ is (¢—1)-fold on f’, with 2¢—1 points é-fold on f’. But if 
a=1, the whole line is 7-fold. 

Thus every singular element of f adjacent to the 7-fold point P is of 
multiplicity $7; the only 7-fold elements can be 

(i) a number S 27-1 of isolated or hypermultiple 7-fold points; or 

(11) one @-fold line, which may be of any nature on /”’, for if it is given 
arbitrarily, we can construct f from f’ by reversing the transformation. 

Thus we may not be able to go more than one step in resolving a singular 
point by this method, till we can deal with a singular curve. 

If P is a simple point of an 7-fold curve k, of f, then, by T,., k, ~ an 
a-fold curve k,’ of f’, meeting 7’ in one point P’ other than F-points. Now 
u is a set of 2 planes through the tangent line to h,, and k’ is a set of 7 lines 
inj’ through P’, which lies on k,’ and is 7-fold for f’, and ~ the point of h, 
adjacent to P. The circumstances are the same in S’ as in S, and a T7,_, 
applied to P’ produces an 7-fold point P’’, which ~ the point of hk,’ adjacent 
to P’, and the point of k, adjacent to P in the second neighbourhood. The 
process could be repeated indefinitely, since there are oo ¢-fold points of f 
adjacent to P, lying on k,, and it is useless to try to remove them one by one. 

We must therefore attack a singular curve with 7',, not T_.. 


9. Singular curves (96, 289). 


Since the coefficients of f can satisfy only a finite number of independent 
conditions, all those determining the behaviour of any one of the «! general 
points Q of a singular curve & are satisfied by virtue of the same finite set of 
conditions, and each Q is of the same nature; & can contain only a finite 
number of special points P of higher nature. A general plane p, meeting & 
in Q without touching it, cuts f in a section ¢ on which @ is singular; and 
its nature is independent of the particular positions of Q and p. If c has an 
implicit singularity Q’ adjacent to Q, then the section of f, by any general 
plane through any general point of &, has an implicit singularity of the same 
nature as Q’, and the locus of these is a singular curve k’ of f adjacent to k 
along its whole length, which acquires a separate existence when it becomes 
explicit by transformation. 

There may be any number of such implicit curves k’ in the neighbour- 
hoods of & of any rank; then every ¢ contains one point @ of each k’, and its 
singularity at Q is compounded of an explicit 7-fold point and 2Q'; its 
equivalent set is the same for every general Q and p. The singularity of ¢ 
becomes of higher nature only if p is replaced by a plane touching & at Q, or 
if Q is replaced by a special point of k. 

We define the nature of the singular curve k to be that of the plane 
singularity of c at Q; for this is the same for every general plane section. 
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This does not tell us all that there is to be known about the adjacent 
singular curves. For example, let k be a tacnodal line; then Q is equivalent 
to two adjacent d.p.’s on c, and there is adjacent to & an ordinary double 
curve. But this need not be a line; when it is transformed into an explicit 
singularity, it is a curve whose genus p may have any value, depending on 
the developable of tangent planes to f along &, and whose degree depends on 
this and also on 7. If f is a homaloid and & one of its F-lines of contact, 
then p is one of the F-genera of the transformation determined by (f): 
(p. 883); but p is not revealed by the nature of & on f as just defined. 

The possible singularities of f at the «©? points adjacent to Q fall into 
sets, each of 01 points of the same nature lying on one kh’; whereas those 
adjacent to an isolated singular point P may each be of any nature in- 
dependently of the others. The analysis of Q is a problem in two dimensions, 
that of P is in three. Thus a multiple curve, though defined as 01 multiple 
points, is a simpler entity than a single multiple point. 

On the other hand, since the postulation, equivalence and other numerical 
characteristics of & are finite, as regards each of these separately, k is com- 
parable with a finite number of isolated points. Let f acquire in succession 
a certain number a of isolated 7-fold points lying on an arbitrary curve &. 
For a definite value of a, depending on f and on &, there is an abrupt change, 
and f contains the whole of #, on which the a points are hypermultiple. As 
a increases further, at certain other definite values, the multiplicity of & on f 
increases till it reaches 7, when the a points cease to be hypermultiple, and 
are merged as general points of the 7-fold curve, and no further increase of a 
has any effect. The changes are analogous to the degeneration of a curve 
made to contain an increasing number of points lying on a curve of lower 
degree ; and this is just what happens in our case to the curve of intersection 
of f with any fixed surface through &. 

The singularity of Q on ¢ can be analysed, by the methods of Chapter vu, 
into its equivalent set of ordinary elements, and k, considered as the 
aggregate of its general points apart from any special points lying on it, 
can be regarded as equivalent to a set of ordinary multiple curves, answering 
to the components of Q, and which can be made explicit on the successive 
homologues of jf by a series of 7's applied to k and to its homologues, 
as follows. 


10. Application of T,, to k. 


Let 7’ be a Ty, having & as an F-curve and otherwise general (p. 313). 
The rest of H consists of the vertex O and, as supplementary F-curves, the 
chords of & through O and one other curve. We take the degree of 7 high 
enough for these to be in as general position as possible with regard to k, 
to f and to each other. 
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Regarded as a curve in space, k ~ a P-cone j’, whose generators are 
projective with the points of k; regarded as a curve of f, it ~ the set Sk’ of 
curves of intersection of f’, 7’ other than F-curves. We drop j’' from f’; and 
the elements of H’, which is of the same nature as H, are ordinary accidental 
singularities of f’. 

Regarded as a point of space, a general point Q of k ~ a P-line x’, 
generator of 7’, whose points are projective with the pencil of planes through 
the tangent line to k at Q; regarded as a point of f, it ~ the set SQ’ of 7 
intersections of f’, «’ other than F-points, associated with the 7 tangent 
planes to f at Q; and the loci of XQ’ are the curves Dk’. 

If & is ordinary, these 7 planes, and the 7 points Q’, are distinct, =k’ has 
no repeated part, and each k’ is simple on f’. If & is extraordinary, some of 
=Q’ on each x’ coincide; the locus of these is a curve multiple in the inter- 
section of f’, 7’, which, if other conditions hold also, may be singular on /’, of 
multiplicity 7. If ak’ is 7-fold on f’, then all the =Q’ on each «’ coincide, 
and there is only one curve k’, meeting each generator of 7’ in one distinct 
point other than the vertex. 

A general «’ does not lie on f’, being dropped as part of 7; and f’ 
contains «’ only if «’ ~ a hypermultiple point on k, which is better considered 
as a separate singularity, with which / is incident, than as a part of k. 

Let c be the section of f by a general plane p through Q, which, without 
loss of generality, can be taken to pass through O; the nature of k on f is 
that of Q on c. 

Now p ~ a plane p’ through x’, meeting f’ in a section c’ through 2Q’, 
which is not general, in that p’ passes through the accidental singularity O’ 
of f’; but it is general as regards the neighbourhood of any one Q’, since x’ 
does not lie on f’; and the nature of k’ on f’ is that of Q’ on ¢’. 

Between p, p’, our 7’, sets up a plane 7; with Q as a simple F-point, in 
which ¢c ~ c’ and Q@~-x«’. This effects the first step in the normal resolution 
of the plane singularity of @ on ¢, resolving it into an ordinary 7-fold point, 
removed by 7’,, and the set of simpler singularities Q' of c’. The same 
occurs at every general point of k; we therefore regard 7’, as removing 
an ordinary 7-fold curve from k, leaving as the other components the set 
of curves Dk’, each of nature simpler than k. 

Since the equivalent set of the plane singularity is finite, a finite series 
of 7'y’s, having as F-curves & and all its singular homologues in later spaces, 
resolves the singularity, for c, and therefore for jf, of all the general points Q 
of k, and transforms f into a surface f’ on which each Q ~ a set of general 
points of simple curves; and the only singular points and curves of f’ 
that ~ k either ~ special points of &, or are accidental. The singularity 
of k itself as a multiple curve of f disappears entirely. 
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11. Special points on k (64, 65, 66). 

So far we have considered general points of k only; but since Q has one 
degree of freedom as it moves on k, there may be a finite number of special 
points P, simple for >, that satisfy just one more condition, so that the 
singularity of c is of higher nature at P than at Q. For example, an ordinary 
double line of f,, has in general 24—4 pinch-points at which the d.p. of ¢ is 
replaced by a cusp (p. 254). 

A single additional condition may raise the multiplicity from 2 at Q to 
i+1 at P, if all the tangents to c at Q coincide; then there is only one curve 
k’ in the first neighbourhood of k. If the condition does not raise the explicit 
multiplicity, it alters the composition of Q, making it a pinch-point, and falling 
on the points }@Q’ of c implicit in the first neighbourhood. It may cause two 
of them, Q,’, Q,’, to coincide at P’ say, replacing them by their sum, as defined 
on p. 141; for they coalesce freely, approaching each other along the P-line 
« which ~ Q, which is the only fixed tangent there can be at either point. 
Then P’ is either an intersection of k,’, k,’ of the simplest type possible, or 
an ordinary point of &,' where it touches x’. 

If the fresh condition does not do this, it alters the nature of one 
component Q’, and the same analysis applies to this: its multiplicity may be 
raised, or its composition altered. When & is resolved by a series of 7'y’s, in 
S or in some later space S*, at a point P* which ~ ¥, either the multiplicity 
of one component Q* is raised by 1, or two components Q,’, Q,* are replaced 
by their sum; and P* is a hypermultiple point on one k*, or an intersection 
of the simplest kind of k,*, k.*, or a point of contact of k,%, x*. 

In the simplest cases of these two kinds, P* ~ a point P*, in the 
preceding space S*~™, which is either a tacnode replacing a simple cusp on c*“}, 
or a cusp replacing two distinct linear branches; and either k* is a curve of 
simple contact of f*, 7%, or k,*, k.* are simple on f* and not curves of contact 
with j*. In these two cases, the original point P in S is called a normal 
pinch-point of f. It follows that the intermediate homologues P’ ... P* are 
also normal. If P is abnormal, it leads either to a hypermultiple point, on a k* 
which is either multiple on f* or a-curve of higher contact with j*; or to an 
intersection of k,*, k,*, one of which is either multiple or a curve of contact 
with 9%. 

If k is ordinary, there is only one kind of single additional condition, and 
at P there is a cusp of first species and 7—2 distinct linear branches of c. 
This is called an elementary pinch-point. 

Some of these special points are absorbed by any points of & where c 
satisfies two or more additional conditions; these include intersections of & 
with other branches of 2%. If P also lies on k, of multiplicity 7, S 2, then the 
multiplicity of P on f is at least 7, and if it is not higher, 2, of the tangent 
planes to f coincide with the plane of the two tangents to k, k,, so that P is 
a kind of pinch-point. 
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If P is a simple intersection of just two multiple branches &, k,, and does 
not satisfy any additional condition, the singularity of c at P is the sum of 
those at general points Q, Q, of k, k,; then P is a normal intersection. If k is 
ordinary, c has an 1-fold point adjacent to which is an 7,-fold point of the same 
nature as Q,. If both k and kh, are ordinary, P is an elementary intersection. 

For example, an intersection of multiple component curves, adjacent to an 
abnormal pinch-point produced by a single condition, is normal. Again, 
a simple intersection P, of two ordinary F-curves @,, , of any transformation, 
is normal on the homaloids (¢) if P is not an isolated F-point; for d is not 
subject to any condition at P except those which arise from the nature on 
of the general points of @,, #,; and P is also a normal intersection on any 
surface whose homologue is in general position with regard to the P-surfaces 
which ~ @,, @>. 

Any singular points of f that are neither general nor normal points of its 
singular curves are called abnormal. These include all isolated and hyper- 
roultiple points, and all intersections of three or more multiple branches. 

The points here defined as elementary are all extraordinary. If we wish 
to eliminate such from f as far as possible, we must admit ordinary hyper- 
multiple points; the simplest ordinary point multiple on =f is a triplanar 
point of f, intersection of three branches of ordinary double curves whose 
tangents are not coplanar. But when we transform, we may introduce pinch- 
points on the accidental curves, and in any convention that has been proposed, 
pinch-points of the simplest type are accepted as elementary. As regards 
intersections of multiple curves, it 1s a matter of taste whether we prefer to 
accept normal intersections, which are simple d.p.’s of >, and extraordinary 
on f; or hypermultiple points, ordinary on f, which may be multiple on =k, 
whose branches touch multiple edges of the tangent cone. 


12. First method of resolution (95, 96, 205-210, 353). 


We have now the first standard method of dealing with a singular element 
of f, whether point or curve, by taking it as a complete #-element of a trans- 
formation, either 7_, or 7’y,, which is otherwise general. This is the natural 
extension of the plane theory, and, as there, we define adjacence, neighbour- 
hoods, composition, the nature of a singularity, requiring that it shall be 
unaltered by a regular transformation, and the sameness of a singularity on 
two surfaces f, f, requiring that it shall extend to any general member of the 
pencil cf + af. en . 

(i) In resolving either points or curves, implicit elements of either kind 
may become explicit at any stage. If the given 7-fold element of / is a point 
P, we first apply a T,_, toit. Then P ~ a set of curves on hs which may consist 
of points all of multiplicity < 1%, or contain a finite number of i-fold points, or 
coincide in one ?-fold line. To any isolated or hypermultiple 7-fold points 
P’... P*... that arise in S’ or in any later space S*, we apply a series of 
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T, 3s, till all the points that ~ P either are of multiplicity <7, or lie on’ 
i-fold curves. 

This ends the first stage, which would not end if we continued to apply 
T,-»s to points of i-fold curves; and it has been shown that it may also 
become oo, even if only a finite number of points are taken on any one 1-fold 
curve and its homologues, for the number of such curves that arise may in 
that case become infinite (208). 

(ii) When all the 7-fold elements that ~ P are curves 2k, we take Ty's 
instead of 7,_.’s. Now in 7'y, the general points of k ~ a set of curves of 
multiplicities < 2, or one t-fold curve; and in addition, special points of k may 
~ a finite number of 2-fold poimts. As long as any 7-fold curves arise, we 
apply a series of 7’y,’s to them, till either all the elements that ~ P are of 
multiplicities <7; or the only 7-fold elements are points. This ends the 
second stage. 

We then start afresh and apply 7._.’s to the 7-fold points as in stage (1), 
and carry out the two stages alternately as long as there arise any 1-fold 
elements of either kind. 

It has been shown that the whole process comes to an end, and that after 
a finite number of finite stages, there is no 1-fold element that ~ P. We then 
reduce the singular components of lower multiplicity, till the original singular 
point P is completely resolved into a set of simple points and curves of the 
transformed surface, except for the accidental singularities. 

If the given 7-fold element of f is a curve, we start with the second stage 
instead of the first. To reduce the whole surface, we treat all its extraordinary 
points and curves in this way; then the transformed surface has only the 
homologues of the original ordinary singularities and the accidental singu- 
larities introduced by the transformations. These may be of any multi- 
plicities, but are all ordinary. By this method, no further reduction is 
possible; by a Riemann transformation, equivalent to two projections from 
higher space, f can be transformed into a surface f’ having no singularities 
but an ordinary double curve with elementary pinch-points and triple points 
triplanar for /’. 


ra | 


13. The auxiliary transformations. 


The proof of finiteness depends on the behaviour of f and its polar 
surfaces. To deal with these, we specialize the auxiliary transformations. 

Let each F’-conic of the 7,_, between S, 8’ break up into two lines inter- 
secting in A, A’ say; then the polar surface f, of A of any order with regard 
to f ~ the polar surface f’,, of A’ of the same order with regard to f’. If 
another 7,_, 1s applied to f’, we choose its first F-conic to be a pair of lines 
also intersecting at A’, and in general directions; and so on, as long as the 
series of 7',_.’s continues. Then in S’, the surfaces f*, f*,0 are the homologues 
of f, f, in the compound transformation between S, S*. 
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For the same reason, Z'y is specialized, having the vertices O, O’ as 
F-points of total contact. Then we can arrange that the polars of O’ with 
regard to f’ are the homologues of those of O with regard to f. If another 
Ty is applied to 8’, we choose its first vertex at O’, with a different fixed 
tangent cone in general position. Then as long as the series of 7’y’s continues, 
the polars of O% are the homologues of those of O (p. 318). 

These specialized transformations 7’ have F-points of contact at A’, 0’, 
and introduce extraordinary accidental singularities on f’. This would spoil 
the effect on f as a whole. But the effects on the singular element, and on 
the numerical characteristics employed, do not depend on the particular type 
of 7, or on the nature or particular positions of its other F-elements, but 
only on the nature for 7’ of the assigned F-element which is singular for f. 
In the equivalent set, the nature of a point component depends on the 
explicit multiplicity of some point on some homologue of jf, on the number of 
steps necessary to reach it, and on its grouping in the successive neighbour- 
hoods of the earlier components. A curve component has, besides these 
characteristics, all those inherent to a twisted curve, degree, genus and so on. 

Now we require of the nature of a singular point P that it shall be 
unaltered by any transformation regular at P. Thus we may include the 
multiplicities and groupings of components, and the genera of curves, but not 
their degrees. For if P’;, P’y or k’y, k’ w are the explicit forms of two corre- 
sponding components, reached by two different series V, W of transformations, 
applied to P and its homologues in the same ways, then these are pairs 
of ordinary homologues in the transformation W.V~. 

In particular, if P is either a common isolated F’-point, or a general point 
of a common F-curve of V, W, then W.V~ is regular at all the points, other 
than accidental, that ~ P in V and W; and the two homologues of f have 
singularities of the same nature at these points. Thus, when it is proved that 
the process of resolution is finite when special 7’s are used, we know that it 
remains finite when they are replaced by any set of Cremona transformations 
having the same assigned points or curves as ordinary /-elements, and, in 
particular, when we use general T,..s and T'y’s, or any other types that 
introduce ordinary singularities only. 


14. Lines of the proof (205, 206, 210). 

Now in S*, any 7-fold point P* of f* lies on all the polar surfaces of A* of 
order £71 —1, and belongs to the curve c* 4a of intersection of any two of these 
surfaces, among which it is convenient to include /* itself, as the polar of 
order 0. But though f* 40, f, are proper homologues, c*4« consists not only of 
the proper homologue of ¢,, but also possibly of the lines &* that ~ P*~?, and 
also certain curves kg? that ~ P, where kg arises first in an earlier space S®, 
as a line k? that ~ P*, and on k® and its intermediate homologues lie the 
i-fold points P? ... P-!, that are resolved in turn. This kg* is of any multi- 
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plicity <7; for if it were 7-fold, we should apply a Ty, to k® instead of a Ty» 
to PS. 

In the series of 7-fold points P, P’... P*,..., to which the 7._.’s of any 
one stage are applied, a certain number may lie on the proper homologue of 
c,; but if P* does not, neither does P**, nor any later point of the series. 
These may lie on a kg*, and again this ceases to occur at a certain point, and 
thereafter each P* lies only on the set of lines k* that immediately ~ P*”. 
Each of these parts of the stage demands a separate argument. In the same 
way, the other stages are subdivided, and also the stages are grouped in 
different divisions, according to the behaviour of the various parts of c*4¢. 

For the earlier divisions, we can construct: a curve in S, deduced from c,, 
and of multiplicity <7 on f, such that its proper homologues contain all the 
t-fold points of the division, and thence prove that their number is finite. 
The other divisions require a complicated treatment of the numerical 
characteristics. 


15. Numerical characteristics. 

Each of these has a clear geometrical meaning, and is more natural than 
the rank of P defined below, p. 873. It is the equivalence Hp of some point 
P on three surfaces, one of which is a plane p, and two are chosen from > f* 4a. 
This number has two properties. 

(i) It is the equivalence of P on the two plane sections. If the surfaces 
are f and the first polar of a point of p, these are a section c of f and one of 
the first polar curves of c, and /> is the reduction in class of c due to P. In 
general, if p ~ another plane p’, the plane theory of equivalence relates Lp 
to the sum of its values at the points of p’ that ~ P (p. 182). 

(ui) Hp is the number of intersections, coincident at P, of p with the 
curve of total intersection of the two surfaces. If p is general in relation to 
them, #p is the sum, for all branches of the intersection through P, of the 
number of times each branch / is counted ia that intersection. Fora general 
point Q of k, this sum has only one term, which is constant as Q varies on hk. 
If for a special point P of k we have #p> Lo, then for P there is another 
term in the sum, and another branch of the intersection passes through P. 

But though these characteristics are simple in themselves, no combination 
of them decreases steadily, and an elaborate manipulation is needed for the 
various cases of direct and oscillating convergence. “Another drawback is the 
use of polars of higher orders, introduced to simplify some of the intersections. 

We therefore pass on to the second method of resolution, based on the 
second way of applying 7’ to P, which, though less natural, is far less 
elaborate in detail. 


XvI] RESOLUTION OF SINGULARITIES OF SURFACES 371 


III, SECOND METHOD OF RESOLUTION 
16. Reduction of points to curves (66, 96). 


The second way of applying a transformation to the singular point P is 
to take P as a general point of an F-curve. Then 7 replaces P by a P-curve 
«’ lying on f’, and 7 replaces «’ by P; and P, «’ are of the same multiplicity 
and are either both ordinary or both extraordinary. We can take any singular 
point of f as P, but we cannot take an arbitrary singular curve k’ of f’ as x’, 
for the P-element «’ is rational, and k’ may be of any genus. 

We can replace an irrational curve k’ by a point P, by reversing the first 
way of applying 7’, choosing it so that a P-surface contains k’; but then P 
is extraordinary on f, having k’ as adjacent multiple curve; this introduces 
needless complication, and is useless as a method of resolution. 

In this second way, therefore, we regard a point and a rational curve as 
in some sense equivalent singularities, but an irrational curve as essentially 
different. We cannot replace all singular curves by points, but, as we shall 
show in detail, we can get rid of all singular points except general and normal 
points of singular curves. 

Again, the accidental singularities of f’, that is, the F-elements of H’, 
cannot consist of ordinary F’-points ouly, but always include either an F-point 
of contact or an F-curve (p. 309). If H’ has a point of contact O’, every 
sheet of f’ through O’ touches the same fixed surface, and O’ is extraordinary 
on f’. This is a complication of f and not a reduction, so we exclude it, 
and choose 7’ so that H’ is free from contact conditions: then it must include 
a curve. But it need not contain any isolated point, and can consist of 
ordinary curves only. 

Thus, in the accidental singularities of f’, as well as in those arising from 
the original singularities of f, we can avoid isolated points but not curves, 

This point of view is artificial, and unnecessary in the easier cases: 
a quadric cone is not simplified by transformation into a sextic surface with 
two double curves. But in more delicate cases, and in the general theory, it 
really simplifies to reduce the two distinct types of elementary singularities, 
a curve and an isolated point, to one only, which we see must be the curve 


and not the point. 


17. Second way of applying T._, to P (96). 

Now let 7 be a J,_, with a general isolated F-point O and a general 
F-conic through P. Then P ~ a P-line «’ through O' meeting o’; every 
point of «’ is exactly ¢-fold on f’, except O' and the intersection with o’, 
which are p-fold. 

Let X be the tangent line to w at P. The pencil of planes p through » 
is associated projectively by 7_, with the points of x’, and the pencil of lines 
through P in p with the pencil of planes through x’, the latter projectivity 
varying with p (p. 187). 
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A general plane p’ meets «’ in one point Q’, and p’ ~ a quadric homaloid 
6 =O, w, touching » at P. In relation to f, this } is a general quadric 
through P, and its tangent plane p through » is a general plane through P. 
We can set up a correspondence, regular at P, between the section c of f by p 
and the section cg of f by ¢. Also the two-dimensional Cremona trans- 
formation, set up by Z,. between ¢, p’, is regular at P and Q’, and it 
converts cg into the section c’ of f’ by p’. These combined give a corre- 
spondence between ¢, c’ regular at P, Q’. Thus the nature of «’ on f’, defined 
as that of Q’ on c’, is the same as that of P on the general plane section 
c of f. 

Any special point P’ of «’ answers to a plane through > containing 
a special ray, through P and an adjacent singular point of f. Since 2» is 
general, no such plane contains more than one special ray, and the different 
singular points of f, implicit in the first neighbourhood of P, ~ singularities 
of the same nature, implicit in the first neighbourhoods of different points 
OL gc 

Comparing this with the first way of applying 7,_, to P, we have the 
i-fold line x’, explicit on f’, in place of an ordinary 2-fold point entirely 
removed. When P is completely resolved, we have a set of explicit ordinary 
multiple curves, in place of the ordinary multiple points that would be left 
explicit in the first method. 


18. Polar surfaces and curves. 


We prove that the process of resolution is finite by defining a numerical 
characteristic of the singularity, which is always finite, and can be reduced in 
value by transformation till it reaches a definite minimum value or values, 
only attained when the singularity is of some definite simple type or types. 

The most obvious characteristic of any singularity is the multiplicity 2. 
This is finite, and has.a definite minimum 7 = 1 for a simple point of f; but, 
on any convention, there are elementary singularities with all values of 7, and 
it does not fulfil the requirements. It does not measure the complication of 
the element, because it takes account only of the explicit singularity, and not 
of those implicit in the successive neighbourhoods. For this reason, we use 
the polar surfaces and curves. 

Every multiple point of f lies on the first polar surface f; of any point X 
with regard to f. Conversely, every base point of the web (fx), of the first 
polar surfaces of all the points of S, is a multiple point of /f. 

The total intersection of f, fy is the totul polar curve of X; it consists of 
all the singular curves =k of f, each taken a proper number of times, at least 
twice, and a variable residual cx, the pure polar of X, which has no repeated 
part if X is general. We also define an intermediate form yx, the sumplified 
polar, consisting of cy together with each multiple curve k taken once 
only. 
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19. Base points of the pure polars (65, 66). 


A base point of the pure polars (cx) is either an isolated multiple point, 
or a special point of a multiple curve, hypermultiple, multiple on Xk, or 
a pinch-point. 

It has been shown by the methods of infinitesimal geometry that: 

(1) anormal intersection does not lie on (cx), and conversely, a simple 
intersection of two multiple branches which does not lie on (cx) is normal ; 

(ii) anormal pinch-point is a simple base point of (cx), and conversely, 
a simple intersection of =k with (cy) is a normal pinch-point ; 

(11) an isolated or hypermultiple <-fold point is at least 2¢-fold on (cx) ; 
it cannot be a simple base point, and if it is an ordinary d.p. of (cx) it is an 
isolated conical d.p. of /. 


20. Numerical characteristics in the second method (66). 
Let a=the number of distinct cycles of branches of 2% through P; 
8=the multiplicity of P on yxy; this is the same for all poles X not 
lying on the tangent cone to f at P; 
6 =the reduction in class, due to the singular generator XP, of the 
cone X (vx) projecting the simplified polar from the pole; 
p=rank of P=45—5a—8(@8—1); this is an ingenious combination 
which proves to be reducible by transformation; it waits for geometric 


interpretation. 
From these definitions, 
CEG Sy 62 B(8-1), 
whence fie (8b — 5) = 3, 1 8 ao. 


21. Effect of T,_, on the characteristics. 


As before, for the part of the argument that involves transformation of 
polars, we use a special 7’,,, whose F-conics break up into pairs of lines, 
meeting in A, A’ say, one line /, of the first pair passing through P, and one, 
1,’, of the second pair meeting «’. Then the polar relation of f, f, is invariant 
under this Z,,. In the neighbourhood of P, the pure polar of A’ is the 
proper homologue of that A, but since x is a new multiple line of f’, the 
simplified polar yy’, consists of «’ in addition to (y,4)’ the homologue of v4. 

Let P’ be any special point of x’. 

(i) Effect on a. Through P’ there passes «’; any other cycles of multiple 
curves of f’ ~ some or all of the a cycles of 2k through P: 


lea’ sal; 
and there are a— a’ +1 cycles meeting x’ in points other than P’. 


(ii) Effect on 8. Though A is a general point, A’ is not general in 
relation to f’; but it does not lie on the tangent cone to f’ at P’, which 
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consists of 7 planes through x’; for if one of these contained A’, it would be 
the P-plane 0'l,’, and if f’ touched this, f would touch J, = PA at P, which 
is not so, since J, is a general line through P. 

Hence 8’ is the same as the multiplicity of y’ 4, consisting of (y4)’ and x’ ; 
and 6’—1, =, say, is the multiplicity of (y,4)’ at P’. Let ®,, B;... be 
the multiplicities of (y,4)’ at the adjacent points P”, P’”’... of «’. Then 
8, + B.+ 83+... intersections of (y,4)’, «’ fall at P’, and at least a-—a’+1 
fall at other points of «’; all these ~ some or all of the @ intersections of y4 
with J, : 

Bit Bot Pst... Beta’ —1. 

(iii) Effect on 8. The value of 8’ for a general pole X’ S its value 6’y for 
the special pole A’, which is the reduction in class due to A’P’ of the cone 
projecting (y,)’ and «’ from A’. 

The component singularities of (y,)’, considered as a curve in space, are 
the same as those of y,, except for an explicit 8-fold point at P removed by 
T,2, which contributes @(8—1) to 6 and 0 to 6’y. Of the other com- 
ponents, some may lie at points of «’ other than P’: these also contribute 
to 6 and not to 8’y. 

Others may be implicit at P’, but not in the direction of «’: these con- 
tribute equally to 8, 0’ y. 

There remain the points P’, P’’, P’’’.... The existence of P’’ shows 
that at P’ there are 8, tangents to (y4)’ touching «’ and arising from cuspidal 
branches at P, equivalent to 8, simple cusps removed by 7._,, which con- 
tribute an additional @, to 6 and 0 to 8’y. On the other hand, owing to the 
new branch x’, the multiplicity of P’ ony’ is increased from 8, to 8,+1, and 
the ordinary component at P’ contributes 8,(8,—1) to § and (8, + 1) B, to 
8’, and similarly for P’, P’”.... Altogether: 


6—0'42 B(8—1)+ (8, +6. +...)—2(8, + Bat Bet ...), 
6-8 26-6 y2(B—-1P——’ +a—a’' +1. 
(iv) Effect on p. Hence: 
p—p'=4(8-8')—5(a—a')-—8 (8-1) + B*(6"—1) 
= B(38—8)+(8—a) +a’ +(6’— 842, 


But [Sioa Rae r= Be sy a es 2s 
p—p =6 Mie REN 
and p—p Za’-a if B=2. 


22. Double points of the simplified polar. 


Consider separately the cases @ S 2. 
If 8=0, P is simple on f; 


a=d=0, p=0 
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If 6 = 1, since no isolated point of f is a simple base point of (cx), P lies 
on one branch of =* and not on (cx); 

C= 15 tO = 0 tp == 6, 

If 8 = 2, first let P be an ordinary d.p. of (yx); then 6 = 2, and either: 
(i) P is an ordinary dp. of 2%, not lying on (cy), that is, a normal 
intersection ; 

a=2, p=-—4, 
and a’ = 2 for each of the two special points on «’; or 
(ii) P is simple on each of 2h, (cx), that is, a normal pinch-point ; 
a=l1, p=l, 
and. = 2/or-1 ;-or 
(ii) P is a d.p. of (cx) not lying on Yk, that is, an isolated d.p. of f; 
a=0; p=6, 
and there are no special points on x’. 

Next let the tangents to yy at P coincide; if a=2, then P is at least 
a tacnode, 624, p24; ifa=1 or 0, then P is at least a cusp, 82 3, p 25. 
In each of these cases, a’ =a +1 for the only special point on x’. 

Thus for the only points that exist on f in © numbers, that is, simple 
points and general points of =k, we have p <0, and there are only a finite 
number of points of positive rank. For normal points, p=1 or — 4; and for 
all abnormal points, p 2 3, and either 8 2 3, or a’ -a=1. Hence the rank of 
an abnormal point is always reduced by a 7,_, applied to it in the second way. 

If P is a normal intersection, 7,_, separates the two branches of Sk, and 
we have two points P’, each a normal intersection of «’ with a distinct 
multiple curve. If P is a normal pinch-point, there is one point P’, a normal 
intersection of x’, k’. 

Thus any singular point P can be transformed into a set of multiple 
curves of any nature, all of whose special points are normal. To resolve P 
completely, we must further resolve these curves into ordinary components. 
The proof that the equivalent set is finite is included in the reduction of 
a whole surface to elementary type. 


23. Auxiliary transformations in the second method. 


We therefore consider the effect of the auxiliary transformations on f as 
a whole, and, in particular, the accidental singularities introduced at the 
elements of H’. Now for 7s, these include a hypermultiple point at O’, 
lying on «’ and =k’, which may be of higher rank than P; and to reduce the 
singularity of P may not reduce that of f- 

As above, p. 369, the effect on P is the same if we replace 7',_, by any 
other transformation 7’, between S, S” say, having the #’-line /, in common 
with 7... It is, however, enough if 7 has P as a general point of any 
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ordinary F-curve. of first species. Then P fa P-curve x” of T, and x’, x” 
are corresponding F-curves of second species in 7. (Ve A singularity of f, 
adjacent to P on a definite ray J, reappears adjacent in definite directions to 
definite points P’, P’’ of x’, x’, and P’, P” are of the same nature for sean 
respectively. For each is i-fold and has only one adjacent singularity; if 
V’, V" are two transformations applied to «’, «”’, these implicit singularities 
become explicit, and are ordinary homologues in the compound transformation 
VG a aa 

We choose 7’ so that H’ consists of ordinary curves only. The simplest is 
the bilinear 7,_,, when each of H, H’ is a single curve. This we now adopt 
as auxiliary transformation; and it has the property, proved for T,_,, of 
reducing the rank of any abnormal point to which it is applied. 

We have to show that the one accidental singular curve is ordinary, with 
elementary pinch-points and normal intersections with the other multiple 
curves of f’. 

Then by applying a 7;_, to any abnormal point, we reduce its rank; when 
this becomes < 3, the point is normalized. Since f has only a finite number 
of abnormal points, each of finite rank, it is reduced, by a finite series of 
T,_;'s, to a normal surface, that is, one having singular curves, whose general 
points are of any nature, but all their special points are normal. This is the 
first stage in the reduction of f; in the second stage, the extraordinary curves 
are resolved by Z’y’s, each supplemented by a. proper set of other trans- 
formations, which bring f’ back to normal form; and / is finally reduced to 
an elementary surface, having only ordinary multiple curves with elementary 
pinch-points and intersections. 


24. Accidental singularities of T,_,. 


When a T;_, is applied to the 7-fold point P of f, the multiple curves of 
f’ are 

(i) the homologues =k’ of the multiple curves =k of f; 

(ii) the line «’ which ~ P, and is 7-fold on f’; cs 

(au) the F-curve o’ of T, which is u-fold on f’. 

(1) Since 7 is regular at a pair of corresponding general points of kh, k’ 
these are of the same nature for f, f’; so are their pinch-points and inter- 
sections, and any hypermultiple or isolated points, other than P, that f may 
have. The only exceptions arise from F- and P-points on =k. Now o does 
not meet xk except at P; hence the only P-points on Sk’ are their inter- 
sections with «’, and their F’-points are their intersections with w’. These are 
considered. under (11) and (iil). 

(i) The point P ~a P-line x’, trisecant of w’; the general points P’ of 
«’ are associated with the planes p through » the tangent line to w at P, so 
that any plane p’ through P’ ~ a ¢, touching p at P. Let @ be mapped on 
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a plane 7 by a 1,1 transformation V regular at P and its image P,; we 
have a plane Cremona transformation W = V.7— between p, 7, regular at 
P’, P,. The section c’ of f’ by p’ Wa curve c, in 7, image in V of the 
section cg of f by ¢. Now ¢ isa cubic surface in general relation to f near P, 
and its tangent plane p is a general plane through P. We can set up 
al, 1 relation, regular at P, between cg and the section c of f by p. Thus 
c’, Cy, ¢ have singularities of the same nature, and the nature of x’ on f’ is 
that of P on ec. 

Special positions of P’ answer to special positions of p and of $; now ¢ 
is special in its relation to 7 at P only if it touches the P-surface of T at P 
and therefore contains one of the trisecants of o through P; then P’ is an 
intersection of «’, w’ and is u-fold on f’. It is also an F-point of T and of W, 
which removes an ordinary p-fold point from c’ and leaves P,. These are the 
singularities of a plane section of f’ at general points of o’, «’ respectively, 
and the singularity of c’ is their sum: P’ is a normal intersection. 

Other positions of ¢ are special in relation to f, when p is properly or 
improperly tangent to f, touching its tangent cone u. If contact is proper, it 
is simple, since p passes through 2, which is a general line in relation to f; 
but the sheet touched may be repeated in uw. Two sheets of f’ of the same 
nature coalesce at P’, and these may be simple or multiple. If they are 
simple, P’ is a normal pinch-point; if multiple, P’ is abnormal, and adjacent 
to it is a normal intersection of two branches of singular curves of the same 
multiplicity. If P is a special 7-fold point on an 7-fold curve, wu is a set of 
planes, and there are no such points on x’. 

If p contains a singular generator / of u, then P’ may be abnormal; if 
1 is a tangent to Xk, then one or more branches of 2k’ pass through P’. 

In any case, if P’ is abnormal, it is of lower rank than P. 

(iii) A general point P’ of w’ ~ a P-line x, trisecant of , meeting f in 
w distinct points 2Q, associated with the tangent planes to f’ along w’, which 
are therefore distinct also, and w’ is an ordinary yu-fold line. A special 
P’ ~ a special «, which touches f, or meets >, or passes through P. 

Now P’ is an F-point of W, which removes a y-fold point from c’, and 
leaves a set of points =P, of c,, images in V of >Q. If « touches f, contact 
is simple, two points P, coincide at a simple point of c,. Two tangents to c’ 
coincide, but there is no adjacent singular point; c’ has a simple cuspidal 
branch, and P’ is an elementary pinch-point on /’. 

At an intersection of « with an 7,-fold curve & of f, %, of the points Q 
coincide; then P’ is an intersection of w’, k’. Now P, isan «,-fold point of c,, 
of the same nature as Q on f; the singularity of P’ on c’ is the sum of an 
ordinary p-fold point and the singularity of a general point of / or of k’; and 
P’ is a normal intersection. 

If Q=P, then P’ is a normal intersection of w’, «’ considered above. 

Hence »’ is an ordinary multiple curve of f’, with elementary pinch- 
points and normal intersections. 
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25. Total effect of T,_;. 

Thus 7,_, replaces the -fold point P by the 7-fold line «’, whose nature 
on f’ is that of P on a general section of f, and on which may lhe a certain 
number of special 7-fold points, which may be abnormal, but are of lower rank 
than P. The singularities of f other than P are reproduced on f’ unchanged 
in nature, and the only accidental singularity is an ordinary curve whose 
special points are normal. 

Thus when f is normalized, any new extraordinary curve is of the same 
multiplicity as that of the abnormal point from which it arises. 

Before starting the second stage it is convenient to remove the actual 
multiple points of any one multiple curve /; each is a normal intersection of 
k with itself, and therefore an ordinary d.p. of k; a T_, replaces it by a 
multiple line «’ with two distinct normal intersections with k’. As no multiple 
curve can acquire a fresh d.p., and the F-curves have none, we can remove all 
such d.p.’s. Then a normal intersection is of two different multiple curves. 


26. Resolution of extraordinary -curves. 


There remains the second stage, reducing the normal surface to elementary 
type by resolving all the extraordinary curves into their ordinary components, 
any abnormal points being normalized as they arise, by supplementary trans- 
formations. 

Let 7 be the highest multiplicity of any extraordinary curve on f,, and 
let k be one of these i-fold curves. Let 2k,=>k,, k, be the other multiple 
curves of f, where a k, is of multiplicity 7, >7, and is ordinary, and a &,, of 
multiplicity 7.=7, may be ordinary or extraordinary. Any intersection of 
k, ko is hypermultiple on k. We shall transform f into another normal surface 
on which k is replaced by a set of ordinary curves, together with a set of 
extraordinary curves of multiplicities $7 — 1. 

After dealing thus with all the extraordinary 7-fold curves, we repeat the 
process with 7 — 1 instead of 7. By a finite series of operations, @ 1s reduced 
to 1; then there are no se AC LALA curves, and f is transformed into an 
elementary surface. . 

Apply a transformation 7’ to &: this removes an ordinary a-fold curve, and 
leaves explicit on f’ the adjacent curve or curves in the first neighbourhood 
of k. If this is 2-fold, the number of implicit 7-fold curves is reduced bysts 
after normalizing f’, we remove another, till the explicit curves which ~ & are 
all of multiplicities < 7. 

We could use a 7’, but it is more convenient to take a 7’, of the kind 
described above, p. 358, whose accidental singularities are simpler. 

Let Q denote a general point of k, and Q, of k,, ete.; then @ ~ a P-curve 
x’, generator of the P-surface j;,’ that ~ k; and the points Q’ of «’ are 
projective with the planes through the tangent line X to kat Q. The different 
components of the singularity of the: plane section ¢ of f, in the first 


? 
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neighbourhood of Q, lie in different planes through X, and ~ different points 
Q.’ of x’; the locus of each is one of the components &k,’ of k, made explicit 
One 

The other multiple curves of f’ are the homologues 2h,’ =>k,’, k,’ of the 
other multiple curves of f, the F-curves Sw’ of 7, and the P-curves Ke, Of 


? 


multiplicity 7, — 7, that ~ the hypermultiple points of & where it meets Sk,. 


27. The auxiliary plane transformation. 


Let P, P’ be any pair of corresponding points of f, f’. Let p’ be a general 
plane through P’, cutting f’ in c’; then p’ ~ a homaloid ¢ through P, 
meeting f in & counted a certain number of times and a residual ¢,. 

If P does not lie on &, it lies on cg; then ¢ is general in its relation to f 
near P. Let p be its tangent plane, cutting f in c, which is a general plane 
section of f. Between cg, ¢ we can set up a1, 1 relation regular at P, and P 
is of the same nature on both curves. 

Let ¢ be mapped on a plane 7 by a transformation V, of the same type 
as T',, with all its arbitrary elements in other general positions with regard 
to f and to P; let P,, c, be the images of P, cg. Then W=V.T™- sets up 
a plane Cremona transformation between p’, 7, in which P’ ~ P, and 
Cc’ ~ Cz. 

If P’ is not an F-point of 7, then W is regular at P’, P,; the nature of P’ 
on c’ is that of P, onc, or of P onc. Now c¢,c’ are arbitrary plane sections 
of f, f’; hence P, P’ are either both simple points of f, f’ or both general or 
normal points of }k,, =,’, of the same nature. 

Let P’ be an F-point of 7, lying on one F-curve o’, of multiplicity 7’ for 
f’ say. Then P’ 7a P-curve « meeting f in a set of points =P of the curve 
k; residual to k in the intersection of f with the P-surface j that To’. In 
general, these are distinct and simple for f, and their images =P, are distinct 
and simple for c,. Now P’ is an F-point of W, and W removes from ec’ an 
ordinary 2’-fold point, leaving >P, onc,. Hence a’ is ordinary on f’. 

Certain points P can be special on k;, for « has one degree of freedom on j. 
If P does not lie on &, it may =Q,, then &,’ passes through P’; one P, is of 
the same nature as Q, or Q,’, and P’ is a normal intersection of ’, k’.. Again, P 
may be an ordinary d.p. of k;, at a point of simple contact of f, 7; then P, is 
a simple point of c, where it touches a P-curve of W; and P’ is an elementary 
pinch-point of /’. . 

If P’ is an F-point of 7 multiple on Yo’, it is a simple intersection of 
two curves @,’, @,’ of multiplicities 2’, 7,’ for f’ say. Then =P are simple 
points of f, and =P, of cz; and W has two adjacent F'-points, and can be. 
resolved into two components which remove ordinary %,'-fold and 1,’-fold 
points from c’; thus P’ is an elementary intersection. 

Next let P be a point of & general in relation to f. Then P’ = Q,’ lying 
on one iq’; one sheet of ¢ through & touches one sheet of f, and cy has one 
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branch through P other than k, containing one adjacent point of k,’. Now Pe 
is not an F-point of W, but P is an F-point of V, which removes an ordinary 
multiple point from ¢¢, and leaves explicit one point P,, whose nature on ¢, 18 
therefore that of Q,’ on f’. This still holds if P lies on w; for 7;, is such that 
P still ~ a x’, and =Q,’ are distinct. If P’ is an F-point of 7, it lies on 
one w’; then W removes an 7’-fold point from c’. But P lies on 7; its nature 
for f is as before, and the nature of P, on Cy is still that of Q,’. The 
singularity of c’ is the sum of those of Q,’, Q.’, and P’ is a normal intersection. 


28. Special points of k. 


Now let P be a point of k special in relation to f. If it is a pinch-point, 
it is normal; then either one Q,’ is replaced by a normal pinch-point on lifes 
or one Q,’ by an isolated d.p. of f’ on one simple &,’, which is normalized at 
once by a 7',_; applied to it; or else two points Q.’ are replaced by a simple 
intersection of two simple curves ,’, which is a simple point of rie 

There remain the normal intersections P of k with =k,. The effect of 7; 
on these is the same as that of'the 7,, applied to & that enters into the 
composition of T;,; for the other components of 7; are regular at these points 
and their homologues. 

Let p be a general plane through P, which without loss of generality we 
can take to pass through the vertex O of Ty; then p ~ a plane p’, through 
the P-line «’ containing O’ and all the points {P’ that ~ P, which are the 
intersections of «’ with {k,’. Also Ty, sets up between p, p’ a plane 7’, with 
Pasa simple F-point and «’ as corresponding P-line. ; 

First let P be an intersection of k, ky); then it is of multiplicity 7, >7 on f. 
As Q > P along &, all the ¢ tangent planes to f at Q — the plane of the 
tangents A, A, to hk, k,, and every Q,’ > one point P’ of x’, its intersection 
with k,’, which is 7,-fold on f’. 

Now «’ is (t,—7)-fold on f’, and if this and any k,’ are multiple, P’ is 
certainly abnormal, lying on three multiple curves. The tangent cone to f’ 
at P’ consists of 7 planes through d,’; one of these contains each 2,’, and 
at the point adjacent to P’ on the trace of the plane ,’%,_' on p’, the section 
c’ of f’ by p’ has at least the singularity Q,’. 

Since P is a normal intersection and &, is ordinary, the singularity of ¢ is 
the sum of an ordinary 2,-fold point and the extraordinary 7-fold singularity Q. 
From this, 7, removes the 7,-fold point, and transforms c into the part of c’ 
residual to «'; on this part therefore, the singularity of P’ is that of Q, 
namely an 7-fold point adjacent to which are }Q,’ in different directions. 
Hence 2d,’ lie in different planes through 2,’, and they are also different 
from x’, 

It follows that a T;, applied to k,’ scatters these intersections of k,’ with 
x’ and Xk,', replacing P’ by a set of distinct normal intersections on a P-curve 
that ~ P’. We must verify that this does not introduce abnormality arising 
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from any other special point of k,’, intersection with Sk’. In the present case, 
if & were ordinary and therefore =Q,’ all simple, P’ would be a normal inter- 
section of x’, k,’. 

Lastly, let P be an intersection of hk, k., where i; <7. Then P is 7-fold on is 
and x’ does not lie on f’; in the neighbourhood of each of =P’, the plane p’ 
is general in its relation to f’. Now %, of the tangent planes to f coincide 
with the plane XA,; some or all of }k,’ pass through the intersection P’ of 
x’, k', and P’ may or may not be abnormal. 

The singularity of P on c is the sum of Q, Q,; from this, 7’, removes an 
ordinary ?-fold point. It follows that if & were ordinary, the singularity of P’ 
on c’ would be that of Q, or Q,’, and P’ would be a general point of k,’, and 
would not be abnormal. Since this held also of the intersection of an ordinary 
curve with %,, no abnormality can arise from the transformation applied 
just now to the ordinary curve k,. 

If k is general, we have at P the case discussed on p. 142. It follows that 
if k has an adjacent t-fold curve k,’, and therefore no other adjacent curve, 
the removal from ¢ by 7, of an ordinary 7-fold point leaves on c’ the same 
singularity as if the 7-fold point were first removed from Q, leaving Q.’; that 
is, P’ is the sum of Q,’, Q.’, and is a normal intersection. 

We can therefore carry on the resolution of & until there is no adjacent 
a-fold curve left. Then we leave & and begin the resolution of the other 7-fold 
members of Y,, till no curve has an adjacent 7-fold curve. 

In this case there are at P either two or three adjacent 1-fold points on ¢, 
but no more. We apply 7;’s, first to # and then to &,’. There may still be an 
i-fold point P” that ~ P; if so, there is only one curve adjacent to each of 
k, ke, each of multiplicity <7; and P” is a hypermultiple point through 
which pass these two curves ka’, Kea”; and there is no 7-fold point adjacent 
to P”. Then a 7, applied to &,”” transforms P” into a curve of multiplicity 
4 —%_' < 1%, on which there is no i-fold point left. 


29. Total effect of the transformations. 


Thus the total effect of one 7, on f is to replace the extraordinary 7-fold 
curve k by a set of simpler curves, on which may lie certain abnormal points, 
either arising from the normal intersections of & with other multiple curves, 
or isolated d.p.’s arising from normal pinch-points. We have to treat the 
whole set of extraordinary 7-fold curves together, applying to each and to its 
homologues as many 7's as it has 1-fold components, and possibly one more ; 
and to supplement these by Z;s applied to the ordinary curves =k, of 
multiplicities > 7, and by 73_;'s applied to the isolated d.p.’s. 

By this finite set of transformations, f ~ a normal surface whose extra- 
ordinary curves are all of multiplicities =1—1. A finite number of such sets 
reduces 7 to 1, and f to an elementary surface. 
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IV. CLASSIFICATION OF TRANSFORMATIONS 


30. Ordinary transformations (209). 


We can go on, and reduce not only a single surface, but a homaloidal 
family (p) and a general transformation 7 to standard types. With the con- 
vention that a curve is simpler than a point, we define an ordinary trans- 
formation as one with no isolated F-points or elements of contact, that is, 
such that its F-systems H, H’ consist of ordinary F-curves So, So, of 
either species, free from actual d.p.’s and multiple intersections. 

Then each general homaloid ¢, ¢’ is elementary; this alone does not 
make 7’ ordinary : it would exclude isolated multiple points, and extraordinary 
curves, but not simple points or ordinary curves of contact. The degenerate 
surface fe = bib, composed of two general homaloids is also elementary ; its 
singularities are Xw”, c’,, where ¢,, 1s the homaloidal curve common to ¢,, de. 
All the intersections of ¢, with So are variable, and are elementary on f,,. The 
elementary character of f,, excludes /-curves of contact from 7, which would be 
extraordinary on fi», but not simple isolated #-points, which would be points 
of ¢, general on f\,, or points of simple contact lying on F-curves, which 
would be fixed elementary intersections of ¢,., 2. The surface fis = ¢, bobs 
is elementary save for the one point of free intersection of the three general 
homaloids, which is hypermultiple on f.;, being a triple point lying on the 
three double curves ¢,;, ¢;, @2.. This condition is sufficient to make 7 ordinary. 

Let 7 be any given transformation. To reduce it to ordinary type, we 
first remove its isolated F-points. Any one O of these is a base point of 
(Cae), abnormal on every fagy. Let V be a 7_, applied to O; this transforms 
(¢) into the homaloidal family ($’) of another transformation 7” = 7.V— such 
that any isolated F-point O’ of (¢’) that 7 O is of lower rank on a general 
Sagy than O is on fips. 

Now V removes one explicit F-point from H, replacing it by an F-line 
and possibly a set of points on it; it leaves the other elements of H unaltered 
in nature and adds one ordinary multiple F-sextic. The effect of V on the 
second #-system of 7’ is to treble the multiplicity without altering the nature 
of every #-element, except those that lie on the P-surface that 7 O, which 
are of lower multiplicity than this; and there is a new ordinary simple 
F-curve. Both the new F-curves have simple intersections with the others. 

We can therefore continue till all the isolated F-points disappear from 
H, H’, and similarly remove all d.p.’s and multiple intersections from 
the #-curves. 

Though ¢@ has now no isolated F-points, it need not be normal, for it 
contains any such abnormal points on @ as arise from the general point 
by one additional condition: namely, explicit or implicit (¢ + 1)-fold points 
on an ?-fold curve of total contact, or implicit normal intersections of two 
components adjacent to one F-curve. 
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We next remove the contact conditions. Any F-curve of contact w is 
extraordinary on fog, and conversely, any curve extraordinary on every fug is 
a curve of contact of 7. We reduce » as a singularity on one of these 
surfaces, f,, say, and we must show that the same process reduces it on every 
fag, and does not use any point or curve that has a special relation to ¢,, ds 
which it does not have to every pair of homaloids. 

A point P of higher multiplicity for ¢, than for ¢, is an (i +1)-fold 
point on an 7-fold F-curve w of total contact of 7, either explicit or im- 
plicit ; and when P becomes explicit, still demands resolution by a trans- 
formation V applied to it. Then P 7a P-curve x’ of V, simple on ¢,' and 


not lying on (¢,’); and «’ is ordinary on jf,’ and is not used in any further 
reduction. 

If P is special in relation to ¢, only, without being hypermultiple, it is 
an abnormal pinch-point of ¢, and of /,, on , an intersection of two adjacent 
curves @,', @,, of which at least one lies on ¢,' but not on (d,’), and is 
therefore simple on ¢,' and not a curve of contact and does not require 
resolution. Similarly if P is special in relation to ¢, only. 

The only points special in relation to the pair ¢,, ¢., but not to either 
alone, are their points of simple contact at the intersections of ¢., , normal 
ONY ie: 

Thus the total transformation V, which reduces as a singularity of fi, 
uses none of these special points, and reduces it on every fag. We can thus 
remove all curves of contact from H, and the new F-curves introduced 
accidentally into H are ordinary with elementary intersections. Thus (@) 1s 
reduced to ordinary type. 

But V introduces isolated F-points into the second F’-system of 77, arising 
from the other vertices of the 7',s contained in V, which are not resolved in 
the construction of each 7’,. These are abnormal on ¢’, being multiple 
intersections of muitiple curves, but they are ordinary on f’,, and their 
resolution by 7;_,s does not introduce any fresh elements of contact or 
isolated points into either H or H’. 

We now resolve the curves of contact of H’ by a transformation V’, and 
remove the isolated points which V’ introduces into H. Then 7’ is reduced 
to ordinary type, by composition with a set of transformations of three known 
elementary types, 73-3, 73-, and 7’. 


31. Fundamental genera (165). 


The F-genera of T are the genera of all its irrational #-curves, explicit or 
implicit. The implicit F-genera become explicit at some stage of the reduction 
of 7 to ordinary type, as the genera of curves arising from F’-elements of 
contact of 7, and not from the auxiliary transformations. 

Each of these has one arbitrary F-curve, which is in general irrational. 
We now let this break up into rational components with simple intersections, 
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except for the vertex of a 7,,, as is always possible (p. 314). These simple 
intersections are normal on all the surfaces concerned, and do not affect the 
reduction. Then the second F-systems of 7;_, and 7;_, are entirely rational, 
and that of J’, has at most one irrational element, of the same genus as the 
curve resolved. Hence Z" cannot gain any F-genera during the process of 
reduction. 

Nor can it lose any ; for in each case the P-surface which may be dropped 
does not entirely carry away the irrational F-element, which survives on the 
transformed homaloidal family, whose F-genera, all explicit, are the same as 
those of 7. 

An F-genus could be lost only if a transformation is applied to several 
F-elements of 7 at once, so that we drop more than one P-surface. For 
example, if T is itself a 7,, we can reduce it to identity by compounding 
with 7, which eliminates all its /-genera. 

It may happen that two irrational F-curves of 7 have equal genera; 
whether they are distinct or adjacent, they preserve their identities, and the 
two genera can be kept apart, just as if they were unequal; and we shall 
speak of them as different. In this sense, each F-genus of T occurs in at 
most one auxiliary transformation, and that only if, when it first becomes 
explicit, it belongs to a curve of contact. 

The explicit irrational #-genera of the two systems of the ordinary trans- 
formation fall into pairs of the same genus; hence this is true of the explicit 
and implicit F’-genera of 7’ itself. 


32. F-genera in composition. 


We can now proye that if 7 is resolved into any two components, any 
F’-genus of 7’ is an F-genus of one or other component. 

If T= V.W, then W converts (¢) into the first homaloidal web (¢,) of V. 
Let p be an F-genus of 1’, either explicit or implicit. 

(1) Let p be explicit, then (¢) has an F-curve w of genus p. This is not 
a P-element of W, or an F-curve of second species, since these are rational. 
It can have three other possible relations to W. ’ 

1. If w is general with regard to W, then it Wa curve of genus p on 
(py), and p is explicit in V. 

2. If w is a general curve lying on a P-surface of W, it W the first 
neighbourhood of an F-element of contact of V. Then a transformation 
applied to this, as the first stage of reducing V, converts (¢,) into a homa- 
loidal web having an explicit F-curve in 1, 1 relation to , and therefore of 
genus p; and p is implicit in V. 

3. If is an F-curve of first species of W, then p is explicit in W. 

Thus if p is explicit in 7, it is either explicit or implicit in V, or explicit 
in W. 

(11) Let p be implicit in 7’; then it-is explicit in T’= 7’. V,, where V, is 
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the whole or part of the reducing transformation of 7, and p iS not an 
F-genus of V,, But 7’ = V.W.V,, and by (i), since p is explicit in 7”, it is 
either explicit or implicit in V, or explicit in W.V,; and in the latter case, 
since it does not occur in Vj, it is either explicit or implicit in W. 

Hence in any case, if p is an F-genus of 7, it is an F-genus of one 
of V, W. 

From this there follows an important, if negative, result, which shows 
that there is no immediate extension to space of Noether’s theorem in 
the plane: 

There is no finite set of which all Cremona space transformations are 
compounded. For a finite set contains only a finite number of F-genera, and 
a set from which all others can be compounded must between them contain 
all possible #-genera ; and we can construct transformations, 7's for example, 
having any assigned number as an F’-genus. 


33. Classification. 


There is as yet no satisfactory classification of the group of Cremona 
space transformations, and no practical method of obtaining all the trans- 
formations of any proposed class, except in the simplest cases. We consider 
some possible criteria that might be taken as a base of division. 

(i) The first degree n, with sub-division according to the second degree n’. 
This is simple, exhaustive and useful, but it separates 7’ from 7, which are 
two aspects of the same thing. 

(ui) The genus of the transformation. This is common to 7’ and 7, and 
to all transformations whose general homaloids are of the same type. To 
determine all the transformations of genus p, we must first be able to find all 
the types of rational surfaces ¢ whose general plane sections are of genus p, 
and then determine, by Cremona’s theorem, all the transformations for which 
each ¢ is a general homaloid. 

(ii) The F-genera, These are common to 7’ and 77’; they divide the 
whole group more closely than the other proposals, since the number of 
characteristics of 7 taken into account is unlimited. This criterion makes 
a distinction between a transformation and its particular cases when an 
F-curve acquires an additional d.p.; this may be inconvenient, but it may 
be an essential distinction. 

For example, two particular cases of the first singular 7;_, (no. 3 of 
Table VI), with degenerate F-sextics, are compounded of T,_,s, while the 
general case is not; but not all the cases with rational F-curves can be so 
compounded. | 

(iv) The degree of the F-curve of maximum multiplicity. Unlike the 
above, this gives only a finite number of classes (p. 167). 

(v) In several connections, there occur sets of space transformations, such 
as the dilated punctual transformations, in 1, 1 relation to the whole set 
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of plane transformations (pp. 226, 313, 321). From any one set we can 
deduce o other sets, by compounding any space transformation 7 with all 
the members. Since identity is one of the dilated transformations, com- 
pounded of 7, and its reverse, the new set can include T itself; thus every 
T belongs to one such set, and may belong to many. We may require of 
a classification that if a class includes any member of such a set, it shall 
contain them all. 

(vi) We may also require that all the transformations T',_, that convert 
a given homaloid ¢p, into a plane p shall be classed together. Then we must 
accept as elementary any transformation W that converts p into another 
plane p’, for W. 7 converts into p’. Now W effects, between p = w say, and 
p +w’, a certain plane transformation 7’,, say 
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and W has the form 
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The only condition on W is that its #’-system includes a plane curve fy_, in p, 
and also the system of F-points of 7,. This type is probably too little 
restricted to be satisfactory as an element. 

The degree n of 7 is not necessarily equal to n, the degree of ¢, unless ¢ 
is a proper homaloid; we may have n=n,>m,, 1f $ is the effective part 
of a homaloid ¢,, of higher degree, that breaks up into ¢@ and a set of 
P-surfaces of T. All the 7’s of degree n, can be found when ¢,, is given, but 
no method is yet known for finding all those of higher degree ; even tor n=1, 
their number is infinite. 

Now we must include in the same class as 7’ the other transformations, of 
degree 2 nz, that convert ¢,, into a plane. Thus @,, is linked to gn,, and also 
to other homaloids that may occur as parts of other degenerate members 
of (fp,); and these in turn are linked to more homaloids ¢,, of higher degree. 

For example, let the first class be that which includes identity ; then op, is 
a plane, and the class includes in the first place all 7’s for which one ¢ breaks 
up into a plane and a set of P-surfaces, such as T,..% 7,3, To-4, Tre, their 
reverses, and many others, but not the general bilinear 7,_,. The plane is 
linked to all quadrics, cubics with a nodal line, Steiner quartics, etc. Now 
a cubic with a nodal line is linked to a general cubic with an F-line of 
contact; thus the general cubic is reached in two steps. It may or may not 
be possible to link up all homaloids, and we do not know how many of these 
classes exist. If there is only one, we may classify homaloids by the number 
of steps needed to link them to a plane. 

(vii) A classification based on composition will probably be more en- 
lightening than any other, when it can be complete; it may incorporate the 
classification by #-genera. Its usefulness depends on the best choice of 
elementary transformations, from which to construct the others; so far, we 
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have very little to guide us. We can form isolated classes, such as the 
punctual transformations, by selecting arbitrarily certain elements and com- 
pounding them in all possible ways. 

In the plane, we only need T, as element ; ant it is convenient to add 7',, 
to shorten the process of resolving Poilicnied higher transformations. In 
space, we can start with 7,_, as first element, but from this alone we cannot 
even construct the bilinear 7,_, and with n =3 alone, the number of elements 
required is 34 (p. 170). To construct all space transformations, we require 
co elements, for they must between them contain all possible #’-genera. 

The most natural analogue of 7’, is Ty, which includes 7,_, and 7',,, as its 
simplest cases; but from these we cannot construct the bilinear 7;_,; and 
a Ty itself may be quite complicated, and it may be possible to resolve all 
Ts into certain elementary types of 7'y. 


CHAPTER XVII 
HISTORY AND LITERATURE 


1. The classical reference: Apollonius of Perga (4). 


The earliest trace of a 1, 1 transformation of the points of a plane is 
contained in the Plane Loci of Apollonius of Perga, two centuries before 
Christ. The treatise itself is lost, but its main theorems are preserved by 
Pappus. The proposition stands thus in Commandinus’ translation (314): 

Si duae lineae agantur, vel ab uno dato puncto, vel a duobus, et vel in rectam lineam, 
vel parallelae, vel datum continentes angulum, vel inter se datam proportionem habentes, 
vel datum comprehendentes spacium: contingat autem terminus unius locum planum 
positione datum, et alterius terminus locum planum positione datum continget, interdum 
quidem ejusdem generis, interdum vero’ diversum, et interdum similiter positum ad 
rectam lineam, interdum contrario modo. 


Here locus planus is defined to be either a line or a circle, and the statement 
includes the linear and quadratic transformations: translation, rotation, 
similarity, inversion and combinations of these. 

The idea remained undeveloped for twenty centuries. 


2. The earliest modern period. 


The first explicit reference to a 1, 1 transformation of the whole field 
occurred in 1822: the first connected treatment of the general theory in 1868. 
During these forty years about thirty different writers made some sort of 
contribution, discovering, re-discovering, enlarging, translating and spreading 
their ideas. 

An unfortunate mistake greatly restricted the field. Magnus (222) and 
many others held, by false analogy with the case of a single variable, that 
every 1, 1 transformation must be expressible by bilinear relations, and was 
therefore of degree = 2 in the plane and < 3 in space. Magnus himself, in his 
second volume (223), mentions the possibility of formingsspace transformations 
of higher degree by composition, and Eckhardt, 1867-72 (120), also refers to 
this; but the delusion reappeared as late as 1879 (3). 

As a result, attention was centred on these transformations of low degrees, 
which were approached from half a dozen distinct points of -view. First came 
the two involutory types. 

(1) In 1822, Poncelet published his Traité (330), which treats incidentally 
of the 1, 1 relation between pairs of points conjugate with regard to two fixed 
conics. This gives the general quadratic involution of the first type. In 
1827-8, Bobillier (40) obtained the same transformation as a particular case 
of the multiple relation between a point and the group of intersections of its 
first polars with regard to a pencil of curves of any degree. He also obtained 
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the corresponding space transformation, which is the general J;_,;. These two 
Frenchmen must be honoured as the first pioneers of the plane and space 
theories respectively. For these forms of J, and J,_,, see also 19, ESr1133; 
153, 358, 373) 378, 379. j 

(ii) In the same year as the Traité, Dandelin (92) made use of a double 
stereographic projection, equivalent to inversion, and for which, in his later 
paper (93), he uses the characteristic equations; but he regards it as a trans- 
formation between curves rather than between points. The same is true 
of Steiner’s first reference (371), and of the Ms. fragment found among his 
papers (45), in which inversion bears the mystical name of Wiedergeburt und 
Auferstehung. Inversion, as a transformation of points, is treated by Pliicker, 
1831-4 (329), Bellavitis (16), who extends it to space and generalizes it into 
conical inversion, Thomson (388, 389), who was led to it in his electro-static 
researches, Liouville (212), who elaborates Thomson’s method and introduces 
the phrase reciprocal radii, Mobius (240, 241, 242), whose Kreisverwandtschaft 
became widely known, Hirst (154, 155), after whom this form of involution is 
often named, and many other writers of the period (19, 59, 130, 171, 172, 277, 
377). 

(iii) The algebraic line of approach starts from bilinear equations. Pliicker, 
1830 (328), in a memoir on homogeneous coordinates, gives the plane equations 
in their simplest form xx’ = a’, etc., which is the general quadratic involution 
of first type. Magnus gives the general non-involutory form for plane and 
space in the first and second volumes of his Aufgaben und Lehrsdtze (222, 
223), a shorter reference occurring already in 221, 1832. See also 156, 
343, 386, 404. 

(iv) Another reference in 1832 to a non-involutory transformation is the 
method of skew projection contained in Steiner’s Systematische Entunckelung, 
1832 (372), a space construction for the plane quadratic transformation. 
Battaglini (15) gives another such. De Jonquiéres, whose memoir (175-177), 
written in 1859, remained unpublished in the archives of the Paris Academy 
for twenty-five years, uses an idea similar to Steiner's in connection with his 
plane transformations of general degree. It is remarkable that the discovery 
of these preceded that of any isolated examples of degree > 2 in the plane 
or 3 in space. The first of such are Geiser’s plane J, and space I;_,, 1866-7 
(132), and a plane J’, studied by Sturm, 1869 (380). 

(v) The construction of the plane 7, by means of projective pairs of 
pencils was given first by Bellavitis, 1838 (17). A very special space form is 
Hunyadi’s method (169), by reflexion of planes in the bisectors of the dihedral 
angles of a tetrahedron, which leads to 7... To the same order of ideas 
belongs an isolated paper by Geiser (133), where 7 relates the foci of 
quadrics of revolution inscribed in a tetrahedron. A fuller extension to space 
was given much later by Silldorf, 1873 (362) and von Krieg, 1884 (201). See 


also 174, 235, 359, 378. 


390 CREMONA SPACE TRANSFORMATIONS [CH. 


(vi) Jacobi, 1841-2 (173) and, more fully, Battaglini (15) construct 7, by 
combining two correlations. The same idea for space occurs in the course of 
Cremona’s memoir on cubic surfaces (p. 72 of 82). See also 332, 333. 

Further notes on all these papers will be found in the bibliography below. 
For a full historical account, see 200; also 197, 218. 


3. Cremona’s general plane theory; Noether’s theorem. 

In 1863, the general theory for the plane was first stated by Cremona, in 
the earliest of a series of great memoirs (80); these laid down the main 
outlines once for all. Other geometers soon brought substantial additions, of 
which by far the most important is Noether’s theorem. 

The possibility of resolving every Cremona plane transformation into Ts 
was first stated by Clifford, 1869 (61, 72), among whose papers the resolution 
was found for all characteristics of degree S 8, but no general proof. Noether 
also announced it in 285; and in 286 gave a proof, essentially the same as on 
p. 9, that 7,+%+%; >n, from which it was then considered that the theorem 
followed. Independently, Rosanes (335) discovered the same imequality, and 
proved it by induction; he remarks that if the highest #-points of 7’, coincide, 
the 7’, is specialized, having its F’-points adjacent. 

In 1872, Noether (290) noticed the first of the two cases of failure of his 
proof, when O,, O; are adjacent to O, in different directions; but the 


possibility of cuspidal branches was still overlooked. He proves Yi, 5%, < Xia, 
(y) (8) 
and hence that a reducing trio exists, for the case which he considers. 


In 1883-4, Veronese (405) put forward an entirely different proof, based 
on successive projections and sections of a surface in five dimensions. 

The theorem was then generally accepted, and used extensively, especially 
in relation to linear systems of plane curves (25, 28, 32, 145, 230, etc.), until 
in 1901, Segre (354) noticed the second case of failure, when O,, O, are 
adjacent to O, in the same direction, but not upon one linear branch. In this 
case, it may be impossible to reduce n by a single 7',, and Segre gives the 
example quoted on pp. 113, 145, whose degree cannot be lowered by any 
Cremona transformation of degree <n. + 

Castelnuovo (58) immediately met this with the first complete proof of 
the theorem; by considering adjoints, he obtains some inequalities, from 
which he proves the existence of a reducing 7,;, and gives the algebraic 
resolution of 7, into T.’s (p. 145). Segre, in a footnote (355), adds the 
geometric treatment of 7’, (p. 149). 

Ferretti, 1902 (125) and Franciosi, 1916-8 (128) have applied these 
extended methods to establish fully the results on linear systems which had 
been based on the earlier work ; see also 293. 

Three other proofs of the theorem have been published. Alexander’s, 
1915-6 (2), consists essentially in embodying Segre’s treatment of Dein 
Castelnuovo’s reduction of (,), thus obtaining a direct resolution into 77s. 
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He does not aim directly at the reduction of n; each stage of his process 
consists of a group of three 7,’s, and lowers Bee the complexity 27, or the 
number 8 of major ¥-points. When these are reduced to their lowest values, 
B=2,7=4, we have n =2, and the net is quadratic. 

Franciosi (128) gave the proof whose substance is reproduced on p. 150. 
He bases it on a remark made to him by Bertini, that, in the second case of 
failure also, there holds the relation 7,24(n+1) (p. 71), proved for the 
first case by Noether (290). But this reali need not be used, and the proof 
apples generally, not only to the exceptional cases. 

Chisini’s, 1921 (67), is the alternative proof given on p. 151. It follows 
Noether more closely than the others, proceeding by groups of T,’s that 
reduce the degree. 


4. Clebsch’s theorem. 


The next important result was Clebsch’s theorem on the symmetry of the 
characteristic numbers of the F-systems in the two planes. The argument 
based on partitions (p. 25) is the earlier, only indicated by Cremona (80), and 
set out fully by Dewulf (107). The first complete proof, published by Clebsch, 
1871 (70), is expressed in terms of the rows and columns of the determinant 
of incidence numbers. 

A ditferent proof is due to Montesano (270), based on a method of tabulating 
the incidence numbers for a compound transformation, and then expressing 
that any transformation compounded with its reverse leads to identity. 


5. Construction of tables. 


The problem of finding the best method for constructing the tables of 
characteristics for the lower values of n is in a sense converse to Noether’s 
theorem. The arithmetical method (p. 64) was probably the one used by 
Cremona, 1864-5 (80), who calculated the tables up to n= 10, with one 
omission, supplied by Cayley, 1869 (61). It is also followed by de Jonquieres, 
1886 (181), who gives tables for n = 12, 18, and by Ruffini (336). 

Larice, 1908 (203), follows a quite different path, based on Veronese’s 
five-dimensional work; but the incompleteness of the tables for n = 14, 15 
calculated by it does not recommend the method. 

Montesano, 1905 (264), seeks to reduce the labour of the geometrical 
method by restricting the examination of lower characteristics to certain 
special types, and fixes his attention on the complexity as well as on the 
degree. But in 267 he returns to the simpler course, arising directly from 
Noether’s theorem; this memoir contains the remainder of the tables for 
n=14, 15, calculated by Tummarello (395); those for n= 16... 23 have been 
calculated by Marazzo but not published hitherto; that for n=16 is given 
below in Table I. For n=1,..21 see 239°3. 
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6. General space theory: Cayley, Noether, Cremona. 

The extension to space came with a burst: the three outstanding 
geometers of England, Germany and Italy, quite independently and within 
a few months of each other, published the memoirs which at once raised this 
side of the subject to importance. In a remarkable way, they cover the same 
ground and study the same examples. 

‘Cayley, 1869-70 (61), had the precedence in point of time. In his famous 
style, he boldly outlined the main theory from the algebraic side, with many 
suggestive remarks not always duly safeguarded, and leaving many points in 
obscurity to be cleared up by later writers; for he seems never to have 
seriously returned to the subject. 

Noether’s first contribution, 1870-1 (287), was more careful and detailed ; 
he devoted most of his memoir to particular cases that could be treated 
accurately as far as he went, and his standpoint is purely geometrical. The 
general theory is here treated very shortly ; his substantial algebraic work on 
postulation and equivalence (288) was published very soon after. His later 
work in this field is chiefly concerned with the resolution of singularities, 
see § 9 below. 

Cremona himself wrote with the tremendous advantage of his long 
schooling in the plane theory. His first work on space transformations was 
published in various forms and places, 1871-2 (85-87). The last of these is 
his fullest exposition of the general algebraic theory; its promised second 
part was never published, and would no doubt have enlarged the pure 
geometrical study of examples contained in the others. Here we have already 
the one really illuminating result that has flowed from the first principles: 
Cremona’s method of finding all the different transformations that convert 
a given homaloid into a plane (p. 167). After twelve years of silence on the 
subject, he contributed two studies of particular transformations to learned 
societies of the British Isles (88, 89). 


7. Later space theory. 

After this brilliant beginning, progress has been disappointingly slow; the 
theory as a whole has advanced little since its birth. A few important general 
theorems have been discovered, but they are isolated. Many particular trans- 
formations and classes of transformations have received a good deal of attention: 
quadratic, cubic, monoidal, involutory, punctual. Some subsidiary aspects of 
the subject have been dealt with systematically, such as the complexes and 
congruences of lines joining homologous points, when the spaces are super- 
posed, and applications to the study of linear systems of various kinds. 

Analogy with the plane theory would lead us to attach special importance 
to the composition and resolution of space transformations, but again results 
have been poor; and are confined to transformations of low ees or simple 
form (74, 160, 190, 191, 192), or, if general, are negative in character (165). 
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Autonne and Kantor have dealt at length with groups of transformations, 
and with periodicity (184-192). 

A few text-books give more or less inadequate sections to Cremona, trans- 
formations (71, 127, 338); Sturm’s treatise (385) gives a considerable account, 
and Doehlemann’s book (117) is useful as far as it goes. 


8. Application to rational surfaces. 


Cremona transformations have been used in dealing with many subjects, 
from elliptic functions (23) to triple tangents (320); but by far the most of 
the applications have been made for one of two purposes: the study of 
rational surfaces, and the resolution of singularities. 

In the early days, geometers were largely occupied with the discovery and 
mapping of surfaces of the lower degrees. Planes and quadrics had been well- 
known from the dawn of mathematics ; cubic surfaces became familiar ground 
by degrees, and were thoroughly explored by Cremona (82). Then, in the 
latter half of the last century, came a flood of researches on different types of 
quartic and quintic surfaces possessing special singularities. 

To this field, the method of transformation gave a fertility and a unity 
impossible before. On the one hand, when a surface is known to exist, we can 
usually transform it into one of lower degree and simpler type. On the other 
hand, each new transformation, applied in different ways to quadric, cubic or 
other known surfaces, produces a number of new surfaces, at once proving 
their existence and giving an easy method of studying their properties. In 
fact, this very facility seems to have weakened interest in the subject, and 
memoirs of this type ceased to be written. 


9. Application to resolution of singularities. 


Of later years, more attention has been paid to the exploration of a surface 
in the neighbourhood of a singular point or curve, and to the resolution 
of a general singularity by transformation. 

The first idea of resolving a singular point into simpler components goes 
back at least to Cramer, 1750 (79), who analyses all the types of multiple 
points that can occur on plane curves of degree = 6; transformation methods 
had not been discovered at that time. 

In 1871, Noether (289) applied Cremona transformations to plane 
singularities, and expanded the theory a few years later (291, 295, 296). He 
carries out completely the resolution of any higher singularity into a finite 
set of ordinary components, and the reduction of a curve to one having only 
ordinary multiple points, using the method of intersection with the polar. 
Bertini (31) presents the proof in the somewhat different form given on p. 137. 

Singularities of twisted curves are dealt with by Pannelli (308), who 
applies 7, B. Levi (207), who applies T,_,, and other writers. The problem 
is not essentially different from that in the plane (p. 143). 
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The extension of the method, to the resolution of the singularities of 
a surface, was suggested by Noether, 1871 (289), but not pursued. A serious 
beginning was made by Del Pezzo, 1892 (96); he resolves a singular curve o 
by applying a series of 7,/'s, having » and its homologues as F-curves of first 
species: an isolated singular point P is first converted into a line by a T,_» 
having P as a general point of its #’-conic. 

To this Segre (see 96) objects that there may be exceptional points lying 
on the homologues of , which in their turn give rise to multiple lines which 
may be no simpler than @ itself. Levi (206) also offers criticism. 

Segre, 1896-7 (353), gives a valuable account of the theory of adjacent 
singularities, with a detailed study of d.p.’s. He is concerned with an analysis 
of the characteristics of-a singular point P rather than with its complete 
resolution, or with the reduction of the surface as a whole. To prove that the 
equivalent set of ordinary singularities is finite, he relies on Kobb’s previous 
analytical work (199), which is rejected as inadequate by Levi (205). Segre 
uses P as isolated F-point of a 7,,, and considers the singularity of the first 
polar. Pannelli (309), in much the same way, uses a 7, compounded of two 
special cases of 7’;_,, but without claiming to advance matters very much. 

Levi, in a series of weighty memoirs, 1897-1904 (205-211), follows Segre’s 
methods, and gives the first acceptable proof of the finiteness of the processes 
of resolution of a singular point and of reduction of a singular surface. The 
polar surfaces and curves of all orders play a great part in the argument, 
a summary of which is given on p. 369. 

More recently, Chisini, 1920-1 (66), has returned to Del Pezzo’s method of 
converting the singular pot P into a multiple line, which is then, like any 
explicit singular curve, resolved by 7's. This is completed by a laborious 
investigation of the singularities introduced by the transformations. All 
previous writers had aimed at reducing the multiplicity of P; but Chisini 
introduces a new characteristic for reduction, the rank (p. 373), which, though 
artificial, is much more searching than the multiplicity. A fuller account of 
this method also is given on p. 371, 


10. Outstanding problems. 2 

(i) The outstanding problem of the whole theory, in any number of 
dimensions, is still to determine the set of properties which are invariant for 
Cremona transformations, but not for the wider group of Riemann trans- 
formations: see Coble’s report (76) and the references there given, to which 
may be added Klein’s lectures, 1893 (198). 

It has been doubted whether such properties exist; if they do, they are 
most probably to be sought in the theories of finite sets of points, linear 
systems of curves and surfaces, adjoints and Jacobians. 

(1) In the plane theory there is no very obvious gap: we may hope for 
improved methods in various directions, for example, in the construction of 
tables of characteristics. 
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(iii) But there are many plane properties which have as yet found no 
satisfactory analogues in space, in spite of a strong conviction that they exist. 
First of all is Noether’s theorem. There must be an irreducible set of Cremona 
space transformations, of which all others can be compounded; all we know 
at present is that it is infinite, it contains F-curves of all genera, and it need’ 
contain no contact conditions. 

(iv) Closely connected with this is the classification of space  trans- 
formations, for which all present suggestions are unsatisfactory. 

(v) There should be extensions of Clebsch’s theorem, beyond those given 
by Pannelli (310-313) and Tummarello (400, 167°2). 

(vi) It may be possible to modify Cremona’s or Loria’s methods, of 
obtaining all the Cremona transformations of a given homaloid into a plane, 
to include those of higher degree when the given surface is the effective part 
of a degenerate homaloid. 

(vii) There is room for much simplification in the process of resolution of 
singularities. One possibility to be explored is Castelnuovo’s method of using 
P-points of the family under reduction as F-points of the auxiliary trans- 
formation. : 

(viii) In view of most of these problems, we want a systematic in- 
vestigation, fuller than that of Chapter xvi, of the composition of space 
transformations when the F- and P-systems in the intermediate spaces are 
incident and coincident in every possible way. 

(ix) Many writers expect insight into the space theory to come from 
work in more dimensions (225°1, 352, 405). 


BIBLIOGRAPHY. 


The following catalogue of papers, that deal with or make use of Cremona 


transformations in plane or space, is arranged in alphabetical order of authors, 
the works of each in order of date. References are abbreviated much as in the 
Jahrbuch tiber der Fortschritte der Mathematik, A date in brackets is that 
attached to the paper, if different from that of the volume which contains it. 
Any further information will be welcomed by the compiler. 


The remarks do not summarize the papers, but only show their bearing 


on this subject. 


I 


ABBIA Catania Acc. G. Atti (5) 9 Mem. 3, 1-18. (1914) 1916. 


Le trasformazioni cremoniane piane di terza classe non involutorie con curva umta. 


General theorems on transformations with invariant curves; determination of the 
eight such types of class 3, of degrees < 10. Pp. 80, 81. 


ALEXANDER Awmer. M. Soc. Trans. 17, 295-300. New York, (1915) 1916. 
On the factorization of Cremona plane transformations. 


A proof of Noether’s theorem on Segre’s lines (355). The author is not satisfied with 


Castelnuoyo’s proof (58). Pp. 56, 75, 151, 390. 

AMIGUES Nouv. Ann. (2) 18, 548-564. Paris, 1879. 
(2) 19, 483-442, 481-492. 1880. 

Recherches sur deux modes de transformation des figures solides. 

Tre, and the correlative transformation. Pp. 301, 388. 

APOLLONIUS Perga, circ. 200 B.c. 

Plane loci. : 


A lost work from which Pappus (314) quotes a clear reference to inversion. P. 388. 


APRILE Catania Cire. M. Note e Mem. 1, 245-262. Ig2t. 


Una trasformazione cremoniana dello spazio ed alcwni sistem di quartiche gobbe di 2% 
specie. 


7,4, the homaloids being Steiner quartics. P. 293. 


Pes 

AROLDI Battaglini G. (3) 11=58, 175-192. Napoli, 1920. 
Le trasformaziom birazionali dello spazio determinate dalla pit generale superficie del 
quart’ ordine dotata di conica doppia. 


The 7 transformations, of degrees 4—7 to 4—3 are obtained by Loria’s method (217). 
Pps 7328: 


ASCHIERI Lomb. Ist. Mem. (3) 5=14, 251-267. Milano, (1879) 1881. 
Sopra una classe di trasformaziont razionali in spazi a tre dimension. 

A Cremona /,_4 arises incidentally. P. 328. 
— Lomb, Ist. Rend. (2) 14, 21-26. Milano, 1881. 
Sulle corrispondenze Cremoniane nel piano e nello spazio. 


T, in plane and space treated geometrically. Pp. 30, 40, 182, 191, 206. 
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ASCIONE Battaglini G. 31, 55-94. 


Studio di una trasformazione (3, 3). 


Napoli, 1893. 


T;_3 generated by projective pencils; many particular cases and their equations. 
Pp. 299, 301. 


— Napoli Rend. (3) 2=35, 13-29. 1896. 
Sopra alcune involuzioni dello spazio. 


A cubic variety in four dimensions, with 10 d.p.’s, leads to Geiser’s J;_; and other 
space involutions of degrees 7, 11, 13, associated with linear complexes. Pp. 323, 328. 


AUTONNE Paris C. R. 121, 673-676. 1895. 
Sur les variétés unicursales a deux dimensions. 


Components of a P-curve which ~ an F-point of higher singularity ; application to 


the resolution of any singularity of a plane curve. Pray, Ike}, sDA8). 

—— Paris C. R. 121, 881-883, 1129-1130. 1895. 

Sur les variétés unicursales a trois dimensions. 

Extension of 11 to space. 1, Qt: 
Paris ©. R. 122, 1043-1045. 1896. 


Sur les substitutions réguliéres non linéaires. 


Properties of #-systems, and a case of /;_3 with a double #-line (misprinted). 
Pp. 14, 159, 291. 


BAKER London M. Soc. Proce. (2) 21, 114-133. (1922) 1923. 
Remarks on Mr Wakeford’s paper (ib. 98-133). 

Equations and references for a case of the bilinear 73_;. P, 3002, 
BATTAGLINI Battaglini G. 1, 321-328. Napoli, 1863. 


Nota sulla dipendenza duplo-anarmomca. 
T,, from two correlations ; general theory, special cases, first type of involution, space 
constructions. Pp. 30, 40, 41, 51, 389, 390. 


BELLAVITIS Ann. Sci. del Regno Lomb.-Ven. 6, 126-141. Padova, 1836, 
Teoria delle figure inverse, e loro uso nella geometria elementare. 

A long memoir on inversion in plane and space. Pp. 53, 208, 389, 
—— Padova Ac. Nuovi Saggi 4, 243-288. 1838, 
Saggio di geometria derwvata. 


T,, from equal or projective pencils; first type of involution ; adjacent -points. 
Pp. 30, 36, 39, 389. 


BELOCH Ann. di M. (3) 16, 27-68. Milano, 1909. 
Sulle trasformazion birazionals nello spazio. 
Adjoints; maximum multiplicity of 7-elements ; transformations with no F’-curves. 


Pp. 165-7, 292, 308 and Table VI. 


BELTRAMI Bologna Mem. (2) 2, 361-395. (1863) 1862. 
= Op. Mat. 1, 45-72. Hoepli, Milano, 1902. 
Intorno alle coniche di nove punti e ad alewne quistioni che ne dipendono. 


The first type of J,; refers to inversion. Pp. 51, 58, 3897, 
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BELTRAMI Battaglini G. 1, 208-217, 354-360. Napoli, 1863. 

= Op. Mat. 1, 73-91. Hoepli, Milano, 1902. 
Estensione allo spazio di tre dimensioni dei teoremi relativi alle coniche di nove punt. 
Tet OCCUrS. : 12s SO) 
BERARDI Battaglini G. (3) 14=61, 109-122. Napoli, 1923. 


Le trasformazioni birazionali dello spazio determinate da sistemi omaloidici dr quintiche 
dotate di una retta tripla e di due doppie. 


States details of the 14 transformations, found by Cremona’s and Montesano’s 
methods. Pp. 170, 172, 327, 328. 
Van den BERG Nieuw Arch. Wisk. 7; 78-90. Amsterdam, 1881. 


Over twee met betrekking tot een driehoek symmetrische groepen van drie cirkels, en 
over twee dergelijke groepen van drie rechte lijnen. 


1; 6" by symmetric circles. Pao? 
BERRY Cambridge Phil. Trans. 18, 333-347. (1899) 1g00. 
On quartic surfaces which admit of integrals of the first kind of total differentials. 
Uses some space transformations of low degrees. Pp. 328, 393 and Table VI. 
—— Cambridge Phil. Trans. 19, 249-296. (1902) 1904. 
20, 74-112. (1904) 1908. 
On certain quintic surfaces which admat of integrals of the first kind of total differentials. 
Uses many space transformations of degrees 6-4 and lower. P3238: 
BERTINI Ann. di M. (2) 8, 11-23, 146. Milano, (1876) 1877. 
Sopra una classe di trasformazioni univoche involutorie. 
Reduction of 7; see Noether’s report (293). Pp. 78, 81, 96, 105, 107-110, 390. 
Ann. di M. (2) 8, 244-286. Milano, 1877. 


Ricerche sulle trasformazioni univoche involutorie nel piano. 


Reduction of plane involutions to four independent types; 4,; see Noether’s 
report (293). Bp: 10; 11; 215,26; 70,91 796.9727 


—— Lomb. Ist. Rend. (2) 13, 443-451. Milano, 1880. 
Sulle trasformazioni univoche piane ed in particolare sulle involutorie. 


P-curves of maximum degree; the four irreducible types of involutions. 
Pp. 22, 25, 27. 
a) 


Lomb. Ist. Rend. (2) 15, 24-28. Milano, (1880) 1882. 


Sui sistemi linearr. 


The general member of a linear family of curves or surfaces has no variable multiple 
point; if it breaks up, all its variable components belong to a fixed pencil. 
Pp. 4, 91, 151, 160, 238, 390. 


— Lomb. Ist. Rend, (2) 15, 154-157. Milano, 1882. 
Construziont geometriche della trasformazione univoca di 3° ordine. 
Two space constructions for 7%. PES: 


Lomb. Ist. Rend. (2) 16, 89-101, 190-208. Milano, (1882) 1883. 


Sopra alcune involuziont piane. 


General properties of involutions ; constructions for 77; determination and reduction 
of all of classes 1 and 2. Pp. 28, 79, 86, 90%, 92, 93%, 97, 105-8, 123-7. 
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BERTINI Lomb. Ist. Rend. (2) 21, 326-333, 413-424. Milano, 1888. 

Sopra alcuni teoremi fondamentali delle curve piane algebriche. 

Resolution of any plane singularity. Pp. 129, 137, 393. 
Palermo Rend. 3, 5-21. (1888) 1889. 

Sulle curve fondamentali dei sistemi lineari di curve piane algebriche. 

Properties of incidences of P-curves at /-points. Pp. 6, 22%, 390. 
Lomb. Ist. Rend. (2) 22, 771-778. Milano, 1889. 

Deduzione delle trasformazioni piane doppie dai tipi fondamentali delle involutorie. 

All plane involutions are rational. P. 94, 

BERZOLARI Ann. di M. (2) 16, 191-275. Milano, 1888, 


Ricerche sulle trasformazioni piane, univoche, involutorie, e loro applicazione alla 
determinazione delle involuzioni di quinta classe. 


Involutions constructed by pencils; determination of those of class 5. For completion 


see 300. Pp. 90, 93, 95? and Table I. 
Palermo Rend. 3, 145-159. 1889. 

Un nuovo teorema sulle involuzioni piane. 

A property of the highest /-point. Table I. 
Ann, di M. (2) 24, 165-191. Milano, 1896. 


Sulle intersezionr di tre superficie algebriche. 


Condition that the equivalence of a common multiple point shall be greater than the 
product of its multiplicities. Pp. 213, 246. 


BIANCHI Battaglini G. 16, 263-266. Napoli, 1878. 
Nota sulle trasformaziont univoche nel piano e nello spazio. 


Composition of two 7';’s; a 7’ that changes one star of planes into another. 
Pp. 61, 306, 310 and Table IV. 


BIASI Diss. 27 pp. Gallizzi, Sassari, 1905. 


Intorno alle trasformazion Cremoniane e ad una geometria analitica di grado superiore 
che ne deriva. 


If the F-points are so related that P-curves break up, the incidence relations may be 
modified ; some theorems on composition. Pp. 18, 57, 65. 


BOBEK Wien Ber. 91 Abth. 1, 476-518. 1885. 
Ueber gewisse eindeutige involutorische Transformationen der Hbene. 


A set of Zz, 5's with nine F-points constructed by pencils; but includes many merely — 
arithmetical characteristics. Ie OB). 


BOBILLIER Gergonne Ann. 18, 253-269. Nismes, 1827-8. 
Recherches sur les lois générales qui régissent les lignes et surfaces algébriques. 


I, and Jz_3, by reciprocation with regard to a pencil of Sous oe net of quadrics, 
cour as parti f multiple transformations of higher degree. 

occur as particular cases of multip Peon ton o86 

BONICELLI Battaglini G. (2) 9=40, 184-191. Napoli, (1901) 1902. 

Sopra una trasformazione birazionale dello spazio di 3° grado e una classe di superficie 

razionali del 6° ordine. 


T',¢, no. 41 of Table VI. P. 328. 
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BOYD Awmer. J. 34, 291-324. Baltimore, 1912. 
On the perspective Jonquiéres involutions associated with the (2,1) ternary corre- 
spondences. 


Properties of an Z; of even degree. Pp. 108, 110. 
BRETSCHNEIDER ‘Plauen in V. Progr. 24 pp. 1870. 
Punktverwandtschaft und Linearverwandtschaft ebener Figuren. 

Geometrical treatment of Magnus’ 7). Po0s 
BRILL Quart. J. 27, 356-362. London, 1895. 


On certain general properties of point transformations. 
In any transformation, the cross ratio of four directions through a general point is 
unaltered. Pp. 44, 58. 


BUTZBERGER Diss. 60 pp. Teubner, Leipzig, 1913. 
Ueber bizentrische Polygone, Steinersche Kreis- und Kugelreihen und die Erfindung 
der Inversion. 


Gives a Ms. fragment of Steiner’s dated 1824 dealing with inversion. P. 389. 
BYDZOVSKY Prag Ceské Ak. Rozpravy Tr. 11, 18, No. 34, 1-8. 1909. 
O jisté nekonecne grupe Cremonovych transformaci. 


The group of plane transformations which effect a given 1, 1 transformation of the 
points of a cubic. Ppssleatos 


CALDERARA Palermo Rend. 18, 205-217. (1903) 1904. 
Le trasformazioni birazionali dello spazio inerenti ad una cubica sghemba. 


T5345 and Ig; 97; rays of the associated complex meet a twisted cubic. 
Pp. 180, 328. 


CANTONE Napoli Rend. 25, 181-190. 1886. 


Teoremi sulla cubica gobba, dedotir dallo studio di una trasformazione involutoria nello 
Spazio, 


I3-3; three variable d.p.’s on a cubic of contact. P. 304%. 
CAPORALI Ann. di M. (2) 7, 149-188. Milano, 1875. 
= Mem. di Geometria, 1-46. Pellerano, Napoli, 1888. 

Sulla superficie del quinto ordine dotata @ una curva doppia del quinto ordine. 
Describes a 7T3_5, no. 23 of Table VI. P. 328. 
—— Napoli Rend. 18, 212-219. 1879. 
= Mem. di Geometria, 116-125. "pellewae Napoli, 1888. 


Sulle trasformazioni univoche piane involutorie. 


Definition of class; properties of A and Q; all involutions of class 1 are Geiser’s J, 


and degenerations. Pp. 79, 81, 86, 87, 89, 119, 123, 125. 
—— Napoli Rend. 22, 314-320. 1883. 
= Mem. di Geometria, 226-235. Pellerano, Napoli, 1888. 


Relazione sul concorso pel premio accademico dell’ anno 1882. 

A readable account of Kantor’s essay (187). 

CARDOSO-LAYNES Pitagora (1) 5,, 34-38, Palermo, 1899. 
Alcuni teoremi di geometria del triangolo, 


A metrical J). 125 58%, 
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CARDOSO-LAYNES Periodico di M. (2) 4=17, 33-41. Livorno, (1901) rg02. 


Sopra una speciale trasformazione cubica del piano. 


_A metrical 73. 1 ats 
CASSANI Veneto Ist. Atti (7) 9=56, 30-34. 1897. 
Sulla corrispondenza quadratica. 

A space construction for 7. BP. 4N; 
CASTELLI Battaglini G. (3) 7=54, 10-26. Napoli, 1916. 


Studio di una particolare trasformazione cubica dello spazio con applicazione a talune 
superficie del 4° e del 5° ordine. 


The bilinear 733 and Lye. pssOlersOs: 
CASTELNUOVO Roma Acc. L. Rend. (5) 1,, 47-50. 1892. 
Sulle trasformazioni Cremoniane del piano che ammetiono una curva fissa. 


Invariance of adjoints; reduction of a 7, with an irrational invariant curve. P. 80. 


M. Ann, 44, 125-155. Leipzig, (1893) 1894. 
abstract in Roma Acc. L. Rend. (5) 2,., 205-209. 1893. 
Sulla razionalita delle involuziont piane, 

All plane involutions are rational. P. 94. 

Torino Atti 36, 861-874 (=539-552). Igot. 


Le trasformazioni generatrict del gruppo cremoniano nel piano. 


First complete proof of Noether’s theorem; resolution of any 7’, into 7'y’s, and any 


T into Tys. Pp. 145, 150, 390. 
CAYLEY Quart. J. 2, 162. London, 1858. 
= Coll. Papers 3, 118-119. Cambridge, 1889-1897. 
Note on the ‘circular relation’ of Prof. Mobius. 
Inversion constructed by means of circles only. Pp. 53, 389. 
— London R. Soc. Phil. Trans, 159, 201-229. 1869. 
= Coll. Papers 6, 329-358. Cambridge, 1889-1897. 
A memoir on the theory of reciprocal surfaces. 
Gives the equivalence of a general curve. Pp. 215, 220. 
—— London M. Soe. Proe. 3, 127-180, 196-198. (1869) 1870. 
= Coll. Papers 7, 189-240. Cambridge, 1889-1897. 


On the rational transformation between two spaces. 
The earliest memoir on the general space theory ; includes Cremona’s plane theory, 
with complete tables for 7 $10; 72-2, 7-3, the bilinear kee 
Pp. 1, 6, 9, 30, 65, 144, 154, 159, 287, 294, 390-2. 
—— M. Ann. 3, 526-529. Leipzig, 1871. 
= Coll. Papers 8, 394-397. Cambridge, 1889-1897. 
On the deficiency of certain surfaces. 


Postulation and reduction of genus due to singular points and curves. Pp. 219, 224. 


CECH Casopis 50, 219-249. Prag, 1921. 
O krivkovém a plosném elementu tretiho radu projektivniho prostoru, 
Uses a bilinear 73; with four adjacent F’-lines, see 167. P. 298. 
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CHISINI Roma Acc. L. Rend. (5) 26,, 8-12. 1917. 

Osservazioni sui punti singolari delle curve multiple di una superficie algebrica. 

The reduction in genus and class of the plane section. P. 366. 
Bologna Rend. 24, 67-73. 1920. 


Sulla singolarita di una superficie in un punto generico di una curva multipla. 
Exceptional points of multiple curves are base points of the pure polar curves, 

Pp. 366, 373. 
— Bologna Mem. (7) 8, 3-42. (1920) 1921. 
La risoluzione della singolarita di una superficie mediante trasformaziom birazionale 
dello spazio. : 


A complete solution of the problem. Pp. 143, 287, 288, 316, 359, 366, 371, 373%, 394. 
Modena Soc. Natur. e M. Atti (5) 6, 7-13. Ig2I. 


Sul teorema di Noether relativo alla decomponibilita di una trasformazione cremoniana 
in un prodotto di trasformazioni quadratiche. 


A new proof of Noether’s inequality and theorem; resolution of 7, into 7.’s with 


two #-points adjacent. Pp. 10, 75, 151, 192, 391. 
CHIZZONI Roma Acc. L. Mem. (3) 19, 301-343. 1883. 
Sopra le involuzioni nel piano. 

Plane involutions determined by pencils or nets. Pp. 947, 95, 123. 
— Roma Acc. L. Rend. (4) 2,, 470-476. 1886. 


Sopra un certa famiglia di superficie che s’ incontrano in una trasformazione involutoria 
di terzo grado nello spazio. 


Leet Pp. 301, 302. 
CLEBSCH M. Ann. 4, 490-496. Leipzig, 1871. 
Zur Theorie der Cremona’ schen Transformationen. 
Algebraic proof that the grouping of points is the same in each plane. 

Pp. 18, 23, 26, 391. 


Ed. Lindemann. Teubner, Leipzig, 1875. 
Vorlesungen tiber analytische Geometrie 2, 474-496. 


Gives an account of Cremona plane transformations. Pp. 1, 393. 
CLIFFORD Math. Papers, 538-542. Maemillan, London, 1882. 
Analysis of Cremona’s transformations. 

A fragment giving the resolution into 7’s for n $8. Pp. 144, 390. 
COBLE Amer. M. Soc. Trans. 9, 396-424. New York, 1908. 


An application of the form-problems associated with certain Cremona groups to the 
solution of equations of higher degree. 


Construction for 7; 6%. Pp. 120, 121. 


Amer. M. Soc. Trans. 17, 345-385. New York, (1914) 1916. 
Point sets and allied Cremona groups (part It). 
Complete 1, 1 relation between the /’-points in the two planes ; plane transformations 


with eight or fewer /-points; punctual space transformations and their incidence 
relations ; symmetric types. Pp. 24, 70, 73, 127, 3182, 320, 392 and Table I. 
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COBLE Amer. J. 41, 243-265. 


Baltimore, Ig1g. 
The ten nodes of the rational sextic and of the Cayley symmetroid. 


Introduces dilation ; uses Bertini’s J); (26). Pp. 127, 318, 322, 326. 
-— Amer. M. Soc. Bull. 28, 329-364. New York, 1922. 
Cremona transformations and applications to algebra, geometry and modular functions. 
Report on the work of previous writers, with many references. Pp. 14, 154, 394. 
CONNER Amer. J. 38, 155-176. Baltimore, 1916. 
Correspondences determined by the bitangents of a quartic. 

Includes an account of Kantor’s Jj5_y5 (191). Pp. 127, 326. 
COTTERILL London M. Soc. Proc. 2, 119-125. 1868. 


On a correspondence of points, such that a curve of the nth order in one plane 
corresponds to a curve of the 4nth in another plane, with three multiple points of 


order n on the line of intersection of the planes, and three other multiple points of 
order 2n. 


7, 3°31; equations, resolution, special cases. Bpalliven UES? 
CRAMER Cramer et Philibert, Genéve, 1750. 
Introduction a Vanalyse des lignes courbes algébriques, 400-459. 


Includes an analysis of all the singular points that can occur on plane curves of 


degree < 8. Pp. 128, 393. 
CREMONA Bologna Mem. (2) 2, 621-630. (1863) 1862. 
(2) 5, 3-35. (1864) 1865. 


abstract in Battaglini G. 1, 305-311; 3, 269-280, 363-376. Napoli, 1863, 5. 
Sulle trasformazion: geometriche delle figure piane. 


The foundation of the general plane theory ; tables for n < 10. 
Pp. 1, 18, 23, 30, 60, 64-8, 70, 78, 81, 89, 98, 100, 112, 117, 390-1, Tables IT, III. 


—— Brit. Ass. Rep. 34, 3. Bath, 1864. 
= The Reader, 418. London, Oct. 18 1864. 
On the geometrical transformation of plane curves. 
Announces the property of conjugate plane characteristics. 124 By 
Crelle J. 68, 1-133 (72). Berlin, 1868. 
Mémoire de géométrie pure sur les surfaces du troisiéme ordre. 
Uses a 73_3 given by three correlations. Pp. 390, 393. 
Bologna Mem. (3) 1, 365-386. 1871. 
Sulla trasformazione razionale di 2° grado nello spazio, la cui inversa é di 4° grado. 
P, 292. 
Lomb. Ist. Rend. (2) 4, 140-144, 159-162. Milano, 1871. 
Sulla superficie di quart’ ordine, dotata di una conica doppia, 
Uses a 7,_, with the #-point on the F-conic. P, 194. 
Lomb. Ist. Rend. (2) 4, 269-279, 315-324. Milano, 1871. 


Sulle trasformaziom razionali nello spazio. 


His first great space memoir; a short general account, Cremona’s theorem, and a 
large number of examples. 
Pp. 154, 167, 170%, 271, 287, 291-4, 322, 328, 392 and Table VI. 
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CREMONA ° M. Ann. 4, 213-230. Leipzig, 1871. 
reprinted with some additions from Gottingen Nachr., 129-148. 1871. 


Ueber die Abbildung algebraischer Flichen. 


General space transformation theory ; many special cases of the bilinear 73 3. 
; , Pp. 154, 291-4, 327, 328, 392. 


Ann. di M. (2) 5, 131-162. Milano, 1871. 
Sulle trasformazioni razionali nello spazio. 


The most important space memoir, although the promised second part never appeared. 
Pp. 154, 167, 170, 247, 250, 253, 257, 392. 


R. Irish Ac. Trans. 28, 279-284. Dublin, 1884. 
On a geometrical transformation of the fourth order, in space of three dimensions, the 
inverse transformation being of the siath order. Pp. 328, 392. 
London M. Soc. Proc. 15, 242-246. 1884. 
Sopra una trasformazione birazionale, del sesto grado, dello spazio a tre dimensionz, la 
cur inversa é del quinto grado. Pp. 328, 392. 
CROCCHI Battaglini G. 12, 378-380. Napoli, 1874. 
Proprieta derivate dalle curve e superficie arguisiane. 
Plane Arguesian J; constructed by pencils. 1 UGS. 
CZUBER Monatshefte f. M. 5, 267-286. Wien, 1894. 
Die ein-eindeutigen Punkttransformationen der Ebene. 
T, from bilinear equations; obtains only one type of involution. 12, ahh 
DANDELIN Bruxelles Ac. Nouv. Mém. 2, 171—202. 1822. 
Mémoire sur quelques propriétés remarquables de la focale parabolique. 
Uses an inversion compounded of two stereographic projections. Pp. 53, 389. 
Bruxelles Ac. Nouv. Mém. 4, 3-10. 1827. 
Sur les intersections de la sphére et dun céne du second degré. 
Uses inversion. Pp. 53, 389. 
DARBOUX J. Univ. des Sci. et des Soc. Sav. en France et a l’Etranger. 
Institut. 36 sect. 1, 204-205. Paris, 1868. 
= Soc. Philomath. de France Bull. 5, 72-76, 77-80. Paris, 1868. 
= Paris Ec. Norm. Ann. 6, 61-68. A 1869. 


Sur une mode de transformation des figures et son application & la construction de la 
surface du deuaiéme ordre déterminée par neuf points. 


Space construction for 7’). P. 41. 
DEL PEZZO Palermo Rend. 3, 236-240. 1889. 
Sua sistemi di curve e di superficie. 


Linear systems with the same singularities ; criticized by Segre (353, and Torino 
Atti 32, 33); reply in Pont. Ac. Atti 27. Pp. 232, 367. 


Palermo Rend. 6, 139-154. 1892. 


Intorno ai punti singolari delle superficie algebriche. 


Resolution of singular points by Z'y/’s; criticized by Levi (206) and Segre (Torino. 
Atti 32, 33). Pp. 318, 360, 363, 367, 3712, 3942. 
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DEL PEZZO Napoli Rend. (3) 2=35, 288-296. 1896. 


Le trasformazion coniche dello spazio. 


Homaloidal webs of cones; 7',,_,, is compounded of 74_»’s. 
Pp. 160%, 194, 293, 316 and Table VI. 


Napoli Rend. (3) 10 = 43, 366-372. 1904. 
Osservazionr sui punti uniti di una trasformazione quadratica fra due piani sovraposti. 
Pp. 43, 46, 47. 


DEL RE Battaglini G. 28, 257-282. Napoli, 1890. 

Escursioni matematiche diverse. 

Some properties of 7, and of the bilinear J3_3. Pp. 180, 303. 

DE PAOLIS Battaglini G. 13, 226-248, 282-297, Napoli, 1875. 

Sopra un sistema omaloidico formato da superficie @ ordine n con un punto (n—1)-plo. 

Monoidal transformations. P. 306. 

—— Roma Acc. L. Mem. (3) 1, 511-544. LS77. 

Le trasformazioni piane doppie. 

Considers the associated involutions. P. 96 and Table I. 
Roma Acc. L. Mem. (3) 2, 31-50. (1877) 1878. 


La trasformazione piana doppia di secondo ordine e la sua applicazione alla geometria 
non euchidea. 


The associated involution is Jo. P. 96. 


— Roma Acc. L. Mem. (3) 2, 851-878. 1878. 


La trasformazione piana doppia di terzo ordine, prima genere e la sua applicazione 
alle curve di quarto ordine. 


The associated involution is Geiser’s Zg. Pp. 96, 123. 


Roma Acc. L. Rend. (4) 1, 735-742, 754-758. 1885. 


Alcuni particolari trasformazioni involutorie dello spazio. 


The three kinds of congruence to which the associated complex can reduce. 
Pp. 181, 304. 


Roma Acc. L. Mem. (4) 1, 576-608. 1885. 


Le trasformazion doppie dello spazo. 


Considers the associated involution; on the treatment of parasites, see 367. P. 180. 


DERUYTS Liége Mém. (2) 14, 1-14. (1887) 1888. 
Sur quelques transformations géométriques. 

The Arguesian J3_3. iP, G3 
DEWULF Darboux Bull. 5, 206-240. Paris, 1873. 


Sur les transformations géométriques des figures planes, daprés les mémoires publiées 
par M. Cremona et des notes inédites. 


A presentation of Cremona’s and Clebsch’s work, amplified in parts. 
Pp. 18, 22, 23, 391. 
—— Paris Ec. Norm. Ann. (3) 3, 405-431. 1886. 


Mémoire sur une transformation géométrique générale dont un cas particulier est 
applicable a la cinématique. 


7, with all the /-points adjacent. Peelers 


406 CREMONA TRANSFORMATIONS 
109 DEWULF et SCHOUTE Darboux Bull. (2) 3, 383-400. Paris, 1879. 
Construire une courbe rationnelle du quatriéme ordre qui ait deux points doubles en a, 
et dy et qui passe par les sept points simples 1, 2, 3, 4, 5, 6, 7. 
Uses 7,6? and a 7. iPa120: 
110 DICKSON Palermo Rend. 9, 256-259. 1895. 
A Cremona quadratic. transformation defined by a conic. 
A hexagon construction for a central 7). P. 48. 
111 DOEHLEMANN Zeitschrift f. M. u. Phys. 32, 120-127. 
Leipzig, (1886) 1887. 
Ueber einige Higenschaflen des Systems der Kegelschnitte, die drei feste Gerade berihren. 
A metrical 7). P2be. 
{11'l. —— Zeitschrift f. M. u. Phys. 32, 315-320. Leipzig, 1887. 
33, 243-245. 1888. 
Ueber eine synthetische Erzeugung der Cremona’schen Transformationen dritter und 
vierter Ordnung. : 
Space constructions for 73 and both types of 7. Pp. 100, 115, 119. 
Ii2 Miinchen Diss. 40 pp. 1889. 
Untersuchung der Flachen, welche sich durch eindeutig aufeinander bezogene Strahlen- 
biindel erzeugen lassen. 
Tym—n and 77; invariant systems ; involutions. Pp. 98, 109, 175, 310, 312”. 
113. ——- Zeitschrift f. M. u. Phys. 36, 356-378. Leipzig, 1891. 
Ueber die involutorischen Gebilde, welche eine ebene Cremona-Transformation, speciell 
die quadratische, enthalten kann. Pp. 44, 48, 49, 61, 80, 102, 104. 
114 —— M. Ann. 39, 567-597. Leipzig, 1891. 
Ueber Cremona-Transformationen in der Ebene, welche eine Curve enthalten, die sich 
Punkt fiir Punkt selbst entspricht. 
Incidence properties; invariant and involutory systems; WV-, Z- and H-curves; 7'7; 
class of a non-involutory transformation ; classes 0, 1, 2. 
Pp. 26, 44, 77, 79, 81, 822, 85, 87, 88, 98, 100, 102, 119. 
II5 M. Ann. 41, 545-570. Leipzig, (1892) 1893. 
Ueber lineare Systeme in der Ebene und im Raum und iiber deren Jacobi’ sche Curve 
beziehungsweise Jacobi’ sche Fldche. P Pp. 17, 279. 
116 Miinchen Ber. 24, 41-50. 1894. 
Ueber eine einfache, eindeutige Rawmtransformation 3. Ordnung. 
Conditions that three bilinear equations should give a 73_3 generated by projective 
pencils. P. 299, 
Ti7 Sammlung Schubert 28. Géschen, Leipzig, 1908. 
Geometrische Transformationen Teil 1, 1-328. 
An outline of the plane and space theories. Pp. 154, 393. 
118 DUPORCQ Paris C. R. 126, 1405-1406. 1808. 


Sur la correspondance quadratique et rationnelle de deux figures planes, et sur un 
déplacement remarquable. 


Configurations deteriained by five or six corresponding pairs in a 7p. Peo: 
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EBERHARDT Breslau Diss. 61 pp. 1885. 


Ueber eine réumliche involutorische Verwandtschaft siebenten Grades und ihre Kernflache 
verter Ordnung. 


Geiser’s /;_;; geometrical properties of Ay. P, 323. 


ECKHARDT M. Ann. 5, 30-49. Leipzig, (1871) 1872. 


Beitrage zur analytischen Geometrie des Raumes, insbesondere zur Theorie der Flichen 
3" Grades mit 4 Doppelpunkten und der Steiner’schen Flachen, sowie zur Lehre von 
den Raumcurven. 


Refers to his early work on Te, and punctual transformations. 
Pp. 301, 318, 321, 388. 


EMCH Annals of M. (2) 14, 57-71. Princeton, (1911) 1912. 
Involutoric circular transformations as a particular case of the Steinerian transformation 
and their invariant net of cubics. P. 34. 
—— Amer. M. Soe. Bull. 24, 327-330. New York, (1917) 1918. 
On the invariant net of cubics in the Steinerian transformation. 1%, Wily 
Amer. J. 48, 21-44. Baltimore, 1926. 
On surfaces and curves which are invariant under involutory Cremona transformations. 
A method of obtaining self-corresponding elements. Pp. 51, 78, 173. 
ENRIQUES Bologna Rend. 20, 109-112. Ig16. 
LT? intorno d@ una curva sopra una superficie algebrica. 
Separation of the sheets of a surface along the whole of a multiple curve. 12%, Wass 
Ed. Chisini. Zanichelli, Bologna, 1918. 


Leziont sulla teoria geometrica delle equaziont e delle funzione algebriche 2, 401-419, 
575-606, 654-7. 


Analysis of singularities of curves and surfaces. Pp. 134, 137, 359, 


FERRETTI Palermo Rend. 16, 236-279. 1902. 
Sulla riduzione all? ordine minimo dei sistemi linear di curve piane irreducibili dv 
genere p; in particolare per v valori 0, 1, 2 del genere. 


Castelnuovo’s method (58) used to re-establish work of previous writers based on 


Noether’s theorem. P. 390. 
FIEDLER Ziirich Vierteljahrsschrift 21, 369-383. 1876. 
Die birationalen Transformationen in der Geometrie der Lage. 

The bilinear Z;_3 from three reciprocations or null-systems. P, 303. 
——., trans. Teubner, Leipzig, 1880. 
Analytische Geometrie des Raumes von G. Salmon 2, 3° ed. 545-574. 

Gives an outline of the space theory. P. 393. 
FRANCIOSI Battaglini G. (3) 9=56, 141-190. Napoli, (1916) 1918. 


Sulla riduzione delle trasformazioni Cremoniane ad un prodotto di trasformaziont 
quadratiche e sulla riduzione all’ ordine minimo dei sistemi lineari di curve trreducibila 
di genere p =0, 1, 2. 

History of Noether’s theorem; Castelnuovo’s method (58) applied to this and work 
of previous writers based on it. Pp. 71, 75, 150, 390, 391. 
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GECK Wiirtt. M.-wiss. Mitth. (2) 6, 65-78. Stuttgart, (1902) 1904. 
(2) 7, 1-8. 1905. 

Ueber uniplanare Knotenpunkte. 

Resolution by 7)_4’s of various types of unode. P. 362. 

GEISER Bern Mitth., 97-107. 1865. 

Ueber eine geometrische Verwandtschaft des zweiten Grades. 

General inversion in plane and space. Pp. 14, 53, 208, 389. 
Zirich Vierteljahrsschrift 10, 219-229. 1865. 

Hinige geometrische Betrachtungen. 

I,_, from reciprocation with regard to a net of quadrics. Pp. 303, 389. 
Crelle J. 67, 78-89. Berlin, (1866) 1867. 

Ueber zwei geometrische Probleme. 

Geiser’s plane /, 7? and space J;_; 6%. Pp. 123, 323, 389. 

—— Crelle J. 69, 197-221. Berlin, 1868. 

Zur Theorie der Flichen zweiten und dritten Grades. 

The bilinear 73_3; particular cases; a metrical Jte,. Pp. 294, 301, 304, 3892. 
Crelle J. 70, 249-257. Berlin, 1869. 

Ueber die Flichen vierten Grades, welche eine Doppeleurve zweiten Grades besitzen. 

Uses Th_2. Ppa los pLo9: 

GODEAUX Belg. Bull, 359-364. Bruxelles, 1907. 

Sur une transformation arguésienne dans Pespace. ¥ 

A skew J;_;. Paooos 
Hainaut Soc. Sci. Mém. et Pub. (7) 1, 1-5. IgIo. 

Sur les transformations birationnelles involutives qui mutent en elles-mémes les droites 

Pune congruence. P. 181. 

— Belg. Bull., 217-225. Bruxelles, (1910) rgrr. 


Sur les transformations birationnelles involutives du plan. 


Involutions determined by pencils and nets of lines and conics; but see Neuberg’s 


report (281). P. 96. 
*¢ 
—— Nouv. Ann. (4) 11=70, 1-17. Paris, IgII. 
Sur la quatriéme congruence de cubiques gauches de M. Stwyvaert. 
Describes a 7,_;. P. 328. 
Belg. Mém. (2) 6, 1-75. Bruxelles, 1922. 


Sur les transformations birationnelles de Jonquiéres de l’ espace. 


Transformations in which a pencil of planes and a congruence of first degree of lines 
~ another pencil and congruence. P. 3167. 


GUCCIA Paris C. R. 101, 808-809. 1885. 
Sur les transformations géomeétriques planes birationnelles. 


Composition of two transformations ; interpretation of de Jonquitres’ formula (178). 
P. 56. 
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GUCCIA Palermo Rend. 1, 17-19, 20-23, 24-25, 50-53. (1885) 1887. 

Formole analitiche per la trasformazione Cremoniana. 

Equations for some of Cremona’s types of general degree. P. 68. 
Palermo Rend. 1, 56-57. (1885) 1887. 

Trasformazioni Cremoniane nel piano. 

Properties of isologues having certain singularities. Pp. 87, 88. 
Palermo Rend. 1, 68. (1886) 1887. 

Gives the general plane characteristic n=2" ; Bua Sl, 12s Bil 
Palermo Rend. 1, 119-132. (1886) 1887. 


Teoremi sulle trasformazioni Cremoniane nel piano. Estensione di alcuni teoremi di 
Hirst sulle trasformazioni quadratiche. 


Isologues; M-, V- and Z-curves. Pp. 77, 82, 88. 

—— Palermo Rend. 1, 139-156. (1886) 1887. 

Generalizzazione di un teorema di Noether. 

Extension of Noether’s inequality to other linear systems. Pp. 6, 159, 390. 
Palermo Rend. 1, 338-349. 1887. 

Sui sistemi lineari di superficie algebriche dotati di singolarita base qualunque. 

The condition of equivalence involves those of postulation and genus. P. 159: 
Paris C. R. 105, 741-743. 1887. 

Théoréme sur les points singuliers des surfaces algébriques. 

A relation between the numerical characteristics of a singular point. Balog: 

-—— Palermo Rend. 2, 79-80. (1887) 1888. 

Un teorema sulle curve singolari delle superficie algebriche. 

A relation between the numerical characteristics of a singular curve. IP), tlts38). 
Roma Ace. L. Rend. (4) 5,, 456—461. 1889. 


Sulla intersezione di tre superficie algebriche in un punto singolare e su una questione 
relativa alle trasformazioni razionali nello spazio. 


Some general theorems on equivalence. P. 159. 
HALPHEN Soc. M. de France Bull. 2, 94-96. Paris, 1874. 
Sur un point de la théorie du contact. 

Normal distance between surfaces in contact along a curve. Pp. 229, 252 
HASKELL California Ac. Proc. (3) 1, 1-12. San Francisco, 1898. 
On rational quadratic transformations. 

Reduction of equations of 7, to standard form. 1245 OP, 
-_— Amer. M. Monthly 10, 1-3. Springfield, (1901) 1903. 
On a certain rational transformation in space. 

A case of the bilinear J3_3. P. 304. 
HESSE Crelle J. 49, 279-332. Berlin, (1853) 1855. 


Ueber die Doppeltangenten der Curven vierter Ordnung. 


Uses an 13-3. Pp. 308, 389. 
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HIRST London R. 8S. Proc. 14, 91-106. 1865. 
Italian versions Ann, di M. 7, 49-65. Roma, 1865. 
Battaglini G. 4, 278-293. Napoli, 1866. 

On the quadric inversion of plane curves. ‘ 
General inversion ; review of earlier literature. Pp. 53, 389. 
Nouy. Ann. (2) 5, 213-218. Paris, 1866. 


Sur la transformation quadrique. 


Connection between different writers’ treatment of general plane inversion. 


Pp. 53, 389. 

Quart. J. 17, 301-311. London, 1881. 

abstract in Brit. Ass. Rep. 35, 6-7. Birmingham, 1865. 
On quadric transformation. 

Cyclic groups in the plane 7; isologues ; composition. Pp. 42, 442, 57, 389. 

HOFMANN Zeitschrift f. M. u. Phys. 31, 283-295, Leipzig, 1886. 

Einige Beitrage zur Theorie der allgemeinen rationalen quadratischen Transformation. 

P.-32. 

HUDSON, H. P. London M.S. Proe. (2) 9, 51-66. (1910) rgrr. 

(2) 10, 15-47. (1911) 1912. 


On the 3-3 birational transformation in three dimensions. 


The different cases of the bilinear 73_3, when wg consists of six lines, see 63, 167. 
Pp. 160, 249, 252, 262, 294, 298, 300, 305, 324, 328. 


Amer. J. 34, 203-210. Baltimore, (1911) 1912. 
On cubic birational space transformations, 
Catalogue of cubic transformations, Table VI. Pp. 170, 291, 322, 328. 
—— Amer. J. 35, 183-188. Baltimore, (1911) 1913. 
On the product of two quadro-quadric space transformations. 
T_,=T",,, ad degenerations. Pp. 290, 292, 293, 328, 392. 
Ann. di M. (3) 19, 45-56. Milano, 1912. 
On fundamental points in Cremona space transformations. 
Postulation and equivalence of a point of partial contact. , Pp. 246, 308, 315. 
—— M. Ann. 73, 73-85. Leipzig, (1912) 1913. 
Curves of simple contact on algebraic surfaces. 
Postulation and equivalence of simple contact along a simple curve. P. 252. 
London M. Soe. Proc. (2) 11, 398-410. (1912) 1913. 


Curves of contact of any order on algebraic surfaces. 


Postulation and equivalence of contact of any order along a multiple curve. 
Pp. 252, 259. 


Internat. Congr. of M. Rep. 2, 118-121. Cambridge, (1912) 1913. 
On binodes and nodal curves, 


A form of the equation of the surface exhibiting the reduction in class. P. 200. 
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165 HUDSON, H. P. Palermo Rend. 35, 286-288. 


On the composition of Cremona space transformations, 


Any F-genus of a compound transformation is an /'-genus of one or other component. 


1913. 


Pp. 383, 392. 

166 —— London M. Soc. Proc. (2) 22, 223-247. (1923) 1924. 

Plane homaloidal families of general degree. 

Determination of characteristics of degree n=ayn+B, B<aS4. Pp. 67, 69. 
167 —— London M. Soe. Proc. (2) 23, xxvii-xxix. (1924) 1925. 

Cech’s transformations. 

A case omitted in 158, see 63. 
167°1 Palermo Rend. 50, 219-228. (1925) 1926. 

Double invariant points and curves of Cremona plane transformations. P7583: 
167°2 —— London M. Soe. Proc. (1926) ?1927. 


Incidence relations for Cremona space transformations. 


Includes a proof of the equality of the #-genera and total numbers of F-elements in 
S, 8’. Pp. 274, 277, 395. 


168 and WREN London M. Soe, Proc. (2) 24, xxviii-xxix. (1925) 1926. 

Inwolutory point-pairs in the quadro-quadric Cremona space transformation. 

Contrary to statements in 8 and 117, there are two such pairs. P. 206. 
169 HUNYADI Zeitschrift f. M. u. Phys. 11, 356-359. Leipzig, 1866. 

Ueber tetraedral-symmetrische Fldchen. 

T constructed by reflecting planes. Pp. 302, 389. 
170 IGEL Zeitschrift f. M. u. Phys. 17, 516-518. : Leipzig, 1872. 

Zur Theorie der quadratischen Transformationen. 

T, from two bilinear equations; symmetrical cases. Pp. 39, 50. 
171 INGRAM Dublin Univ. Phil. Trans. 1, 57-63. (1842) 1843. 

Geometrical properties of certain surfaces. 

Inversion invented and applied to Fresnel’s surface of elasticity. Pp. 53, 208, 389. 
172 Dublin Univ. Phil. Trans. 1, 159-162. 1843. 

On the properties of inverse curves and surfaces. Pp. 58, 208, 389. 
173 JACOBI, A. Crelle J. 23, 243-254, Berlin, (1841) 1842. 

Ueber Reihen von Kegelschnitten in einer Ebene, welche sich in denselben vier Puncten 

schneiden. 

7, from two correlations. Pp. 40, 390. 
174 Crelle J. 31, 76-82. Berlin, (1845) 1846. 

Construction von Ourven mit Hiilfe gegebener Kegelschnitie. 

T, from projective pencils. Pp. 39, 389. 
175 De JONQUIERES Paris C. R. 49, 542. 1859. 


Mémoire sur les courbes & double courbure de tous les ordres faisant connaitre un mode 
uniforme de génération de ces courbes par le moyen des intersections mutuelles, dans 
Pespace, de deux droites qui pivotent autour de deux points fixes et qui se correspondent 
suivant une lor connue. 

Short note on 177, deposited with the Académie. Pp. 98, 389. 
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De JONQUIERES Nouy. Ann. (2) 3, 97-111. Paris, 1864. 
De la transformation géométrique des figures planes, et dun mode de génération de 
certaines courbes & double courbure de tous les ordres. 
Abstract of 177. 

Battaglini G. 23, 48-75. Napoli, (1859) 1885. 
Mémoire sur les figures isographiques et sur un mode wniforme de génération des courbes 
& double courbure d’un ordre quelconque au moyen de deux farsceawx correspondants de 
droittes. 


g blished in full. Definition and properties of 7’;. 
175 and 176 published in fu efiniti prop Py, 24:78, 61, 80) 08, 280. 


P. 389. 


Paris C. R. 101, 720-724. 1885. 
Sur les transformations géométriques birationnelles dordre n. 
A characteristic of general degree, compounded of two 7'7’s; see 140, 180. P. 56. 
Paris C. R. 101, 857-861. 1885. 


Solution @une question d’analyse indéterminée qui est fondamentale dans la théorve des 
transformations Cremona. 


Arithmetical method of constructing tables. P. 64. 
—— Paris C. R. 101, 921-922. 1885. 
Sur la dérivation des solutions dans la théorie des transformations. 

Composition of two characteristics. Pp. 56, 64. 
—— Battaglini G. 24, 1-11. Napoli, 1886. 
Etude sur une question @ analyse indéterminée. 

Tables of plane characteristics for n=12, 13. Pp. 56, 64, 65, 391. 
JUNG Lomb. Ist. Rend. (2) 19, 161-166. Milano, 1886. 


Sulle trasformaziom birazionali di tre forme geometriche di seconda specie. 
Composition of plane transformations; incidence formulae deduced. Pp. 20, 56, 59. 
—— Crelle J. 138, 255-318. Berlin, 1g1o. 
Ueber die Cremonaschen Transformationen der Ebene. 

Contains a criticism of Clebsch’s theorem due to a misunderstanding. Pp. 18, 112. 


KANTOR, S. Wien Ber. 82 Abth. 1, 237-259. 1880. 

Zur Theorie der successiven quadratischen Transformationen in der Ebene. 

Isologues and generalizations. Pp. 42, 81, 393 and Table I. 
Ann. di M. (2) 10, 64-70, 71-73. Milano, 1880. 


Wie wele cychische Gruppen gibt es in einer quadratischen Transformation der Ebene ? 
Beantwortung derselben Frage fiir Cremona sche Transformationen. 


Involutory pairs and cycles of 7}. Pp. 42, 80, 393. 
————eharis On Ry 90 loo — lose 1880. 
Sur le nombre de groupes cycliques dans une transformation de Vespace. 

Involutory pairs and cycles of Tet. Pp. 178, 393. 
—— Napoli Atti (2) 1 No. 7, 264 pp. (1883) 1888. 


Premiers fondements pour une théorie des transformations pérvodiques wnivoques. 


See Caporali’s report (51). Periodic plane transformations ; asymmetric character- 
istics ; those with eight or fewer /-points. Pp. 70, 73, 393 and Table I. 
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BRANTOR, SS. ActaM, 19) 115-193.40.. Stockholm, (1894) 1895. 


Neue Theorie der eindeutigen periodischen Transformationen in der Ebene. 


Discusses the inclusion of a 1, 1 transformation between two curves or surfaces in a 


Cremona transformation. Pp. 313, 393. 
Crelle J. 114, 50-108. Berlin, 1895. 

Theorie der eindeutigen periodischen Transformationen in der Ebene. 

Abstract of 187. P. 393. 

—— Amer. J. 18, 219-263. Baltimore, (1895) 1896. 


Theorie der Transformationen im R,, welche sich aus quadratischen zusammensetzen 
lassen. 


Composition of general 74_,’s. Pp. 392, 393. 
—— Amer. J. 19, 1-59, 382. Baltimore, (1895) 1897. 


Theorie der periodischen cubischen Transformationen im Raume R,. 
Composition of the bilinear 73_3 and Tet; gives Ly5~15 78. 
Pp. 301, 318, 326, 327, 392, 393. 


—— Acta M. 21, 1-77. Stockholm, (1896) 1897. 


Theorie der Transformationen im R;, welche keine Fundamentalcurven 1. Art besitzen 
und threr endlichen Gruppen. 


Punctual transformations. Pp. 26, 156, 274, 301, 3182, 320, 392, 393. 


— Paris C. R. 126, 946-949. 1898. 
Théoreme fondamental sur les transformations birationnelles a coefficients entiers. 


Resolution into transformations with integral coefficients ; for proof see1g5. P. 153. 


Monatshefte f. M. 10, 18-53. Wien, 1899. 
Neue Aequivalenzatheorie fiir die linearen Systeme rationaler, ellipiischer und hyperel- 
liptischer Curven in der Hbene. 


Reality and rationality of the reduction to lower degree. P. 153. 
—— Monatshefte f. M. 10, 54-74. Wien, 1899. 
Rationale Zerlegung der birationalen Transformationen in ihre Primfactoren. 

Proof of the theorem of 193; properties of o, and og. Pp. 74%, 153. 
KILBINGER Zeitschrift f. M. u. Phys. 33, 14-21. Leipzig, (1887). 1888. 
Ueber eine Art involutorischer Verwandtschaften des zweiten Grades. P. 51. 
KLEIN Fortschritte d. M. 3, 47-48. Berlin, (1871) 1874. 
Report on Rosanes (335); early history of 7, and the general theory. P, 390. 
—— KEinleitwng in die héhere Geometrie 1, 437-447. Gottingen, 1893. 
Cremona-transformationen in Ebene und Raum. 

Remarks on the absence of invariant theory. P, 394. 
KOBB Liouville J. (4) 8, 385-419. Paris, 1892. 


Sur la théorie des fonctions algébriques de deux variables. 


Attempt to expand the coordinates of a point of a surface near a singular point ; 
criticized by Levi (205). P. 394, 
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KOTTER . Deutsche M.-Ver. Jahresber. 5,, 96-106, 263-268, 346-347. 
Leipzig, Igor. 
Die Entwickelung der synthetischen Geometrie von Monge bis auf Staudt (1847). 


A full account of the early history. P. 390. 
Von KRIEG Zeitschrift f. M. u. Phys. 29 suppl., 38-72. Leipzig, 1884. 
Ueber die eindeutige Beziehung von Réwmen mittelst projektiver Ebenenbiischel und 
ihre Anwendung auf Constructionenaufgaben. Pp. 299, 389. 
LACOUR Nouy. Ann. (4) 2=61, 169-177. Paris, 1902. 
Exemple de transformation birationnelle. 

A metrical 73. Pamlolices 
LARICE Veneto Ist. Atti (8) 11 = 68, 731-756. 1908. 


Sulle trasformazion Cremoniane. 


Calculations of tables of plane characteristics, using higher space ; incomplete tables 


for n=14, 15, see 267. Pp. 65, 391. 
LEHMER Amer. M. Monthly 18, 52-57. Springfield, 1911. 
On the combination of involutions. 

Composition of J). Pp. 51, 58. 
LEVI, B. Ann. di M. (2) 26, 219-253. Milano, 1897. 


Sulla riduzione delle singolarita puntuali delle superficie algebriche dello spazio ordinario 
per trasformazion: quadratiche. Mem, Prima. 


Finds under what conditions a singular point can be resolved by a finite series of 
T>_9'8; continued in 208. Pp. 192, 359, 367, 369, 3942. 
—— Torino Atti 33, 56-76. 1897. 
Risoluzione delle singolarita puntuali delle superficie algebriche. 


First complete solution of the problem, by Z)_»’s and 7'y’s; continued in 209. 
Pp. 359, 367, 369, 3947. 


Roma Acc. L. Rend. (5) 7,, 111-113. 1898. 
Sulla trasformazione di una curva algebrica in uv altra priva di punti multipli. 
Reduction of a twisted curve. Pp. 148, 359, 367, 393, 394. 

Ann. di M. (3) 2, 127-138. , Milano, (1898) 1899. 


Intorno alla composizione dei pwnti generici delle linee singolare delle superficie alge- 
briche. Appendice alla memoria t. 26 (205). 


Conditions under which the series of 7>-,’s applied to a singular point becomes 
infinite. Pp. 359, 367, 368, 394. 


Torino Atti 35, 20-33. (1899) rgoo. 


Sulla trasformaztone dell’ intorno di un punto per una corrispondenza birazionale fra 
due spazt. 

Proof of some theorems used in 206. Pp. 58, 182, 277, 353, 359, 367, 382, 394. 
—— Paris C. R. 134, 222-225. 1g02. 
Sur la résolution des points singuliers des surfaces algébriques. 


Short summary of the main lines of 205-209. Pp. 359, 367, 369, 394. 
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LEVI, B. Torino Atti 40, 117-155. 


1904. 
Punti doppi uniplanari delle superficie algebriche. 
Resolution of the various types of unode. Pp. 362, 394. 
LIOUVILLE Liouville J. 12, 265-290. Paris, 1847. 


Note au sujet de Varticle précédent (388). 


Inversion in plane and space, arising from Thomson’s electrostatics, treated geo- 


metrically. Pp. 53, 208, 389. 
LO MONACO-APRILE Le M. Puri ed Appl. 2, 188-192. Igo2. 
Sopra una trasformazione cremoniana del terz’ ordine speciale. 

A metrical 73. Pe lilo: 
LONDON M. Ann. 38, 334-368. Leipzig, (1890) 1891. 


Ueber constructive Probleme aus der Theorie der reciproken Verwandtschaft und der 
Flachen 2°* Ordnung. 


Construction of 7, from seven pairs of homologues. 122 at’), 


De LONGCHAMPS Nouv. Ann. (2) 5, 118-128. Paris, 1866. 


Etude de géométrie comparée, avec applications aux sections coniques et aux courbes 
Vordre supérieur, particuliérement & une famille de courbes du sixiéme ordre et de la 
quatriéme classe. 


A metrical J5. P. 53. 
LORIA Lomb. Ist. Rend. (2) 23, 824-834. Milano, 1890. 


Sulla classificazione delle trasformazioni razionali dello spazio, in particolare sulle 
trasformaziom di genere zero. 


Genus p of a space transformation ; types of homaloids and transformations with p=0. 
Pp. 3, 172, 291-3, 316, 3273. 


Torino Atti 26, 275-299. (1890) x8or. 


Le trasformazioni razionali dallo spazio determinate da una swperficie generale di 
terz’ ordine. 


All non-singular cubic space transformations, Pp. 170, 171, 328. 


Clausen, Torino, 1896. 
Il passato ed il presente delle principali teorie geometriche 24 ed. 230-254. 

A historical review of the plane and space theories, with many references. _ P. 390. 
LUROTH Freiburg Progr. 25 pp. 1889. 
Rationale Flachen und involutorische Transformationen. 


Reduction of plane involutions. P, 94. 


MACHOVEC Prag Ber. M. Nt., 104-137. 1888. 
O zlaSini transformaci 3. stupné a o zulasinim kubickém komplecu paprsku pri ni se 
vyskytajicim. 


A special 73-3 and a complex connected with it. 


MAGNUS Crelle J. 8, 51-63. Berlin, 1832. 


Nouvelle méthode pour découvrir des théorémes de géometrie. 


7, from bilinear equations ; suggests extension to space. Pp. 39, 389. 
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222 MAGNUS Hirsch, Berlin, 1833. 
Sammlung von Aufgaben und Lehrsitzen aus der analytischen Geometrie, 229-241. 

T, from bilinear equations ; general Jp. Pp. 39, 51, 388, 389. 

223 Hirsch, Berlin, 1837. 

Sammlung von Aufgabén und Lehrsdtzen aus der analytischen Geometrie des Raumes, 

370-374, 403-408. 

Bilinear 73_3 and Vet. Pp. 14, 294, 301, 303, 388, 389. 

224 MANSION Belg. Bull. (3) 3, 753-759. Bruxelles, 1882. 

Principe fondamental relatif au contact de deua surfaces qui ont une génératrice 

commune, Belios 

225 MARLETTA Palermo Rend. 24, 229-242. 1907. 

Sulla identita Cremoniana di due curve piane. 

Conditions that a plane transformation may effect a given 1, 1 correspondence 

between two curves. 14, de 

225°1 —-— Palermo Rend. 49, 252-262. 1925. 

Alcuni sistemi omaloidici nell’ S,,. 

Homaloidal families obtained by projection from higher space; proof of Montesano’s 

theorem (272) ; anew homaloidal web with an (7 —2)-fold F-line. Pp. 271, 3272, 395. 

226 MARTINETTI Ann. di M. (2) 12, 73-106. Milano, 1883. 

Le involuziom di 3% e 4% classe. 

Determination and construction of plane involutions of classes 3, 4; continued in 227. 

= P. 93 and Table I. 

227 Ann. di M. (2) 18, 53-80. Milano, (1884) 1885. 

Sopra alcune trasformazioni involutorie del piano. 
Continuation of 226. P. 93. 
228 — Battaglini G. 23, 37-47. Napoli, (1884) 1885. 
Ricerche sulle curve piane del terzo ordine, 
J, and I; for which a given plane cubic is self-corresponding or invariant. -P. 103. 
229 Lomb. Ist. Rend. (2) 18, 132-142. Milano, 1885. 
Sopra una classe di trasformaziont involutorie dello spazio. 

Jy when the star (0) ~ itself in harmonic homology or identically. For the more 

general case, see 246. an Pp. 181, 310. 

230 Palermo Rend. 1, 202—204. 1887. 
Sopra una classe di sistema lineari di curve piane algebriche. 

The conditions of postulation are independent. Pp. 6, 390. 

231 — Palermo Rend. 4, 30-42, 126-142. 1890. 

Sul genere delle curve Q nelle involuzioni piane di classe qualunque. 
Properties of isologues and invariant points. P. 97. 
232 MASCHKE Breslau Diss. 1879. 


Ueber das Problem der Bestimmbarkeit der Cremona’ schen Transformation 3. Ordnung. 


Determination of 7; by assigning F-points. ae 
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233 MATHIEU Nouv. Ann. (2) 4, 393-407, 481-493, 529-537. Paris, 1865. 


Etude de géométrie comparée, avec applications aux sections coniques. 


A metrical J. Be 53. 
234 MEDUGNO Napoli Diss. 18 pp. IQIO. 
Della trasformazione birazionale 2-4. 
Surfaces of higher degree deduced from quadrics and cubics by To_4. P. 292. 
235 MEYER Archiv d.M.u. Phys. (3) 5, 168-175. Leipzig, 1903. 
Ueber die einem Tetraeder einbeschriebenen Rotationsflachen zweiten Grades, insbesondere 
Kugein. 
The foci are related by Jtet. Pp. 302, 389. 
236 Internat. M.-Kongr. Verh. 3, 322-346. Heidelberg, (1904) rgo05. 
Ueber Grundziige einer Theorie des Tetraeders. 
Metrical properties of Jtet. iPe302: 
237 Konigsberg Phys.-dkon. Ges. Schriften 52, 239-256. Leipzig, IgIT. 
Ueber Dreiecksgeometrie. 
Jz; metrical properties ; applications. P. 53. 
238 MICHEL J. de M. Spéc. 21, 111-114. Paris, 1897. 
Sur les transformations dune cubique en elle-méme, 
Self-corresponding cubies of J,. Bole 
239 MILINOWSKY Crelle J. 77, 263-268. Berlin, (1873) 1874. 
Bemerkung zu der Geiserschen Abhandlung (132). 
Properties of Geiser’s Zg. P. 124. 
239'1 MLODZIEJOWSKY Moscou M. Soc. Recueil 29, 269-275. (1914) 1913-5. 
A new proof of Noether’s inequality. 120% WON 7fsy 
239'2 —— Mboscou M. Soc. Recueil 31, 7-34. (1916) 1922-4. 
Sur la théorie des transformations Crémoniennes. RaG: 
239°3 —-— Moscou M. Soc. Recueil 31, 34-77. 1922-4. 
Tables des nombres Crémoniens des 21 premiers ordres. Pp. 65, 391. 
239°4 —— Moscou M. Soc. Recueil 31, 341-344, 1924. 
Sur les systémes linéaires de courbes liées aua solutions arithmétiques des equations 
Crémoniennes. BaG. 
@ 
240 MOBIUS Leipzig Ber. 4, 41—54. 1852. 
=Crelle J. 52, 229-242. Berlin, 1856. 
=Ges. Werke 2, 189-204. Hirzel, Leipzig, 1886. 
Ueber eine Methode, um von Relationen, welche der Longimetrie angehdren, zu ent- 
sprechenden Sdtzen der Planimetrie zu gelangen. 
Rediscovery of plane inversion. Pp. 53, 389. 
241 —— Leipzig Ber. 5, 14-24. 1853. 
=Crelle J, 52, 218-228. Berlin, 1856. 
=Ges. Werke 2, 205-218. Hirzel, Leipzig, 1886. 


Ueber eine neue Verwandtschaft zwischen ebenen Figuren. 
Pp. 34, 53, 208, 389. 
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Circular 7; extension to space suggested. 
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MOBIUS [Leipzig Abh. 2, 529-595. 1855- 
=Ges. Werke 2, 243-314. Hirzel, Leipzig, 1886. 

Die Theorie der Kreisverwandtschaft in rein geometrischer Darstellung. 

Inversion in plane and space. Pp. 53, 208, 389. 

MOFFA Napoli Diss. 45 pp. 1923. 

Su alcune corrispondenze birazionali involutorie dello spazio dotate di un sistema 

lineare di dimensione tre di superficie del terzo ordine unite. P. 328. 

MONTESANO Veneto Ist. Atti (6) 6, 1425-1444. (1887) 1888. 

Su aleuni gruppi chiusi di trasformazioni involutorie nel piano e nello spazio. 

Groups of quadratic and cubic involutions. P. 328. 
Napoli Rend. (2) 2= 27, 181-188. 1888. 

Su la curva gobba di 5° ordine e di genere 1. 

Uses an Jg_5 whose associated complex is of first degree. Pp. 180, 328. 
Lomb. Ist. Rend. (2) 21, 579-594, 684-687. Milano, 1888. 

Su le trasformazioni involutorie monoidal. 

The star (O) and its corresponding congruence. Pp. 181, 305, 309. 

—— Lomb. Ist. Rend. (2) 21, 688-690. Milano, 1888. 

Su una classe di trasformazions involuiorie dello spazio. 

Ruled homaloids with an (2 —1)-fold directrix. Pp. 180, 316. 

—— Roma Ace. L. Rend. (4) 4,, 207-215, 277-285. 1888. 

Su le trasformazions involutorie dello spazio che determinano un complesso lineare di 

rette. 

Involutions of degrees 3 to 11 ; for other cases see 321. Pp. 180, 328. 
Roma Acc. L. Rend. (4) 4,, 583-590. 1888. 

Sulle reciprocita birazionals nulle dello spazio. 

Ty’s determined by two linear congruences and a correlation. Pp. 179, 306, 309. 
Roma Acc. L. Rend. (4) 5,, 497-501. 1889. 

Su la trasformazione involutoria dello spazio che determina un complesso tetraedrale. 

Ti9-19- ae. Pp. 180, 328. 
Roma Acc. L. Rend. (4) 5,, 123-130. 1889. 

Su le trasformaziont involutorie dello spazio nelle quali ai piani corrispondano swper- 

ficie dt ordine n con uno retta (n —2)-pla. IPS BAR. 
Lomb. Ist. Rend. (2) 24, 889-907. Milano, r8gr. 

Su due superficie omaloide che si presentano in questioni analitiche. 

Uses a 73_15. P. 328. 

—— Lomb. Ist. Rend. (2) 25, 795-821. Milano, 1892. 


Su le trasformazion univoche dello spazio che determinano complessi quadratici di 
rette. 


For other cases see 322, 323. Pp. 180, 328. 
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MONTESANO ‘Torino Atti 27, 660-690. 


Su di un sistema lineare di coniche nello spazio. 


1892. 


Studies the involutions which permute the conics and’a 7,_; which transforms them 


into lines; continued in 255. P. 3282. 
Lomb. Ist. Rend. (2) 26, 589-604. Milano, 1893. 
Su le congruenze lineari di coniche nello spazio. 
Continuation of 254. P. 328. 
—— Battaglini G. 31, 36-50. Napoli, (1892) 1893. 


Su una classe di trasformazioni razionali ed involutorie dello spazio di genere arbitrario 
n e di grado 2n +1, 


An involution which permutes the lines of a congruence. P. 327. 


Bologna Mem. (5) 3, 549-577. 1893. 
Su di un complesso di rette di terzo grado. 

Transformations given by two 1, 1 relations between the rays of the complex and 
the points of space. Pp, 180, 328. 


Napoli Rend. (3) 1= 34, 93-110, 155-181. 1895. 


Su i varw tipi di congruenze lineari di coniche dello spazio. 


Uses many transformations of degrees 6-12 and lower; for references to criticisms 
by Kantor, Godeaux and Johnson see the reply, Napoli Rend. (3) 26, 60, 1920. 

P. 328 and Table VI. 
Lomb. Ist. Rend. (2) 30, 563-571. Milano, 1897. 


Su due trasformazion razionali ed involutorie dello spazio di 4° ordine e di genere zero. 


J,_4, Steiner quartics. Pp. 172, 2932. 
—— Ann. di M. (3) 1, 313-357. Milano, 1898. 


Una estensione del problema della provectivita a gruppi di complessi e di congruenze 
lineart di reite. 


Mentions the plane J, 6? and a space J;_7. Bpalot7ons28s 
Napoli Rend. (3) 6=39, 158-171. 1g00. 

Su alcune superficie omaloidiche di 4° e di 5° ordine prive di linee multiple. 

Uses 75_9 with the F-point on the F-conic; continued in 262, 265. P2198: 

-—— Napoli Rend. (3) 7 =40, 67-106. Igor. 

Le superficie omaloidiche di 5° ordine. 

Uses many transformations of low degrees ; see 261, 265. P, 328. 
Battaglini G. (2) 10=41, 181-189. Napoli, 1903. 


Su alcuni sistemi razionali di trasformazion Cremonane. 


Space transformations with an (7 — 1)-fold or (n —2)-fold /-line related to oo! ous 
of plane transformations. Pp. 316, 3277, 


Napoli Rend. (3) 11 = 44, 259-303. 1905. 


Su le rete omaloidiche di curve. 


Table of plane characteristics for »=11, calculation based on complexity; resolution 
i —7, or fewer 7'7’s; symmetric and asymmetric characteristics. 
aor t irae Pp. 56, 65, 702, 75, 391 and Table I. 
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MONTESANO Napoli Rend. (3) 13 = 46, 66-88. 1907. 
Su nuovi tipi di superficie razionali di 5° ordine. 
Uses several transformations of low degrees; continuation of 261, ior oe 


Napoli Rend. (3) 13 = 46, 256-262. 1907. 


Sulle corrispondenze birazionali dello spazio che determinano complessi di tangenti. 

Completes 326. P. 180. 
—— Napoli Atti (2) 15 No. 7, 34 pp. : (1910) 1914. 
abstract in Napoli Rend. (3) 17 =50, 146-147. ONO. 


I gruppi Cremoniani di numer. 


Direct method of calculating tables of plane characteristics ; extension of Noether’s 
inequality ; limits for o; symmetric and asymmetric characteristics. Contains 


Tummarello’s completion of Larice’s tables for 7n=14, 15 (203). 
Pp. 65, 67, 70%, 73%, 391 and Table I. 


Palermo Rend. 31, 363-368. IgIil. 
Su le curve omologhe in una corrispondenza birazionale piana. 
Properties of a general curve and its homologue. Pp. 24, 267. 
Napoli Atti (2) 15 No. 8, 55 pp. (1911) 1914. 
I complessi bilineari di coniche nello spazio. 
Leads to the involutions of 250. P. 328. 
— Napoli Rend. (3) 21=54, 30-38, 69-79, 113-119. IQI5. 


Su i quadri caratteristici delle corrispondenze birazionali piane. 


Method of tabulating incidences in a compound transformation; many relations 


deduced. Pp. 29, 59, 391 and Table I. 
Napoli Rend. (3) 24 =57, 31-78. (1915) 1918. 
abstract in Napoli Rend. (3) 21=54, 248-251. 1915. 


Le corrispondenze birazionali piane emisimmetriche. 
Transformations with only two groups of F-points; limits for og. 
Pp. 24, 26, 67, 702, 74. 

—— Roma Ace, L, Rend. (5) 27,, 396-400, 438-441. 1g18. 

(5) 30,, 447-451. i% 1921. 
Sulla teoria generale delle corrispondenze birazionali dello spazio. 
The multiplicity of each of two corresponding F-curves of second species is the same 
multiple of the degree of the other, but need not be equal to it. Pp. 270, 271. 
—— Napoli Rend. (3) 27=60, 116-127. Ig21. 
Principio di estensione nella teoria delle corrispondenze birazionali dello SPAZIO. 


A set of space transformations with a degenerate F-cubic deduced from the set of all 
plane transformations ; see 274. P. 226. 


Napoli Rend. (3) 27 =60, 164-175, 1921. 


Su aleunt tipi di corrispondenze Cremoniane spaziali collegati alle corrispondenze 
birazionali piane di ordine n. 


The transformations of 2'73 with a proper F-cubic, P. 226, 
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MORGAN Amer. J. 35, 79-104. Baltimore, (1912) 1913. 


Involutorial transformations. 


Constructions, equations and reduction of plane involutions of class <5. 
‘Pp. 93-5, 111, 123, 126, 127. 


Annals of M. (2) 16, 134-137. Princeton, (1914) rgr5. 
abstract in Amer. M. Soc. Bull. 21, 60-61. New York, (#914) 1915. 
A plane cubic transformation and its inverse. ie, Tay 
MOUTARD Nouv. Ann. (2) 3, 306-309. Paris, 1864. 
Sur la transformation par rayons vecteurs réciproques. 

Self-corresponding surfaces. Pp, 208, 389. 
MULLER M. Ann. 2, 281-292. Leipzig, 1870. 
Ueber eine geometrische Verwandtschaft fiinften Grades. - 

7;,6? constructed by projective pencils. P. 120. 
NENCINI Ann. di M. (3) 27, 259-292. Milano, (1916) 1918. 


Sulla classificazione aritmetica di Néther dei sistemi lineari di curve algebriche piane. 


Castelnuovo’s method (58) used to re-establish work of previous writers based on 


Noether’s theorem. Pp. 75, 144, 151. 
NEUBERG Mathesis 8, 177-183. Gand et Paris, 1888. 
Sur les transformations quadratiques involutives. 1, Oil. 
—— Belg. Bull., 194-196. Bruxelles, rg1r. 
Report on Godeaux’ paper (137). 

NEUMANN Konigsberg Diss. 82 pp. 1908. 


Ueber quadratische Verwandischafien in Hbene und Raum, insbesondere Kreis- und 
Kugelverwandtschaft. 


Conditions that 7, and 7,_» can be circular. Pp. 34, 182. 
NOBILE Battaglini G. (3) 12=59, 147-174. Napoli, 1921. 
Le trasformaziom birazionali di genere uno dello spazio. 

Irreducible types of genus 1 obtained by Cremona’s method. Pp. 170, 172, 328. 
—— Battaglini G. (3) 13=60, 23-32. Napoli, 1922. 


Le superficie razionali d’ordine n dotate da retia (n —v)-pla e di punti v-plr. 


Uses a special 7Z'yy. 12e Bulky 

NOETHER Giéttingen Nachr., 1-6. (1869) 1870. 

Ueber die auf Ebenen eindeutig abbildbaren algebraischen Flachen. 

First statement of Noether’s theorem. Pp. 9, 144, 390. 
M. Ann. 3, 161-227. Leipzig, (1870) 1871. 


Ueber Flichen, welche Schaaren rationaler Curven besitzen. 

f of Noether’s theorem, assuming the three highest /-points distinct ; continued 
ie - Es Pp. 9, 10, 144, 390. 
M. Ann. 3, 547-580. Leipzig, (1870) 1871. 
Ueber die eindeutigen Raumtransformationen, insbesondere in ihrer Anwendung auf 
die Abbildung algebraischer Fldchen. 


One of the three first great memoirs on the space theory ; general theory ; details, 
particular cases and applications of Th, To-3, the bilinear T's_3 and monoidal 
transformations. Pp. 154, 287, 291, 294, 298, 301, 306, 316, 322, 327, 392. 
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NOETHER Ann. di M. (2) 5, 163-177. Milano, 1871. 
Sulle curve multiple di superficie algebriche. 


, ; : ils 
General formulae for equivalence, postulation and reduction of genus due to multip 
curves; reductions for incidences. Pp. 217, 220, 221, 224, 392. 


Gottingen Nachr., 267-278. 1871. 


Ueber die algebraischen Functionen einer und zweier Variabeln. Note 2. 


ts the resolution of a singular point of a curve or surface by Cremona trans- 
Rees . Pp. 129, 359, 363, 393, 394. 
—— M. Ann. 5, 635-639. . Leipzig, 1872. 
Zur Theorie der eindeutigen Ebenentransformationen. 


Proof of Ncether’s theorem when the next two /-points are adjacent to the highest 
on a linear branch or in different directions; continuation of 286. 
Pp. 71, 75, 144, 151, 390, 391. 


M. Ann, 9, 166-182. Leipzig, (1875) 1876. 
Ueber die singuléren Werthsysteme einer algebraischen Function und die singuléren 
Punkte einer algebraischen Curve. 


Transformation of a plane curve into one with ordinary singularities only ; continued 


in 296. Pp. 129, 393. 
—— Erlangen Phys.-med. Soc. Sitzungsber. 10, 81-86. 1878. 
Ueber die ein-zweideutigen Hbenentransformationen. 
On the rationality of Cremona involutions. Pr 94s 
—— Fortschritte d. M. 9, 578-581. Berlin, (1877) 1880. 
Report on Bertini (25, 26), whose reduction of plane involutions requires extending 
if the #-points coalesce at singular points. — Pp. 96, 100, 390. 
—— Crelle J. 93, 271-318. Berlin, 1882. 
Zur Grundlegung der Theorie der algebraischen Raumcurven. 
Gives the postulation of a general simple curve. 1 Alay 
M. Ann. 23, 311-358. Leipzig, (1883) 1884. 
Rationale Ausfiihrung der Operationen in der Theorie der algebraischen Functionen. 
Rational resolution of a singularity of a plane curve. Pp. 129, 393. 
Palermo Rend. 4, 89-108. 18Q0. 


Les combinaisons caractéristiques dans la transformation d’un point singulier. 


Continuation of 291 ; comparison with the notations of H. J. 8. Smith and Halphen. 


Pp. 129, 393. 
OBESLO Casopis 44, 208-219. Prag, 1915. 
Poznimka k polarité trojuhelnikové a tty¥sténove. 
Tret- Pys0ls 
D’OCAGNE Nouv. Ann. (3) 12, 337-352. Paris, 1893. 
Sur une classe de transformations dans le triangle et notamment sur certqine trans- 
formation quadratique birationnelle. P3303 
—— Soc: M. de France Bull. 25, 8-9. Paris, 1897. 


Sur une transformation birationnelle réciproque de V espace. 


£22 studied by a special system of coordinates. P. 182, 
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OKKEN Lomb. Ist. Rend. (2) 47, 226-230. Milano, 1914. 
Sur quelques transformations planes birationnelles de la cinquiéme classe. 

Completes 34. Pa 93% 
OSBORN Amer. J. 46, 17-36. Baltimore, 1924. 
A siudy of the involutorial transformations in space which leave a web of sextic surfaces 
invariant. - APL TSO: 
Le PAIGE Belg. Bull. (3) 3, 760-762. Bruxelles, 1882. 
Sur une représentation géometrique de deux transformations uniformes. 

Constructions for 77;, [75 by means of pencils; continued in 303. Pp. 95%, 1112. 
—— Belg. Bull. (3) 4, 415-431. Bruxelles, 1882. 
Sur quelques transformations géométriques wniformes. 

Continuation of 302. Pp. 952, 1112 and Table I. 
PALATINI Veneto Ist. Atti (7) 8 =55, 1555-1568. 1897. 


Sulle soluziont che soddisfano al problema geometrico delle equazioni di condizione delle 
trasformaziony OCremoniane delle figure piane. 


Rewritten in improved form in 305. P. 56. 
Periodico di M. (3) 9= 27, 129-143. Livorno, 1912. 


Sulle equazions di condizione delle reti Cremoniane di curve piane. 


A revision of 304; formulae for compounding 2, 3 and 4 7’;’s, with any coincidences 


of F-points. Pp. 56, 61 and Tables II, V. 
PANNELLI Battaglini G. 28, 245-256. Napoli, (1888) 18go. 
Sui complessi associati ad ogni trasformazione birazionale dello spazio. Les 1p 
Battaglini G. 29, 154-162. Napoli, (1888) 1891. 
Sulle trasformaziont multiple associate ad ogni trasformazione piana birazionale. 
Cycles of points in a general transformation in one plane. 185 f10y 
Lomb. Ist. Rend. (2) 26, 216-222. Milano, 1893. 
Sulla riduzione delle singolarita di una curve gobba. 
Resolution by tet. Pp. 143, 393. 
Ann. di M, (2) 25, 67-138. Milano, 1897. 


Sulla riduzione delle singolarita di una superficie algebrica per mezzo di trasformaziont 
birazionali dello spazio. 


Applies to a multiple point a Z7'y;—; compounded of two special 7% _ 3's. 
Pp. 298, 310, 360, 394. 


—— Battaglini G. (2) 10=41, 97-106. Napoli, 1903. 
(2) 11 =42, 197-293. 1904, 
(3) 8=55, 83-113. 1917, 


Sulla Jacobiana di una rete di superficie algebriche. 


Behaviour of J at multiple base elements ; incidence relations in space. 
Pp. 225, 279, 395. 


—— Roma Acc. L. Rend. (5) 19,, 449-455. IgI0. 
(5) 20,, 404-409. Wwe. 

Sopra una proprieta delle trasformazons birazionali nelle spazio ordinario. 

Incidence relations in space, see 312. Pp. 225, 395 
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PANNELLI . Lomb. Ist. Rend. (2) 47, 1041-1052. Milano, (1912) 1914. 
Sopra aleune relazioni fra gli elementi fondamentali di due spazi in corrispondenza 


birazionale. 


Another incidence relation, see 311. Pp. 225, 395. 
—— Palermo Rend. 36, 345-367. 1913. 
Sul numero delle superficie di un fascio dotate di un punto doppia. 

Many equivalence formulae ; some cases of contact. Pp. 224, 225, 259, 395. 
PAPPUS Alexandrinus tr. Commandino. Bononiae, 1660. 


Pappi Alexandrini mathematicae collectiones, 247. 


Quotes Apollonius of Perga’s Plane loci (4), including a reference to inversion. 


P. 388. 
PASCAL Hoepli, Milano, 1goo. 
Repertorio di matematiche superiori 2, 240-247, 336-339. 
Outline of plane and space theories, with references. : P. 155. 
PELZNER Miinchen Diss. 61 pp. 1913. 


Ueber involutorische Raumverwandischaften, und solche Transformationen, ber denen 
den Ebenen des einen Raumes Flichen 4. Ordnung mit einem Doppelkegelschnitt 
entsprechen. 


Space involutions of degrees 1 to 3; the eight transformations of the quartic; one 
7T,_4 described in detail. Pp. 170, 296, 303, 305, 309, 328. 


PENSA Ann, di M. (3) 6, 249-287. Milano, 1gor. 
Sulle superficie razionali di 5° ordine. 


Postulation and reduction of genus due to the singular points that can occur on 
quintic surfaces. P. 246. 


PERAZZO Torino Mem, (2) 54, 149-182. 1904. 
Sulle incadenza di rette, piant e spaz ordinari in uno spazio a cinque dimensioni e 
su alcune corrispondenze birazionali fra pani et spazw ordinarii. 


Deduces some transformations of low degrees. Pp. 322, 328. 
PICARD Crelle J. 100, 71-78. Berlin, (1885) 1887. 
abstract in Soc. Philomath. de France Bull. (7) 2, 127-132. Paris, 1878. 


Sur les surfaces algébriques dont toutes les sections planes sont unicursales. 


The surfaces are either ruled with an (n—1)-fold directrix, or Steiner quartics. 
ie Os 
ae 


PIERI Torino Atti 24, 514-526. 1889. 
Sulle tangenti tripli di alewne superficie del sest? ordine. 


Uses an [1-11 whose associated complex is special quadratic. 
Pp. 180, 327, 328, 393. 


—— Palermo Rend. 6, 234-244. 189Q2. 
Sulle wasformazioni birazionali dello spazio inerenti a wn complesso lineare speciale. 

Cases excluded in 248. P. 180. 
Lomb. Ist. Rend. (2) 25, 1037-1060. Milano, 1892. 


Sulle trasformazoni involutorie dello spazio determinate da wn complesso Hirstiano di 
rette. 


Cases excluded in 253. 1, IsKoe 
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PIERI Palermo Rend. 7, 296-306. 3 1893. 
Le trasformazioni razionali dello spazio inerenti ad una conica. 
Case excluded in 253. ie TKO) 
Rivista di M. 3, 44-47. Torino, 1893. 
Sui sistemi lineari di coni. Pp. 160, 316. 
—— Battaglini G. 31, 151-155. Napoli, 1893. 
Swe sistemi lineari di monoidi. 
The vertex varies on an (2 —2)-fold line of contact. Pp. 160, 306. 
Battaglini G. (2) 2= 33, 167-178. Napoli, (1894) 1895. 
Sulle trasformazioni razionali dello spazio che individuano complessi di tangenti. 
Completed in 266. P. 180. 
PLUCKER Crelle J. 4, 349-370. Berlin, 1829. 


Ueber die allgemeinen Gesetze, nach welchen irgend zwei Flachen einen Contact der 
verschiedenen Ordnungen haben. 


Postulation of a simple point of contact of any order; modification if 7 is low. 


Pp. 158, 229. 
—— Crelle J. 5, 1-36. Berlin, 1830. 
Ueber ein neues Coordinatensystem. 
The first type of J, occurs incidentally. P. 389. 
Crelle J. 11, 219-225. Berlin, (1831) 1834. 
Analytisch-geometrische Aphorismen v. Ueber ein neues Uebertragungs-Princip. 
Inversion treated geometrically and analytically. Pp. 53, 389. 
PONCELET Bachelier, Paris, 1822. 


Traité des propriétés projectives des figures, 44, 198. 
The earliest modern reference to /,; the first type occurs incidentally. Pp. 51, 388. 


RETALI Le M. Puri ed Appl. 1, 47. IgoOl. 
2, 192-197, 222-227. 1902. 

Sopra una trasformazione cremoniana del terz ordine. 

A metrical 7'3. 12 Waly. 

REYE Zeitschrift f. M. u. Phys. 11, 280-310. Leipzig, (1865) 1866. 

Geometrische Verwandtschaften zweiten Grades. 

T, from two correlations. Pp. 39, 40, 41, 43, 50, 390. 


— Rumpler, Hannover, 1868. 
Die Geometrie der Lage 2, 1** ed. 88-106 (= 2™ ed. 106-125, 1882). 
Refers to 7’, and a case of the bilinear /3_3. Pp. 40, 304, 390- 


ROBERTS London M. Soc. Proc. 4, 121-139. 1872. 


On Professor Oremona’s transformations between two planes, and tables relating thereto. 


Tables of the incidence relations for x $10 and for Cremona’s general pees - 
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335 ROSANES Crelle J. 73, 97-110. Berlin, (1870) 1871. 
Ueber rationale Substitutionen, welche eine rationale Umkehrung zulassen. 
: i i si lity. 
An independent, algebraic proof by induction of Noether’s es ty ihanteee 
336 RUFFINI Bologna Mem. (3) 8, 457-525. 1877. 
Sulla risoluzione delle due equazioni di condizione delle trasformaziont Cremoniane 
delle figure prane. 
Calculati f plane characteristics; symmetric types, and several of general degree. 
paper eats Dp. 64, 65, 68, 69, 702, 391 and Tables II-IV. 
337 Bologna Mem. (3) 9, 199-219. 1878. 
Di un problema di analisi indeterminata che.sincontra nella teoria geometrica delle 
trasformazions delle figure piane. 
Gives the plane transformations with simple and double F-points only. Pp. 8, 71. 
338 SALMON ; Longmans, London, 1912-5. 
A treatise on the analytic geometry of three dimensions, 5 ed. 1, 355-371 ; 2, 268-277. 
Properties of curves of total intersection ; a brief sketch of transformation theory. 
Pp. 215, 216, 220, 393. 
339 SALTEL Belg. Mém. 22, 1-53. Bruxelles, (1870) 1872. 
Sur Papplication de la transformation arguésienne a la génération des courbes et surfaces 
géométriques. 
Arguesian involutions in plane and space. Pp. 95, 116, 322. 
340 —— Belg. Bull. (2) 34, 51-52. Bruxelles, 1872. 
Sur quelques questions de géométrie. 
Composition of Arguesian 7'’s, especially 7, and 7’, 323!; applications to lemniscate 
and limagon. PpnO4 Gy dilize 
341 —— Belg. Mém. 23, 1-112. Bruxelles, (1870) 1873. 
Mémoire sur le principe arguésien wnicursal et sur certains systémes de courbes 
geometriques. 
Triangular Arguesian transformation J). Pp. 54, 95, 117. 
342 —— Belg. Bull. (2) 46, 90-123. Bruxelles, 1878. 
Mémoire sur la classification arguesienne des courbes gauches algébriques, ou extension 
a ces courbes du principe arguesien. 
Reduction of degree of a curve or surface by 7, or Te, applied to the highest multiple 
points. ss Pp. 4, 144. 
343 SCHIAPARELLI Torino Mem. (2) 21, 227-319. (1861) 1864. 
Sulla trasformazione geometrica delle figure ed in particolare sulla trasformazione 
iperbolica. 
Bilinear transformations in plane and space. Pp. 14, 39, 182, 294, 389. 
344 SCHMIDT Breslau Diss. 1882. 
Zur Theorie der Cremona’schen Transformationen insbesondere derjenigen 4. Ordnung. 
Determination of plane transformations by assigning F-points. Pps bli7aeihss 
345 SCHMITT Freiburg Diss. 31 pp. 1904. 


Ueber involutorische Transformationen. 


Rationality of plane involutions. P. 94. 
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SCHOUTE Ass. Fr. C. R. 8, 194-205. Montpellier, 1879. 

Sur la transformation conjugée. 

Plane involutions constructed by nets. Bpago, 123, 125, 
Ass, Fr: Ci R. 9, 156-179. Reims, 1880. 

De la transformation conjugée dans P espace. 

Space involutions determined by webs of quadrics and cubics. Pp. 180, 323. 

—— Nieuw Arch. Wisk. 9, 117-140. Amsterdam, 1882. 

Over een paar met elkaar samenhangende involutorische birationeele transformaties. 

translated in Darboux Bull. (2) 6, 152-168, 174-188. Paris, 1882. 


Deux cas particuliers de la transformation birationnelle. 


J, and van den Berg’s J; 6? (22) by reflexion of lines and circles ; 


Lte¢ and Ly)-1, by reflexion of planes and spheres. Pp. 58, 122, 302, 326. 
—— Ned. Naturw. Congr. 7, 258-268. Amsterdam, 1894. 
translated in Nieuw Arch. Wisk. (2) 4, 90-100. Amsterdam, 1899. 
On a cubic transformation in space. 

A bilinear J,_, on the chords of a twisted cubic. P. 304. 
SCHROETER Orelle J. 62, 215-231. Berlin, (1862) 1863. 


Problematis geometrict ad superficiem secundi ordinis per data puncta construendam 
spectantis solutio nova. 


Construction of 7, from seven pairs of homologues. 1h ob): 
SCHUTTENHELM Strassburg Diss. 47 pp. Igol. 
Ueber eine besondere Art Cremonaschen Transformationen. 

Plane central transformations, especially 7 =2, 3. Pp. 47, 104”. 
SEGRE Torino Atti 21, 95-115. 1885. 


Sulle varieta normali a tre dimensioni composte di serie semplice razionali di piant. 


Two projections from higher space lead to a space transformation with an ( — 1)-fold 


F-line. Pp. 316, 395. 
Ann. di M. (2) 25, 1-54. Milano, (1896) 1897. 

Sulla scomposizione dei punti singolari delle superficie algebriche. 

Resolution by 7. Pp. 199, 359, 360, 367, 394. 

—— Torino Atti 36, 645-651 (= 377-383). Igol. 


Un’ osservazione relativa alla reducibilita delle trasformazioni Cremoniane e dei sistemi 
lineari di curve piane per mezzo di trasformazioni quadratiche. 


All previous proofs of Noether’s theorem fail when the three highest /’-points are 


adjacent on a cuspidal branch; examples. Pp. 113, 144, 145, 390. 
—— Torino Atti 36, 872 (= 550). Igol. 
Footnote to Castelnuovo’s article (58), giving a geometrical resolution of 7’7into 7)’s. 

Pp. 149, 390. 


SERVAIS Mathesis 7, 110-114, 129-134, 187-190. Gand et Paris, 1887. 


Sur les transformations birationnelles quadratiques. 
Interprétation géométrique de la transformation birationnelle quadratique. 


Reduction to simplest forms of the bilinear equations of 72. 122, Sig), 
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SERVAIS - Mathesis 8, 105-109. Gand et Paris, 1888. 
Sur la théorte des transformations. 
Geometrical constructions for J, and /,;. Pps53; 108, 111; 116, 117; 


SEYDEWITZ Archiv d. M. u. Phys. 5, 225-258, 331-334. Greifswald, 1844. 
Theorie der involutorischen Gebilde, nebst Anwendungen auf die Kegelschnitte. 

Refers to the first type of Jp. Pp. 51, 389. 
—— Archiv d.M.u. Phys. 7, 113-148; 8, 1-46. Greifswald, 1846. 
Darstellung der geometrischen Verwandtschaften mittels projektiver Gebilde, mit besonderer 
Riicksicht auf die Theorie der héheren Curven. 

T, from projective pencils. Pp. 39, 389. 


SHARPE and SNYDER Amer. M. Soc. Trans. 15, 266-267. 
New York, 1914. 


Birational transformations of certain quartic surfaces. 


Uses an J _». 1s BS 
—— Amer. M. Soc. Trans. 20, 185—202. New York, (1918) rgrg. 
21, 52-78. (1919) 1920. 


Certain types of involutorial space transformations. 


Involutions associated with certain 2, 1 transformations; continued in 368, 370. 


Pp. 180, 328. 
SILLDORF Zeitschrift f. M. u. Phys. 18, 523-542. Leipzig, 1873. 
Die geometrische Verwandtschaft rawmlicher Systeme. 
T;_3 from projective pencils with coplanar axes. Pp. 300, 389. 
SNYDER Amer. M. Soc. Bull. 15, 1-4. New York, 1908. 
Construction of plane curves of given order and genus, having distinct double points. 

P. 129. 

—— Amer. M. Soc. Trans. 11, 371-387. New York, rgro. 
Conjugate line congruences contained in a bundle of quadric surfaces. 
Includes a discussion of Geiser’s plane /; and degenerations. Pp. 123, 125. 
—— Amer. M. Soc. Trans. 12, 354-366. New York, (1910) rgrr. 


An application of a (1, 2) quaternary correspondence to the Weddle and Kummer 
surfaces. 


The two surfaces are homologues in Geiser’s J,_,. _N 12y Bw) 

—— Amer, J. 33, 327-336. Baltimore, (1910) rgrz. 

The involutorial birational transformation of the plane, of order 17. 

Properties of Bertini’s f,. Pp. 70, 94, 95, 127. 

—— Amer. M. Soc. Bull. 30, 101-124. New York, (1923) 1924. 

Problems in involutorial transformations in space. 

Report on the work of previous writers, with many references. Pp. 94, 180. 
Amer. J. 46, 131-141. Baltimore, 1924. 


Further types of involutorial transformations which leave each cubic surface of a web 
invariant. 


See 361, 370. Pp. 180, 327, 3282, 
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SNYDER Annals of M. (2) 25, 279-284. 


Princeton, 1924. 
On the types of monoidal involutions. 


Pp. 306, 310. 
—— Annals of M. (2) 26, 165-172. Princeton, 1925. 


Non-monoidal involutions which contain a web of invariant monoids. 


Continuation of 361, 368. Pp. 180, 328, 
STEINER Crelle J. 1, 161-184, 252-288, Berlin, 1826. 
= Ges. Werke 1, 19-76. Reimer, Berlin, 1881. 


Hinige geometrische Betrachtungen. 


A reference to inversion on p. 253. Pp. 53, 389. 
aa Fincke, Berlin, 1832, 


Systematische Entwickelung der Abhéngigkeit geometrischer Gestalten von einander, 
253-271. 


= Ges. Werke 1, 229-460. Reimer, Berlin, 1881. 
= Ostwald’s Klassiker 82, 83. Leipzig, 1896. 
T> by skew projection. Pp. 30, 41, 389. 
—— Berlin Monatsber., 50-61. 1856. 
= Crelle J. 53, 133-141. Berlin, 1856, 
= Ges. Werke 2, 651-659. Reimer, Berlin, 1882. 


Ueber die Flachen dritten Grades. 

Uses /3_3 from three reciprocations. Pp, 303, 389. 

STEINMETZ Zeitschrift f. M. u. Phys. 35, 219-236, 272-292, 354-375. 
Leipzig, 1890. 


Ueber die durch ein lineares Fldchen-system n*” Ordnung definierten mehrdeutigen 
involutorischen Raumverwandtschaft. 


Space involutions determined by nets. Pp. 14, 180. 
—— Amer. J. 14, 39-66. Baltimore, (1891) 1892. 
Multivalent and univalent involutory correspondences in a plane determined by a net 
of curves of n™ order. Pp. 95, 124, 126. 
STINER Ziirich Vierteljahrsschrift 40, 317-339. 1895. 
Zwei involutorische Transformationen mit Anwendungen. 
Ty and Ty3. Pp. 105, 116, 126. 
STUBBS Dublin Univ. Phil. Trans. 1, 145-155. 1843. 
= Phil. Mag. (3) 23, 338-347. London, 1843. 
On the application of a new method to the geometry of curves and curve surfaces. 
A rediscovery of inversion in plane and space. Pp. 53, 208, 389. 
STURM Teubner, Leipzig, 1867. 
Synthetische Untersuchungen tiber Flachen dritter Ordnung, 28-45. 
Refers to cases of the bilinear 7'3_3. Pp. 299, 303, 3892. 
—— Crelle J. 70, 212-240. Berlin, (1868) 1869. 


Untersuchungen tiber das Flichennetz zweiter Ordnung. 
Refers to a bilinear /3_3. Pp, 303, 389. 
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STURM M. Ann. 1, 533-574. Leipzig, 1869. 
Das Problem der Projectivitéit und seine Anwendung auf die Fléchen zweiten Grades. 
Discusses 7’; 6? and Geiser’s J;_;. Pp. 120, 323, 389. 
—_— M. Ann. 19, 461-486. Leipzig, (1881) 1882. 
Ueber die reciproke und mit ihr zusammenhingende Verwandtschaften. 

T, and 7'3_3 from two and three correlations. Pp. 40, 57, 295. 
—— M. Ann. 21, 457-514 (498). Leipzig, (1882) 1883. 
Ueber die Curven auf der allgemeinen Fliche dritter Ordnung. 

Postulation and equivalence of a line of contact on a cubic family. P. 247. 
—— M. Ann. 26, 304-308. Leipzig, (1885) 1886. 


Beispiele zw den Cremona’ schen ebenen Transformationen. 
Space constructions for plane transformations that are not self-conjugate. 
Pp. 119, 122 and Table I. 


—— Deutsche M.-Ver. Jahresber. 14, 18-24. Leipzig, 1905. 


Ueber diejenigen Cremonaschen Verwandtschaften, ber denen den Hbenen des einen 
Raumes allgemeine Flachen 3. Ordnung im andern entsprechen. 


The non-singular cubic space transformations obtained by Cremona’s method. 

Pp. 170, 328. 
—— Teubner, Leipzig, 1909. 
Die Lehre von den geometrischen Verwandtschaften 4, 1-151, 339-419. 


The best account of the general theory and the more important examples. 
Pp. 1, 14, 27, 124, 154, 170, 327, 328, 393 and Table VI. 


TERQUEM Nouv. Ann. (1) 5, 497-508. Paris, 1846. 
Sur les méthodes métamorphiques (de transformation) et théorie des points correspondants. 
Bilinear 7; and 73_3. Pp. 39, 294, 389. 
THIRD Edinburgh M. Soc. Proc. 18, 11-24. 1899. 
Two geometrical transformations. 
Metrical 7%’s. pes. 
THOMSON Liouville J. 10, 364-367. Paris, 1845. 
12, 256-264. 1847. 


Hatraits des lettres adressées & M. Liouville. Sie 


Inversion invented and applied to electrostatics; abstract of 389; see Liouville (212). 
Pp. 53, 208, 389. 


—— Cambridge and Dublin M. J. 3, 131-148, 266-274. 1848. 


On the mathematical theory of electricity in equilibrium. 


Inversion applied to electrostatics; abstract in 388. Pp. 53, 208, 389. 
TIMERDING M. Ann. 53, 193-219. Leipzig, 1900. 
Ueber die eindeutigen quadratischen Transformationen einer Ebene. P. 44, 
TINTO Edinburgh M. Soc. Proc. 34, 133-145, 1916, 


On the three-dimensional transformations founded on the twisted cubic and its chord 
system. Pp. 226, 299. 
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TINTO Edinburgh M. Soc. Proc. 36, 2-16. IQI7. 


On the plane representation of the homaloidal surfaces which have a twisted cubic as a 
multiple curve. 


An application of the transformations of 391. 


TORREY Amer. J. 47, 181-206. Baltimore, 1925. 
Classification of monoidal involutions having a fixed tangent cone. Paolo: 
TRANSON Nouv. Ann. (2) 4, 385-393. Paris, 1865. 
(2) 5, 63-70, 1866. 
De la projection gauche. 
T,, by skew projection. 1 Alt. 
TUMMARELLO Napoli Atti (2) 15 No, 7, 28, 34. (1910) 1914. 
Completion of tables (203) of plane characteristics for n=14, 15, printed in 
Montesano’s memoir (267). Pp. 65, 391 and Table I. 
—— Napoli Rend. (3) 17 =50, 426-439. IQII. 
abstract in Soc. Ital. Prog. Sci. Atti 4, 733-734, Napoli, 1910. 


Le trasformazxom birazionali monoidiche (n, n) dello spazio. 


Transformations with no #-curves in one space, especially 7" with a fixed tangent 


cone at the vertex. Pp. 306, 308, 315 and Table VI. 
—— Battaglini G. (3) 11=58, 60-66. Napoli, 1920. 
abstract in Soc. Ital. Prog. Sci. Atti. Pisa, 1919. 


Nuovi tipi generali di superficie razionali @ordine m con retta (m—3)-pla ed m—8 
punte tripli. 


Found by compounding a transformation with an (n—1)-fold F-line with trans- 
formations of degree <5. Pp. 316, 327. 


—— Catania Circ. M. Note e Mem. 1, 282-288. (1922) rg2r. 


Una nuova trasformazione birazionale (n, 2n—3) dello spazio a tre dimension. Le 
superficie di de Vries. 


dy is a monoid and ¢’y,_3 is de Vries’ surface. P. 307. 
—— Catania Circ. M. Note e Mem. 1, 289-298. (1922) 1921. 
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Plane Characteristics, n =1—16 
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TABLE IV 


Characteristics of degree ap—B8 
n=an—B8, B=2y+e6,€=0 or 1 
B 1-2 (Qu — B—2)* (B+1)2~! (2Qa—B —2)! 


(Includes Rm) 1°7-% (Qu—y—¢—2)* e*~! (y+1)*~? (a—y—2)? (3—-e)! 
IRS —y =e 3)" (62 )e at yaa yen) ie) 
mAR 
1" 24 (y—@—2)24 Ba-1 Qa ja -1 (2a—B—2)! 
]["- 20. (w— 8-3)? (B+ 1)?4-1 Jarl ga (2a—B-3)! 


][r-2a (u—y—3)% (1 —)2a-1 (yt+e)24-?2 Jat19a]a-1 (a-—y—e—1)? ek 

[2a (w—y—€—2)% e2a-1 yea 2 9090-1 (a-—y-—1)?(1—6)! 
[2-20 (u—y—e—2)% e2a-1 yo? 3a ]o-2 (a—y—2)?(3-.)! 
1-28 (y= ye 3) (e+ 2)28-1 (y= 1a? Belem? — (@—y—1)4(1— 6)! 
[2-20 (u—y-€—3)4 e2a-1 (y+1)%4-? ]a+2 30 (a—y—3)?(3—e)! 
]?-2a (u—y-—e—3)% e2a-1 (y+1)22-2 9at+1lgQa (a—y—2)?(1—«)! 
1"-24 (y— y—e—4)% (e+ Q2)2a-1 y2a-2 1¢+23¢ = (q—y—2)2(1—«)} 


TABLE V 


Miscellaneous General Characteristics 


= 2M 5 BF eee 8! 
Detepa tO pe lS 1#(#-1) (Qu +1) 
IP N=Ngp—Ma—(%—-1)B-y, p=NyNe—p ; 


INH (ng —2—a—B—y)H yA! BHM (1 a)h—™ (Qty —2—a—p)™ (p +1 BN“! (mq —2— y—, 


OO CON OV NeW N 


Leal 


Ve we nM OW ON ANP WN HOO OO NANRWNHOWO ON Df W DN 


Degrees 


D.p. of contact 


Binode 


D.p.’s 


Pt. of osculation 
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TABLE VI 
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Pt. of contact 


| 


Ordinary pts. 


F-curves 


(1) denotes a branch touching 
a fixed biplane 


Remarks 


References 


—a 


ot he 


- Sm bo- 


ee 


o mee De ef 


o 0 pel fed 


ee ee ee 


eels peel feed) Spe chee fw 


ol bo: 


aN 


“ NDNONNWNNNNNWN PY 


RRB HEH WWWWWNWNWwNwNwnwnwww AK =O 0 


2, 4, lo, ls 


@, (genus 3) 
= O? (genus 3) 
o¢ = 0! (rational) 
Ey hig lx 


@;, (genus 1) . 

o;= 0,7 (genus 1) 

@5 = O,? (2) (rational) 

o3= 0,7, = 0,, h=0; 

@2= 0,02, 1= 0,0, (sculation) 


2, q 


@3 (rational), Z 

o,=O0O,(genus1) . 

3 = OQ, (rational), 7=0, 

o4= 0? (2) 

@= 0; (1), ,=0;(1), b= 
O35 90, 4= 

1=0, (contact), 4,=0,, 22=0; 
@3= 0,0, (rational), 7= 0,0, 
@2= 0; (1) Oa, 1, = 0102, l2= O; (1) 
1= 0,0, (contact), 4;=01, 2=0, 
2=0,02 (1) coseuetou, Ae 0; 
4 (rational) : 
a= 0? 

riley, OP (1), 73 0, (1) 

ad 1) ,= Or 3= 0;, = 0; 


1 (contact), 

3 ae genus 1) . 
@2,6= 

l=0; Gone ty 

1= 0, (osculation) 

a= 0; (iD). f= 0; 

03> if 

1=0, (contact), 7;,=0,; 
o2=0,,1=0,0, _ . 
= 0, (1) 02, 1= 0,0, 
120,03, G=90) (1); Le 0; (1) 
l= 00, (contact), 7;=0, . 
1=0,0, (1) ew) 

hh, le, Bias 

o3= 0, (rational) 

1=Q1, 2=0,, ls 

o,= O,? (1) 

@= 0; (1), 20; (1) 


3 generators meet 
double line 


2 generators meet 
double line 


(p) touch plane 
along / 

generator meets 
double line 


(p) touch quadric 


¢) touch plane 


( 
(f) touch plane 


($) touch quadric 


(p) touch quadric 


touch plane 


3} touch plane 


49, p. 170 


p. 291 


p. 170 
85, 258 
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85 


4I, p. 170 
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TABLE VI (continued) 


Cubic Space Transformations 


s set | ll oS 
8 g G/2| 0 4 q a F-curves 
FI & | 2/5] &} 2} 2] S| (1) denotes a branch touching Remarks Reference 
5 2 Sees 12) Ios || ee: fixed biplan 
Z, e 6a = pS a plane 
al | j2e|é 
46 | 3—6 Ripe teal 22 0, (1) (contact), 7,= 0, (fp) touch quadric 
47 1 . lL} 1] 42Q, 4=0,,3=0 
48 2 il 1 1=0,02, L=0,, = 0, 
49 i [ha] Hl l= 0, (1) O, (contact), lz=0, | (p) touch plane; 
QO, on fixed plane 
at 0; 
50 . . 3 . 1 il = 0,03, n= 030, L= 0,0, . . . . 85 
51 te iaiee |e ore lie lla eect ae w3 (rational) : ; ; 6 : | pa1T7e 
52 . . 1 il . ° O35 0? 
53 | 3-7 | 1 ‘ 4 | l=O, (contact) 5 : (fp) touch quadric 
54 Z . 4 l= 0,02, q, ° . ° . . . 85 
55 i} 1 . 4 l=0;0,, 4=0, (1) 
56 1 1 . | 4| 20,0, (contact) . : (p) touch plane 
57 1 1/2] . : ; : : : - 85 
58 1 . 1 Y) oo = 0; (1) 
59 1 it || 2 ,=0,, 2=0; 
60 1 2, A t= 0;, dy ° ° A ° . . fs 85 
61 It 2 4,=0,(1), 1,=0; 
62 1 2 l=0,(1) (contact) . : (fp) touch quadrie 
63 2 2 l=0, 25 1,=0, 
64 Hee fh 2 1= 0, (1) O, (contact) . |(p) touch plane; 
O, on fixed plane 
at 0; 
65 . . 1 1 . 1 o> 0; . . . . . 85, 258 
66 4 i . 1 . il 4,=0, (1), 1,= 0, (1) 
70 Teal ebarlal 2 l : 85 
71 1 1 2} ¢=0,(1) 
72/39] 1 1| 4 
73 1 3 a De 
74 5A eed eran bn less 
75 a esa el (a hea ee : : : é - | 4-point contact at O2| 18, 85, 385 


INDEX 


(For proper names see also the bibliography.) 


Abnormal singularity 367, 375-83 
Accidental singularity 130, 368-71, 375-8 
Additional double point 12, 15, 171, 227 
Adjacent F-points 19, 34-8, 112-3, 144, 211, 
228, 238 

invar. elements 78, 83-6, 103, 114. 176-7 
Adjoints 165, 294, 308, 394 
Admissible group 231-7 
Application of transformation to singularity 

62, 128-43, 199, 360-81, 394 

Approach, free 142, 366 
Arbitrary F-curve 313, 358, 361 

genus 129, 314, 385 

transformation 226, 313, 321 
Arguesian involution 108, 116, 181, 322 
Arithmetical characteristic 6, 64 

method 64, 391 
Arithmetically birational 153 
Associated complex 179-81, 392 

F-elements 23-8, 261, 277, 321 
Asymmetric characteristic 70 
Auxiliary transformation 144-53, 193, 198-9, 

317, 359-81 


Base homaloids 3, 55, 156 
of isologue net 45, 82, 87, 93 
of polar curves 373 
trio 64-7, 73 
Bertini’s involution 70, 97, 127, 326 
Bilinear congruence 179, 181 
transformation 80-54, 271, 294-306, 309, 
324, 352, 376-8, 386-9 
Bimonoidal transformation 306, 309-18, 321 
Binode 199, 238-46, 251, 280, 332 
Biplane 238 


Cardinal 14 
Central transformation 47, 104, 108, 116, 179 
Centre of isologue 44, 81 
Characteristic 6, 55-76, 318-22 
arithmetical 6, 64 
asymmetric 70 
composition 56-61 
conjugate 7, 28-9, 122 
of general degree 57, 59-61, 67-70 
geometrical 6 
normal resolution 62-4, 320 
number 65, 69 
self-conjugate 7, 28-9 
semi-symmetric 70, 74 


HCT 


seven F-points 123, 125, 321 
space 318-22 
square 61 
symmetric 9, 66, 70-6, 321 
tables 64, 391, 437 
Characteristic numbers of singularity 128-39, 
870-5, 394 
Chords of a cubic 273, 304, 309, 323-5 
Circular points 34, 53, 114, 122 
transformation 34 
Class 50, 81-2, 87 
of H- and L-curves 87 
reduction 139-43, 373-5 
Classification of F-elements 163, 209 
of transformations 93, 154, 385-7 
Clebsch’s theorem 23-6, 112, 321, 391 
Coincident [’-elements 57-62, 89, 206, 318-22, 
353-9 
Collineation 38, 54-5, 179 
Complex, associated 179-81, 392 
Complexity 56, 75-6, 391 
Composition of transformations 20, 55-62, 
318-22, 353-9, 382-8 
Conditions of contact 34-8, 61,195, 227, 281-5, 
329 
equations 5, 15, 67, 319 
independence 5, 159 
Congruence, bilinear 179, 181 
chords of a cubic 181, 273, 304, 309, 
323-6 
Conic, fundamental 182, 214, 263, 358 
invariant 47, 104, 119, 202-8, 302 
involutory 49 
Conjugate characteristics 7, 28-9, 122 
directions 81 
elements 42, 44, 80, 178 
homaloidal families 3 
isogonal 53 
Construction by pencils 94, 111, 120, 126, 180 
by nets 95, 124, 180 
by web 127, 180, 323 
space, for plane transformation 41, 100, 
115, 119, 122, 127, 389 
space, for isologue 89 
of tables 64, 391 
Contact 34-8, 61, 195, 227, 281-5, 329 
extension of definition 12, 227, 230 
invar. element 78, 83-6, 103, 114, 176-7 
limit 11, 35-7, 172, 194, 211, 228, 239, 
258 


248) 
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Contact, partial 238-47, 290, 355-8 
resolution 35-7, 59, 113, 357, 383 
Correction to P and H 
232, 334, 339 
Correlation 40, 179, 295, 390 
Correspondence principle 124, 126, 175 
Cremona’s theorem 167, 306, 392, 395 
Cubic curve, chords 273, 304, 309, 323-5 
fundamental 218, 226, 273, 323-6, 336 
invariant 116, 119, 122, 202-4, 302-6 
involutory 49, 103 
involution 116, 303-6, 322 
surface 160, 169-70, 249 
involutory 206-7 
lines on 172-3, 199, 289 
transformation 19, 112-7, 147,169, 294-306, 
327, 376-8 
singular 170, 269, 271, 287-91, 297-302, 
309, 322, 329 
sce cubic, 
principal 
homaloidal 156, 191, 274 
involutory 42, 48-50, 80, 102, 178 
isologic 174 
monoidal 9, 69, 98-112 
polar 72, 316, 372-3 
self-conjugate 51-4, 90-1, 97, 106, 110 
Cusp 13, 113, 133, 142 
Cycle 42, 178 


Curve, fundamental, invariant, 


Degeneracy test 64, 69, 71 
Degenerate F-curve 192, 197, 297-302, 324, 327 
homaloid 22, 164, 284, 386 
homologue 4, 187, 283 
isologue 45, 52, 90, 124 
P-element 18, 134-6, 281, 297 
Degree of homaloidal curve 156 
invariant curve 79 
involution 87, 89 
reverse transformation 3, 156, 307 
transformation 1, 154-5, 385 
aA of given class 82, 87 
De Jonquiéres, see J 
Derived transformation 61 
Determination, +, of group 24 
of P-element 19, 27, 189, 277-81 
of transformation 7, 39-41, 318 
Dilation 322, 385 
Directions, invariant 44, 78, 114, 175 
involutory 81 
Distinct F-elements 18, 112, 225 
Double curve 201, 218, 253-9 
point, additional 12, 15, 171, 227 


fundamental 7, 8, 170, 210, 235, 238-46 ~ 


invariant 78, 84, 103, 176 
of invariant curve 109, 117 
of Jacobian 279 


158, 214-21, 226, | 


INDEX 


Edge of binode 238, 246 
Elementary sing. 128, 143, 359, 366-8, 377-9 
surface 376, 381-2 
transformation 144, 153, 358, 383-7 
Equations, bilinear 39, 42, 294-304, 389 
of condition 5, 15, 67, 319 
reverse 2, 14, 155, 161 
two-membered 299 
Equivalence 5, 7, 131, 209-59 
of contact 11, 227 
correction 158, 214, 217, 221, 226, 334, 
339 
on polar 141, 370 
Equivalent set 131-9, 364, 369 
Explicit singularity 135-9, 199-201, 360-81 
Extension of definition of contact 12, 227, 230 
of Noether’s inequality 67, 76, 320 
Extraordinary singularity 128-43, 199, 360-81 


Family, linear 5, 10, 12, 134, 227, 390 
self-conjugate 51-4, 90-1, 97, 106, 110 
Foci 53, 301, 389 
Frame of reference 31, 77, 201 
Free 1 
approach 142, 366 
Fundamental curve, 
line 213, 218-9, 291, 316, 327 
line of contact 194, 247-59, 290, 330-51 
conic 182, 214, 263, 358 
cubic 218, 226, 273, 323-6, 336 
arbitrary 313, 358, 361 
of contact 172, 252, 355-7 
degenerate 192, 197, 297-302, 324, 327 
highest 166, 358, 385 
intersection 214, 217, 221, 268, 277 
irrational 262, 277, 297, 314-5, 383-5 
plane 263-4 
singular 163, 217, 277, 296 
species 163, 197, 318, 353-6 
elements 4-9, 123, 156-63, 209-59 
associated 23-8, 261, 277, 321 
coincident 57-62, 89, 206, 318-22, 353-9 
distinct 18, 112, 225 
incidences 214, 217, 221-6, 334, 339 
groups 3, 6, 23-9, 261, 321 
homologue 16, 162-5, 281-3, 341-51 
multiplicity on Jacobian 17, 161, 279 
neighbourhood 16, 164, 186, 196, 270-4, 
277-9 
number 7, 11, 21, 72-6, 112, 225, 275, 
319 
related 18, 61, 111, 260 
genus 262, 277, 314-5, 383-6 
points, adjacent 19, 34-8, 112-3, 144, 211, 
228, 238 
of contact 35-8, 61, 194-8, 227-47." 264, 
290-2, 311-5, 332-51, 356-8 


INDEX 


highest 9, 21, 27, 63, 67, 71-6, 166 
hypermultiple 162, 222-6, 248-51 
imaginary 31, 41, 114 

invariant 79, 90, 173, 176 

isolated 162, 263, 353-8, 371, 382 
isologne of 45, 47, 52, 86, 92 
major 75-6, 145, 150-3, 391 

seven 123, 125, 321 

two 22 


Geiser’s involutions 93, 123-7, 323, 389 
General characteristics 57, 59-61, 67-70 
inversion 53, 208, 305, 389 
Genus, arbitrary 129, 314, 385 
fundamental 262, 277, 314-5, 383-6 
invariance 26, 131 
of invariant curve 91, 109 
of P-element 20, 268, 278 
reduction 5, 128-32, 137, 224 
of transformation 172, 225, 385 
Geometrical characteristic 6 
method 64, 391 
Group, admissible 231-7 
of F-elements 3, 6, 23-9, 261, 321 
standard 232-7 
Grund 14 


H-line, H-curve 79, 85-8, 177 
Harmonic homology 54, 179 
Haupt 14 
Higher singularity 128, 135-9 
Highest H-curves 166, 358, 385 
F-points 9, 21, 27, 63, 67, 71-6, 166 
Homaloid 3, 155, 168-71 
additional d.p.’s 12, 15, 171, 227 
base 38, 55, 156 
degenerate 22, 164, 284, 386 
invariant property 5, 155 
linked 386 
Homaloidal curve 156, 191, 274 
Homologues 1, 4, 157 
degenerate 4, 187, 283 
of F-element 16, 162-5, 281-3, 341-51 
seven pairs 39 
Homology, harmonic 54, 179 
Hypermultiple F-point 162, 222-6, 248-51 
singular point 360, 364-7, 373 


Imaginary points 31, 34, 41, 53, 114, 122 
Implicit singularity 135-9, 199-201, 360-81 
Improperly involutory system 48, 80, 102 
Incidences of F-elements 214, 217, 221-6, 
334, 339 

invariant elements 79, 87 

P-elements 18-25, 274, 319, 391 
Independence of conditions 5, 159 
Index of cycle 42 
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Inequality, Noether’s 9, 67, 76, 320, 390 
Intersection, elementary 367, 376-81 
of F-curves 214, 217, 221, 268, 277 
of invariant curve 79, 87, 226 
multiple 136, 175, 226 
normal, abnormal 367, 373, 375-81 
with polar 128, 141, 317, 369, 370 
with residual 183, 213-22 
singular 128 
Invariance of adjunction 165 
genus 26, 131 
homaloidal property 5, 155 
Invariant curve 42, 79, 108, 173 
line 46, 103, 116, 202-6, 302-6 
conic 47, 104, 119, 202-8, 302 
cubie 116, 119, 122, 202-4, 302-6 
genus 91, 109 
singularities 109, 117 
directions 44, 78, 114, 175 
elements 42, 77-93, 173-8, 202-8, 226, 
302-6 
adjacent 78, 83-6, 1038, 114, 176-7 
incidences 79, 87 
on isologue 82-7, 174-7 
kind 78, 103, 175 
multiple 78, 84, 92, 176 
points 42, 173, 202-8, 302-6 
fundamental 79, 90, 173, 176 
isolated 43, 91, 97 
isologue of 46-7, 52, 86 
number 78, 87, 175, 226 
surface 173, 202-8, 302-6 
Inversion 34, 53, 122, 208, 326, 388-9 
Involution 42, 50-4, 89-97, 180, 322-7, 388-9 
Arguesian 108, 116, 181, 322 
Bertini’s 70, 97, 127, 326 
bilinear 50-4, 303-6, 389 
central 108, 116, 181 
class 50, 81, 87 
constructions 94-6, 111, 124-7, 180 
with cubie F-curve 273, 323-6 
degree 87, 89 
Geiser’s 93, 123-7, 323, 389 
de Jonquiéres 90, 105-12 
linear 54, 97, 179 
monoidal 181, 309, 316 
rational 94, 180 
reduction 54, 96, 107, 110, 310 
self-conj. curves 51-4, 90-1, 97, 106, 110 
species 93 
triangular Arguesian 117 
Involutory directions 81 
elements 42-50, 80, 102, 178, 205-7 
Irrational F-curve 262, 277, 297, 314-5, 383-5 
involution 180 
Isogonal conjugates 53 
Isolated F’-point 162, 263, 353-8, 371, 382 


452 


Isolated invar. point 43, 78, 87, 91,97, 175, 226 
singularity 360, 364, 373, 382 

Isologic curve 174 
surface 174-7, 226, 320 

Isologue 44-50, 81-93, 124-6 


Jacobian 15, 161, 279, 283 
de Jonquiéres transformation 9, 28, 56, 76, 
98-112, 312-5, 389 
auxiliary 145-53, 365, 380, 390 
in composition 57-61, 66, 73, 97 


Kind of invariant element 78, 103, 175 


L-line, L-curve 82, 87-8 
Limit, contact 11, 35-7, 172, 194, 211, 228, 
239, 258 
multiple point 12, 212, 239 
for multiplicity of F-elements 9, 71-2, 166 
for number of F’-elements 11, 72-6 
Line of contact 172, 194, 247-59, 290, 330-51 
on cubic surface 172-3, 199, 289 
fundamental 194, 213, 218-9, 247-59, 
290-1, 298, 316, 327-51 
invariant 46, 103, 116, 202-6, 302-6 
involutory 48-50 
Linear complex 180, 208 
family 5, 10, 12, 134, 227, 390 
involution 54, 97, 179 
transformation 38, 55 
Linked homaloids 386 
Loria’s method 171, 3895 


M-curve, M-surface 82, 87, 178 
Major F’-points 75-6, 145, 150-3, 391 
Medians 53 
Metrical specializations 34, 52, 112-3, 122, 
180, 301, 326, 389 
Monoid 9, 98-112, 172, 247 
degeneracy test 69, 71 
Monoidal transformation 159, 306-18, 358, 
363-9, 380, 387 
Multiple element, see Singularity 
invariant 78, 84, 92, 176 
involutory 80 
intersection 136, 175, 226 
point 8, 210-3, 235-47, 359-81 
as limit 12, 212, 239 
transformation 1, 89, 96, 180 


N-point, N-curve 82-8 
Nature of singularity 134-9, 363, 369 
Negative determination 24 
Neighbourhood of /I-element 
196, 270-4, 277-9 
of singularity 131-43, 199, 255, 360-72, 
378-81, 393 


16, 164, 186, 


INDEX 


Net, construction by 95, 124, 180 
isologue 45, 87, 93, 124 
quadric 207, 323 
singular elements of 95 
Nine point circle 53 
Noether’s formulae 224, 392 
inequality 9, 67, 76, 320, 390 
theorem 144, 318, 390, 395 
Normal resolution 62-4, 320 
singularity 366, 373, 375-81 
surface 376 
Null-system 303-5 
Numbers, charact, of sing. 128-39, 370-5, 394 
of characteristics 65, 69 
of component transformations 146-53 
of F-elements 7, 11, 21, 72-6, 112, 225, 
215, 319 
of invariant points 78, 87, 175, 226 
of parameters of trans. 7, 39, 118 


Order of adjoint 165 

Ordinary singularity 128, 143, 360, 367 
transformation 274, 382 

Orthocentre 122, 326 

Osculation 36, 198, 241, 250, 315, 330-5 


Parabola 53 
Paraboloid 301 
Parameters in characteristic 67 
of cubic curve 218, 274, 304, 324 
Partial contact 238-47, 290, 355-8 
intersection 215 
Partition of groups of F-points 24-8, 118, 321 
Pencils, construction by 94, 111, 120, 126, 180 
corresponding 9, 33-9, 98, 298, 389 
self-conjugate 51, 97, 106, 111 
singular curves of 94 
Perspective 179 
Pinch-points 160, 254-9 
elementary 366, 376-7 
normal, abnormal 366, 373-7, 383 
Plane F-curve 263-4 
invariant 202-6, 302 
representation of surface 167-70, 306, 393 
Polar curves 72, 316, 372-3 
equivalence on 141, 370 
intersection with 128, 141, 317, 369, 370 
of invariant curve 108 
transformation of 139, 192, 316, 368 
Positive determination 24 
Postulation 5, 7, 131, 209-59 
of contact 11, 227 
reduction 158, 214-21, 232, 334, 339 
Principal element 14-7, 161-5, 188-91, 260, 
340-51 
degenerate 18, 134-6, 281, 297 
determination 19, 27, 189, 277-81 


INDEX 


genus 20, 268, 278 

groups 24, 261, 321 

incidences 18-25, 274, 319, 391 
Principle of correspondence 124, 126, 175 
Projection 143, 168, 170, 306-9 

skew 41, 100, 389 

stereographic 208, 389 
Projective pencils 9, 33-9, 98, 298, 389 
Punctual transformation 301, 318-24, 326 
Pure polar curve 316, 372 


Quadratic plane transformation 8, 30 
composition 55-62 
of polars 139 
in resolution 63-9, 96, 144 
Quadric, invariant 202-8, 302, 305 
inversion 208, 305, 389 
net 207, 323 
of revolution 301, 389 
Quadro-quadric transformation 168, 182 
in resolution 290-4, 352 
of singularity 199, 361-3, 367-75 
Quartic surface 166, 171, 198, 289 
transformation 56, 105, 117-20, 133, 171, 
292-4, 327 


Rank of neighbourhood 131 
of singularity 3873-6, 394 
Rational 3, 155 
involution 94, 180 
F-curye 314, 371, 383 
P-element 20, 268, 278 
resolution 153 
surface, repres. 167-70, 198, 289, 306, 393 
Reciprocal radii 389 
Reciprocation 51, 303-5, 388 
Reducing trio 144-9, 390 
Reduction of class 139-43, 373-5 
genus 5, 128-32, 137, 224 
involution 54, 96, 107, 110, 310 
Pand E 158, 214-21, 226, 232, 334, 339 
singular curve 128-39, 143, 393 
59 surface 359-81, 394 
transformation 274, 382 
Reference frame 31, 77, 201 
Reflexion 113-5, 180, 302, 389 
Regular transformation 58, 138, 318 
Related F-elements 18, 61, 111, 260 
isologues 82 
Representation of rational surface 
198, 289, 306, 393 
Residual intersection 183, 213-22 
Resolution of contact 35-7, 59, 113, 357, 383 
normal 62-4, 320 
rational 153 
of sing. 128, 199, 313-4, 359-81, 393-5 
of transformation 35, 37, 55, 62-4, 113, 
145-53, 290-4, 352 


167-70, 
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Reverse trans. 2, 14, 155, 161, 284, 307 
Revolution, quadric of 301, 389 
Riemann transformation 1, 128, 155, 368, 394 


Same singularity 128, 134, 139, 232 
transformation 61 
Satellite 134-9 
Self-conjugate characteristic 7, 28-9 
curve 51-4, 90-1, 97, 106, 110 
Self-corresponding element 42, 180 
Semi-symmetric trans. 70, 74, 117, 126 
Seven F-points 123, 125, 321 
pairs of homologues 39 
Sheets 246, 255-9, 269-74 
Simple 55 
Simplified polar curve 372 
Singular 14 
cubic surface 160, 170, 249, 269, 271, 
297-301, 309, 322, 329 
curve of pencil or net 94-5 
element of web 180 
intersection 128 
Singularity 128, 199, 313-4, 359-81, 393-5 
accidental 130, 368-71, 375-8 
approach 142, 366 
characteristic numbers 128-39, 370-5, 394 
elementary 128, 143, 359, 366-8, 377-9 
explicit, implicit 135-9, 199-201, 360-81 
of F-curve 163, 217, 277, 296 
higher 128, 135-9 
hypermultiple 360, 364-7, 373 
of invariant curve 109, 117 
isolated 360, 364, 373, 382 
of Jacobian 279, 283 
nature 134-9, 363, 369 
neighbourhood 131-48, 199, 255, 360-72, 
378-81, 393 
normal, abnormal 366, 373, 375-83 
ordinary, extraord. 128-43, 199, 360-81 
rank 373-6, 394 
same 128, 134, 139, 232 
sum 141, 366, 377, 380-1 
transformation applied to 
199, 360-81, 394 
of twisted curve 148, 359, 393 
variable 160, 167, 248-58 
Skeleton 14 
Skew projection 41, 100, 389 
transformation 179, 322 
Space characteristic 318-22 
construction 41, 89, 100, 115, 119, 122, 
12/5389) 
Specializations, metrical 34, 52, 112-3, 122 , 
180, 301, 326, 389 
Species of binode 200, 243 
F-curve 163, 197, 318, 353-6 
involution’ 93 
Square 42, 61, 293-4 


62, 128-43, 


454 


Standard admissible group 232-7 
Steiner’s surface 172, 292-3, 307 
Stereographic projection 208, 389 

Sum of singularities 141, 366, 377, 380-1 


constructions 41, 94-7, 100, 111-27, 180, 
323, 389 

determination 7, 39-41, 318 

elementary 144, 153, 358, 383-7 

of general degree 57, 59-61, 67, 327, 


Surface, adjoint 165, 294, 308, 394 


cubic (see) 

elementary 376, 381-2 
invariant 173, 202-8, 302-6 
involutory 178, 206-7 
isologic 174-7, 226, 320 
monoidal 172, 306-18 
normal 376 

quartic 166, 171, 198, 289 
reduction 859-81, 394 
representation 167-70, 198, 289, 306, 393 
Steiner’s 172, 292-3, 307 
de Vries’ 307 


Symmetric groups 23-9, 261 


transformation 9, 66, 70-6, 120, 123, 127, 
321, 323, 326 


Tables of characteristics 64, 391, 437 
Tacnode 135, 294, 335-9, 362, 366 


Test 
Top 


s for degeneracy 64, 69, 71 
trio 9, 21, 63, 67, 72, 145 


Total contact 227-38, 247-55 


intersection 215-20 

number of F-elements 7, 11, 21, 72, 112, 
225, 275, 319 

polar curve 316, 372 


Transformation, see Involution 


linear 38, 55 

quadratic 8, 30-69, 96, 189, 144-53 

quadric 168, 182, 287-94, 352, 361-3, 
367-75 

cubic 19, 112-7, 147, 169, 294-306, 327, 
376-8 

cubic, singular 170, 269, 271, 287-91, 
297-302, 309, 322, 329 

quartic 56, 105, 117-20, 133, 171, 292-4, 
327 

arbitrary 226, 313, 321 

asymmetric 70 

auxiliary 144-53, 193, 198-9, 317, 359-81 

bilinear 30-54, 271, 294-306, 309, 324, 
352, 376-8, 386-9 

bimonoidal 306, 309-18, 321 

central 47, 104, 108, 116, 179 

circular 34 

class 50, 81-2, 87 

classification 93, 154, 385-7 

comp. 20, 55-62, 318-22, 353-9, 382-8 


389 
genus 172, 225, 385 
de Jonquiéres, see J 


monoidal 159, 306-18, 358, 363-9, 380, 


387 
multiple 1, 89, 96, 180 


of neighbourhood of F-element 16, 164, 


186, 196, 270-4, 277-9 
with no F-curve 308, 315 
ordinary 274, 382 
of polar 139, 192, 316, 368 
punctual 301, 318-24, 326 
regular 58, 138, 318 


resolution 35, 37, 55, 62-4, 113, 145-53, 


290-4, 352 
reverse 2, 14, 155, 161, 284, 307 
Riemann 1, 128, 155, 368, 394 
same 61 

semi-symmetric 70, 74, 117, 126 
skew 179, 322 

square 42, 61, 293-4 


symmetric 9, 66, 70-6, 120, 123, 127, 321, 


323, 326 

two-one 96, 180 
Triangular Arguesian involution 117 
Trio, base 64-7, 73 

reducing 144-9, 390 

top 9, 21, 63, 67, 72, 145 
Trisecants 296, 376 
Twisted curve, singularities 143, 359, 393 
Two F-points 22 
Two-membered equation 299 
Two-one transformation 96, 180 
Tummarello’s theorem 277 


Unicursal 3 
United 42 
Unode 247,362 .¥% 


Variable multiple F-point 160, 167, 248-58 
Vertex of monoid 9, 98, 306 


de Vries’ surface 307 


Web, constructions by 127, 180, 323 
singular elements of 180 


Zero adjoint system 166, 294 
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